LTI Systems & Fourier Series

It can be easily shown that a linear time-invariant (LTI) map, y(t) = L(z(t)), with input
x(t) and output y(t) satisfies a non-homogeneous, linear, constant coefficient, differential
equation of the form
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The natural response of this system of course is determined by setting the input z(t) = 0
and assuming that the solution to system is of the form y,(t) = exp (At). The solution to
the homogeneous part is then given by
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where )\, are the solutions to the characteristic equation
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The particular solution is obtained by setting the input to z(t) = exp (jwot) and assuming
that the output is of the form:

Ypar(t) = L(exp (jwot)) = H(wo)exp (jwot)-

The goal is to determine the complex constant H(w), which is also the eigenvalue of the
linear map L corresponding to the eigenfunction z(¢) = exp (jwt). By substituting this
solution into the differential equation system we determine the complex eigenvalue for a
general sinusoidal frequency w as :
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This ratio is refered to as the frequency response of the system L. Since, the system is an
LTI system we can use the superposition principle to determine the output when the input
to the system is a periodic signal:
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The output of the L'TT system for this periodic input signal is of the form

y(t) = . H(kwo)cy exp (jkwot).
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This implies that the output is also periodic with the same fundamental frequency wy and
that the Fourier coefficients of the output are given by d, = H (kwp)cy.



