Appendix: Gaussian Integral

In this section we will evaluate the Gaussian Integral that will be used in various forms in
the course. Let us begin by looking at the Gamma function defined by

'(t) = /000 exp(—x)z'~'dz. (1)

The Gaussian integral that we desire is a special case of the Gamma function with the

substitution z = v% and t = %:

I= /_Oo exp (—:1:2) dex =T (%) ) (2)
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To evaluate this integral I, let us look at the quantity

I? = /OO exp (—:L'Q) dz /oo exp (—y2) dy (3)
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This relation can be rewritten as:

= /_oo /_oo exp (—x2 — yQ) dzdy
/ / exp (2* +y )) dzdy

Converting the coordinate system to a polar system we have

( )/Qﬁ/ exp 27‘d7’)d0 (4)

Completing the evaluation we have

12=W<—>I=F(%>:\/7_r (5)

This relation can then be generalized to the identity:

\/%/ exp 2/2) dr =1 (6)

This identity will be used in its different forms for various other Gaussian integrals based on
completing the squares. It is left as an exercise for the reader to show that
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