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Abstract— In this paper we show the Lyapunov stability
convergence of an adaptive and decentralized coverage control
for a team of nonholonomic mobile sensors. The unicycle model
and a nonlinear control law in polar coordinates are used. The
mathematical background is verified through some simulation
results and experiments using nonholonomic robots sensing a
piece-wise continuous light distribution function.

I. I NTRODUCTION
The problem of controlling networked robots has gained
an increasing interest in recent years because of the technological advances in networking and miniaturization of
electro-mechanical systems [1] which enabled the implementation of tools and algorithms for scientific studies.
The robustness to failures that implies the use of a team
of robots rather than a single robot allows the exploration
of novel solutions for problems like search and recovery
operations, manipulation in hazardous environments [1], exploration, rescue missions, automatic surveillance [2], and
geological and ecological studies such as the tracking of
algae bloom [3] and oil spills [4], among others.
In the field of sensory coverage we have several problem
dependent approaches as the ones described by Choset in [5],
the estrategy to build radiation maps presented by Cortez et
al., in [6] or the reconfigurable sensor array in a gradient
climbing mission explained by Ögren in [7].
Some approaches use centroidal Voronoi Tessellations as
the equitable partition policies dividing the workspace in subregions explained by Pavone et al., [8]; the on-line task allocation based on local information presented by Fu et al., [9]
and the local coverage optimization considering the sensory
radius of a team of agents formulated by Stergiopoulos et
al., [10].
This work is motivated by the previous work of Schwager
et al., in [2] where the authors implemented an stable and
decentralized coverage control law proposed by Cortés et
al., in [1] over a group of mobile sensors to solve a facility
location problem [11] by using centroidal Voronoi tesselations. Furthermore they implement a consensus algorithm to
propagate the measurement information through the sensor
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network using an adaptation law with a gradient estimator
[12]. The team of robots estimate the sampling space without
a previous knowledge in contrast with the work presented in
[13] and [14] where the robots needed a foreknowledge of
the sensory function.
Some other approaches for sensing an unkown environment different than locational optimization and Voronoi partitions are the adaptive triangular mesh generation algorithm
proposed by Lee et al., [15] and the Bayesian sequential field
estimation of Graham et al., described in [16].
This paper is organized as follows. We formulate the
problem and provide the mathematical background in Section
II. In Section III we describe the adaptive and decentralized
coverage control for holonomic vehicles. In Section IV we
provide the nonholonomic model and nonlinear controller
used to guarantee the convergence of the controller as well
as the Lyapunov convergence proof. In Section V we expose
the assumptions related to the the dynamic sensory function
to guarantee the Lyapunov stability of the system. Section VI
describes the simulation parameters and shows some results.
Section VII describes our experimental approach using a
team of robots and shows the experimental results. Finally,
the conclusions and the future work are presented in Section
VIII.
II. P ROBLEM F ORMULATION
We are interested in employing dynamic sensor networks
to achieve an estimation of a density function which represents a concentration of a measurable phenomenon. A
group of nonholonomic sensors distributed in an unknown
area should position themselves optimally over the sampling
space to measure the available sensory information. The
sensory function can be considered static (e.g., a stable
methane concentration in a garbage dump) or dynamic (e.g.,
an oil spill [4] or a forest fire [17]).
As mentioned, in some works as the ones presented
in [8] and [9], we find applications that involve Voronoi
partitions. They are a typical feature of several biological
systems [18] and recently have received special attention by
mathematicians for their application in disciplines such as
cellular biology, image compression, statistics and robotics
among others. Before any further discussion let us start with
some necessary definitions.
A. Voronoi Diagrams
We based the following definition on the one in [18]
Definition 1: Given an open set Q ⊆ RN , the set {Vi }ki=1
is called a Voronoi tesselation or diagram of Q if Vi ∩Vj = ∅

Sk
for i 6= j and i=1 Vi = Q. Given a set of points {pi }ki=1
belonging to Q, the Voronoi region Vi corresponding to the
point pi is defined by
Vi

= x ∈ Q | kx − pi k < kx − pj k
for i, j = 1, . . . , k, j 6= i.

Where k · k denote the Euclidean norm on RN . The points
{pi }ki=1 are called generator points, and Vi is the Voronoi
region associated to the generator point pi .
Although Voronoi diagrams can be defined using several
distance functions as the geodesic distance described in [14].
For this particular problem we are using Euclidean distance,
and Q is considered a convex polytope in an N -dimensional
Euclidean space.
B. Locational Optimization
Based on [19], let Q ⊂ RN be a convex polytope including
its interior. Assume a mapping φ(q) : Q 7→ R+ with q ∈ Q
called a distribution density function (or sensory function)
which represents a measurement of the probability of an
specific event on Q. The locational optimization function
is then defined as
H(P, V ) =

n Z
X

f (kq − pi k)φ(q)dq.

(1)

Vi

i=1

From now on n ∈ N corresponds to the total number of
generator points pi in Q and Vi is the Voronoi partition of
the i robot.
Now, based on [1] we can adapt some physical concepts
namely, the mass MVi , the first moment LVi , the polar
moment of inertia JV,p and the centroid CVi of a Voronoi
region Vi . Their definitions are given by the following
equations,
MVi
LVi
JV,p

=
=
=

Z

ZVi

ZVi

=

FOR

H OLONOMIC S ENSORS

In [2] the authors propose an approach which guarantees
that the network of mobile agents minimizes the cost function
HV (P ) in (1). They assume that each agent measures the
sensory function without requiring a foreknowledge of the
distribution function.
In order to deal with the lack of knowledge of the sampling
space they proposed a decentralized adaptive control based
on the following assumptions,
Assumption 1 (Matching Conditions): There exists a pam
rameter vector a ∈ Rm
+ and a vector function K : Q 7→ R+
such that
φ(q) = K(q)T a,
where m ∈ N, and (·)T denotes transpose.
The parameter vector a is unknown by the agents but K(q)
is available to them.
Assumption 2 (Lower Bound):
a(j) ≥ β ∀j = 1, . . . , m,
where a(j) is the j-th element of the vector a and β ∈ R+ .
The reason for a lower bound for the parameter vector is
to avoid that K(q)T a = φ(q) = 0 which is present in the
denominator of (2).
The sensory function estimated by the i-th agent is given
by φ̂i = K(q)T âi , where âi is the estimation of the parameter
vector a calculated by the agent i. Furthermore the parameter
error vector ãi is given by
ãi = âi − ai .

(4)

In [1] the mobile agents are considered holonomic vehicles
with first-order continuous dynamics, that is
ṗi = ui ,

(5)

and the control law is defined as

φ(q)dq,

ui = k(ĈVi − pi ),

qφ(q)dq,
2

kq − pi k φ(q)dq,
Z
1
qφ(q)dq.
MVi Vi
Vi

CVi

III. A DAPTIVE C ONTROL

(2)

From [1], if we define f (kq−pi k) = kq−pi k2 and replace
it in (1), after applying a partial derivative with respect to pi
we have that

(6)

where ĈVi is an estimate of the real centroid CVi of the i-th
Voronoi region defined by
R
q φ̂(q)dq
L̂Vi
.
= RVi
ĈVi =
M̂Vi
Vi φ̂(q)dq
Finally the adaptation law is given by

â˙ i = Γ(â˙ prei − Iproji â˙ prei ),

(7)

with
∂HV (P )
∂pi

=
=

Z

∂
f (kq − pi k)φ(q)dq
∂p
i
Vi
2MVi (pi − CVi ).

(3)

Therefore, all the Voronoi tessellations in Q which generator points are at the same time the centroids of their Voronoi
partitions minimize the locational optimization function.

â˙ pre = −Fi âi − ξ(Λi âi − λi ) − ζ

X

(âi − âj ),

(8)

j∈Ni

where ξ, ζ ∈ R+ are scalar gains, Γ ∈ Rm×m is a diagonal
positive definite gain matrix. The variables Fi , Λi , and λ are
given by the following equations,

Fi
Λi
λi

=
=
=

Z

Vi
t

Z

Z0 t


K(q)(q − ĈVi )T dq ṗi

(9)

w(τ )Ki (τ )Ki (τ )T dτ,

(10)

w(τ )Ki (τ )φi (τ )dτ.

(11)

Vl

Vk

0

Given a set of indexed vertices V = {v1 . . . , vn } and
a set of edges E = {e1 . . . el }, where ei = {vj , vk } then
Ni = {j|{vi , vj} ∈ E} i.e., Ni contains the indexes of the
vertices which are neighbors of the vertices associated to the
Voronoi partition of the generator point i. For more details
see [2].
The function w(t) ∈ L1 is called a weighting function.
In our specific case, since we are dealing with dynamic
density functions as we explain later in the paper, we use
a forgetting factor δ ∈ R which stimulates the parameter
convergence. The weighting function w(t, τ ) = e−δ(t−τ )
gives more weight to the latest measurements than to the
older ones which is suitable to our particular case. There
can be other types of weighting functions as shown in [2].
The matrix Iproji (j) is defined as follows

 0
Iproji (j) =
0

1

for âi (j) > β,
for âi (j) = β and â˙ prei ≥ 0,
otherwise.

(12)

The index j denotes the j-th diagonal element of the
matrix Iproji and the j-th element of the vector âi . This
matrix implements a projection law which prevents the
parameter vector âi to take values less than or equal to the
lower bound β.
Lastly, in [2] the authors state and prove the following
convergence theorem
Theorem 1 (Convergence Theorem): Under Assumption
1, for the system of n agents with the dynamics given by
(5) and the control law in (6),
lim kĈVi − pi (t)k

=

0 ∀i ∈ {1, . . . , n},

lim K(pi (τ ))T ãi (t)

=

0

t→∞
t→∞

ωi

N ONHOLONOMIC S ENSORS

In [1] the dynamics described by (5) and the control
law in (6) are continuous and effective approximations of
the Lloyd’s algorithm [20] to calculate a centroidal Voronoi
tesselation. The stability analysis of the controllers in [1]
and [2] have been done assuming holonomic kinematics, but
now we propose to formally extend the previous results to
nonholonomic vehicles.
Since several UAVs and UGVs can be modelled as nonholonomic vehicles, we propose to use the unicycle model
kinematics equations for a differential steering to have a

αi

ui

CVi

X

φi

Vi
Fig. 1. Unicycle model and variables in the goal frame < G >: Notice
the vectors and angles which determine our nonholonomic model in polar
coordinates.

suitable approach. The equations of motion for the i-th agent
in the team of robots are given as follows


 
ẋi
ui cos φi
 ẏi  =  ui sin φi  ,
(13)
ωi
φ̇i
where ui and ωi are the linear and angular speeds of the
i-th robot respectively.
We need to choose an appropriate steering control for
nonholonomic vehicles to drive every robot to the centroid
of its Voronoi region. For that purpose we use the following
kinematics equations given in [21]


t→∞

FOR

θi

ρi

∀τ | w(τ ) > 0 and ∀i ∈ {1, . . . , n},
lim kâi − âj k = 0 ∀i, j ∈ {1, . . . , n}.
IV. S TEERING C ONTROL

Vj

Y

where

ρ̇i





−ui cos αi

 

 

 α̇i  =  −ωi + ui sinρ αi
i
 

 

θ̇i
ui sinρiαi
αi
φ̇i

=
=

θi − φi ,
ωi .





,



(14)

(15)

As shown in Fig. 1 the position of the agent inside its
Voronoi cell is represented in polar coordinates where φi is
the heading angle of the vehicle, ρi represents the position
error between the agent and the centroid point and αi is the
angle between the principal axis of the robot and the vector
error ρi .
As in [21] we use the following control law,




ui
ωi





(γ cos αi )ρi

=

kαi + γ cos ααi isin αi (αi + hθi )



,

(16)

where k, γ and h are positive gains. It allows the agent
to reach asymptotically the point (0, 0, 0). Therefore if we
carry out an axis translation to set the centroid at the origin
of the plane we can use this control law to drive the robots
to their centroidal Voronoi tesselation.
From (14) and (16) the closed-loop equations of the i-th
robot give


ρ̇i



2



−(γ cos αi )ρi

 

 

 α̇i  =  (−kαi − γh cos αi sin αi )
αi
 

 

θ̇i
γ cos αi sin αi

A. Stability Analysis





.



i
+(αα̇i + hθi θ̇i ) .

lim ρi (t), kαi (t)k, kθi (t)k

t→∞

=

lim kâi − âj k =

t→∞

LVi = MVi ĈVi + M̃Vi (ĈVi − C̃Vi ) = MVi CVi ,
then replacing (21) in (20), we have

V =H+

i=1

2

∀τ | w(τ ) > 0,
0,

+(M̃Vi C̃Vi − M̃Vi ĈVi )ṗi
i
+ãTi Γ−1 â˙ i + (αα̇i + hθi θ̇i ) .

M̃Vi C̃Vi − M̃Vi ĈVi = ãi

V̇ =

i=1

∂pi

Now, replacing the result (3) in (19) we get

(22)

Z

K(q)T (q − ĈVi )dq,

Vi

and replacing the adaptation law given by (7)-(11) in (22) the
final expression for the derivative of the Lyapunov function
becomes
=

−

n h
X
MVi (ĈVi − pi )T ṗi

Z

t

w(τ )(Ki (τ )T ãi )2 dτ
X
+ãTi ζ
(âi − âj ) + ãTi Iproj â˙ prei
+ξ

0

∀i ∈ {1, . . . , n},
0,


T −1 ˙
ṗi + ãi Γ âi + (αα̇i + hθi θ̇i ) .

−Mvi (ĈVi − pi )T ṗi

i=1

j∈Ni

i
−(αi α̇i + hθi θ̇i ) .

(23)

The second, third and fourth terms in the summation in
(23) have already been proven to be positive semidefinite in
[2] , (notice the negative sign before the summation). Now,
we are interested in proving that the first and fifth terms are
positive semidefinite as well.
Calculating ĈVi − pi and based on Fig. 1, we can assert
that

(18)

Notice that compared with the Lyapunov function
pro
posed in [2] it has the extra term 21 α2i + hθi2 related to
the robot orientation (see Fig. 1). The matrix Γ is the same
diagonal positive definite matrix in (7), H is described by
(1), and αi , θi and ρi are the state variables in the closedloop dynamics in (17). Lastly, ãi is the parameter estimation
error given by (4).
Taking the time derivative of (18), we obtain
n 
X
∂H

n h
X

Taking in account that

0,



1 2
2
α + hθi .
+
2 i

=

(17)

Proof:
To carry out the stability analysis we propose the following
Lyapunov function candidate
ãTi Γ−1 ãi

(21)

i=1

∀i, j ∈ {1, . . . , n}.

n 
X
1

(20)

Furthermore, it is easy to show that

V̇
lim K(pi (τ ))T ãi (t) =

n h
X
MVi (pi − CVi )T ṗi + ãTi Γ−1 â˙ i
i=1

V̇

The following is our extended convergence theorem for the
distributed and adaptive control for nonholonomic vehicles.
Theorem 2 (Extended Convergence Theorem): If
Assumptions 1 and 2, are satisfied we have that for
the system of nonholonomic agents with dynamics (14) and
control law (16),

t→∞

=

V̇

(19)

ĈVi − pi

=
=





x2 − x1
y2 − y1



,

ρi cos(φi + αi )
ρi sin(φi + αi )



.

Taking the first term MVi (ĈVi − pi )T ṗi of (23) and
replacing ĈVi − pi and ṗi by using the unicycle model in
(13) with the control law in (14) we have
MVi (ĈVi − pi )T ṗi =


T 
ρi cos(φi + αi )
(γ cos αi )ρi cos φi
,
= MVi
(γ cos αi )ρi sin φi
ρi sin(φi + αi )

= MVi ρ2i γ cos2 αi .

Since the mass MVi of the i-th Voronoi region and
the control gain γ are non-negative, the first term in the
summation of (23) is non-negative.
Analyzing the fifth term in (23) namely, −(αi α̇i + hθi θ̇i )
we have that replacing the polar kinematics in (14) it gives
−(αi α̇i + hθi θ̇i ) =

 
(hθi + αi )
ui sin αi .
= − αi −ωi +
αi

(24)

Replacing the control law (16) in (24) we get
−(αi α̇i + hθi θ̇i ) = kα2i ≥ 0,
and the fifth term −(αi α̇i + hθi θ̇i ) in (23) is non-negative.
Therefore we conclude that V̇ ≤ 0.
Since the control law ui is continuous and bounded, V
has continuous first partial derivatives, is radially unbounded
and its derivative V̇ ≤ 0, then V̇ is uniformly continuous. It
implies that V̇ → 0 as t → ∞.
From the Lyapunov function derivative in (23) it is easy to
see that all the limits converge to zero except the third one
limt→∞ kθi (t)k. Differentiating (15) and using the closedloop equations in (17) we have as in [21] that
α̇i = θ̇i − φ̇i ,
α̇i = γ cos αi sin αi − kαi − γ
α̇i = −γhθi

cos αi sin αi
(αi + hθi ),
αi

cos αi sin αi
.
αi

Since αi → 0 and θi → c as t → ∞, then we have that
lim α̇i = −γhc.

t→∞

Since α̇i is a uniformly continuous function, lower
bounded and negative semidefinite; therefore, by Barbalat’s
lemma α̇i → 0 as t → ∞ and this implies that θi → 0 as
well. Therefore the controller guarantees the convergence of
the state variables ρi , αi and θi to zero under the goal frame
< G > showed in Fig. 1.
V. DYNAMIC D ENSITY F UNCTION
We consider the case of estimating the parameters of a
time-varying density function φ(q, t) = K(q)T a(t) where
the parameter vector a(t) is a piece-wise constant function
m
a(t) : Rm
+ 7→ R+ and is right continuous. It means that
every entry of the function vector a(t) has a number of
discontinuities and takes a constant value between two consecutive discontinuities. This is a reasonable approximation
if we consider slow-time varying systems.
Also, we assume that limt→∞ a(t) = ac where ac ∈ Rm
+
is a constant value i.e., the density function reaches a stable
state which is reasonable for many real-world phenomena
such as an oil spill [4] and a forest fire [17].
From now on, we will call switching time ts , the time
when each discontinuity happens, where s = 1, · · · , k, and
k is the total number of switching times before the density

function becomes stable. This name was taken from [22]
given the partial similarity with the switching systems.
Lastly let us suppose that the adaptation law rate and the
angular and linear speed of the agents is fast enough to follow
the slow-dynamics of the density function.
From (7) we know that every robot looks for the centroid
of its Voronoi cell whilst takes measurements of the distribution function on its trajectory. During this time, the tracking
error decreases but notice from Theorem 2 that the network
of robots converge to a near optimal coverage configuration.
It does not necessarily imply that the parameter estimation
vector ã(t) → 0 as t → ∞.
Furthermore, since we are dealing with a piece-wise
continuous system, the time interval between two switching
times ∆ts = ts − ts−1 is finite, in contrast with the infinite
time necessary to guarantee full parameter convergence.
Under the former assumptions we carry out some simulations presented in the following section.
VI. S IMULATION R ESULTS
The following simulation results were obtained using Matlab. With a population of 20 robots randomly distributed over
a sample space Q defined as a unit square, we implement
the control law given in (16) with γ = 3 and k = h = 1. For
the adaptation law given by (7) and (8) we have Γ = I64 ,
ξ = 1000, ζ = 1 and δ = 1. For the matrix Iproji defined
by (12), we have the parameter β = 0.1.
The dynamics of the distribution function are modeled
as an expanding circle defined by the following parametric
equations,

 



1
0.5
cos φ
x(t)
,
+
= r(t)
0.5
sin φ
y(t)
3
with the radius r(t) changing under the stable dynamics,
ṙ(t) = −

5.7
r(t) + 1,
100

with r(0) = 1 − e−0.3 .
We divided the sampling space Q in a 8 × 8 grid where
the geometric center of every square cell corresponds to
the mean µi of a bidimensional gaussian function. Using
a similar function than the one in [23] we have that the i-th
entry of the array Ki64×1 is calculated as,
Ki = 0.5e

−(q−µi )2
2σ2
i

,

(25)

with σi = 0.05.
Since our approach covers just piece-wise constant dynamics we assume that the robots are taking measurements
of the density function at the discrete-time instants 0, 20, 40
and 100 s. It means that assuming a slow varying distribution
function the robots can reach their respective centroids and
rest until some problem dependent condition is fulfilled to
start taking measurements again.
In Fig. 2 (a)–(d) we show some quantities which
reflect the behavior of the parameter estimation error
K(pi (τ ))T ãi (t) ∀τ |w(τ ) > 0, the error distance ρi (t), the

which is the averaged position error of all the robots in Q
plotted in Fig. 2 (b).
Notice that the angle αi (t) plot in Fig. 2 (c) looks
noisy. In order to make it clear we just illustrate the angle
corresponding to one robot selected randomly.
Lastly, for the consensus error let us plot in Fig. 2 (d) the
quantity ca given by
ca =

n
n
X
X
i=1
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which is the averaged parameter error vector over all robots.
Therefore in Fig. 2 (a) we show the parameter estimation
¯i (t) averaged over the whole population of
error K(q)T ã
robots.
In a similar way
!
n
1 X
ρ̄(t) =
ρi (t) ∀t > 0,
(27)
n i=1

Angle Error

angle αi (t) and the consensus error kâi (t) − âj (t)k ∀i, j ∈
{1, . . . n}. Notice that the switching times of the simulation
are indicated by the dashed vertical lines in green.
Let us define
!
n
1 X
¯
ãi (t) ∀t > 0,
(26)
ãi (t) =
n i=1

x 10

4
3
2
1
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(d) Consensus Error

¯i (t), the error
Fig. 2. Plots of the parameter estimation error K(q)T ã
distance ρ̄(t), the angle αi and the consensus error ca for the simulation.

2

(âi − âj )

,

(28)

j=1

which P
shows the summation of the squared norm of the
n
vector j=1 (âi − âj ) over the whole population of robots.
In the plots in Fig. 2 (a), (b) and (d) it is easy to note the
asymptotic convergence to zero after every switching time
ts , but in the case of αi this is difficult to see. This happens
because of the approximation of the numerical calculation
of the centroid integrals in (2); which induces some noise
in the trajectory of the robots. Furthermore, notice that the
transitions of αi from −π to π look like spikes in the
plot, however, the robots expend the majority of the time
oscillating around the angle αi = 0 as the filtered red signal
illustrates in Fig. 2 (c).
We calculate the mean square error between the P
vector a
20
¯= 1
and the averaged parameter estimation error â
i=1 âi
20
at every time instant t, and plotted it using the blue line in
Fig. 3. Notice that in this case we are just relying on the
robustness of the adaptive control to follow changes in the
parameters. Furthermore notice the difference between Fig.
2 (a) and Fig. 3. The first one goes asymptotically to zero
as the Theorem 2 states, whereas the second does not since
from the Lyapunov function it cannot be guaranteed. A proof
of the additional richness condition to guarantee parameter
convergence is given in [2].
If during a switching time ts the robots are distributed in
a centroidal Voronoi tessellation, based on the second term
on the right side of (8), the gradient estimator is excited by
the difference between what the robot measures and what the
robot estimates. In order to increase that difference to excite
the adaptation law, we can change the parameter estimation
vector âi to guarantee the maximum excitation of the control

law in (16). This is an interesting problem to be formalized
but is out of the scope of this paper.
Since we are assuming that the robots do not have information of the density function we set all the entries of the
estimate parameter vector âi to β = 0.1 for every robot at
every switching time ts . In that way the estimated density
function is approximately uniform, exciting the adaptation
law if there is not an uniform density function in Q. In this
way it improves the response of the parameter estimation
error ãi as shown by the red line in Fig. 3.
In Fig. 4 we present some snapshots of the robot distribution over the piece-wise dynamic density function at different
times just before the switching time ts happens. Notice the
centroidal Voronoi tesselations shown in Fig. 4 (b) – (d).
VII. E XPERIMENTAL R ESULTS
Some experiments were carried out using a population of
4 Pioneer-3 AT robots as the one shown in Fig 5, sensing a
white light concentration in a rectangular sampling space
of 4.7 × 6.6 m. Similar to the simulation, the sampling
space was divided in a 8 × 8 grid and the geometric center
of each rectangular division corresponds to the mean of a
bidimensional gaussian function given by (25) with σi = 0.7
m.
The light concentration is dynamic under the assumptions
presented in Section V. There is one switching time ts during
the experiment where we switch between two different light
sources at 108 s of the experiment.
The odometry is measured through the gyroscope and
the wheel encoders embedded in the robots. A set of four
phidgets light precision sensors as the one shown in the
close-up in Fig. 5 are set up at the top of the robots and the
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Fig. 5. One of the P-3 AT robots used during the experiments and a
close-up showing one of the Phidgets light precision sensors.
Fig. 3. Mean squared error of the parameter estimation vector âi averaged
over the whole population of robots and the real parameter vector a. The
blue line shows the response of the system without changing the parameter
estimation vector âi and the red one illustrates the obtained improvement
by applying the change at every switching time ts .
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network comunication with the robots is carried out using
the Player-Stage project version 3.0.0. through a Linksys
wireless router.
The Voronoi partitions vertices are calculated using the
library Voro++ version 0.3 and the centroid integrals were
approximated by Riemann summations discretizing the inside of the polygons in a 8 × 8 grid and adding the volumes
of the hexahedra corresponding to every division.
Similar implementations can be found in [24] and [25] but
in the first case the nonholonomic vehicles were driven using
the mathematical background for holonomic vehicles and in
the second case for the implementation a team of quadrotors
(holonomic vehicles) were used during the experiments.
Since the adaptation law is a differential equation, the
following approximation based on [24] was used in order
to carry out the calculation in real time as follows,
âipre

= âi + ζ(Λi âi − λi ) −

X

(âi − âj ),

j∈Ni
0.4

0.4

0.2

0.2

0
0

0.5

(c) t = 39 s

1

0
0

âi

0.5

1

(d) t = 99 s

Fig. 4. Snapshots of a simulation with a population of 20 nonholonomic
robots represented by the blue triangles over a dynamic density function
represented by the multicolor ring-shape contour. The yellow color of the
contour means maximum density. This results correspond to the simulation
changing âi = β at every switching time ts . The cian circles represent the
estimated centroids ĈVi of the i-th robot and the green lines surrounding
the robots form their Voronoi cells. Notice that given the switching times
20, 40 and 100s we can see that just before every switching time ts the
agents are distributed in centroidal Voronoi tesselations.

= max(âipre , β).

(29)

In Fig. 6 (a)–(c) we show the behavior of the error distance
ρ̄(t) defined in (27), the angle αi , and the consensus error
ca given by (28). Since we do not know the real parameters
¯i (t).
to model the light distribution we cannot calculate ã
Notice the convergence of the signal in Fig. 6 (a) and
(c) which are visibly affected by the noise of the real
measurements and the numeric approximation of the centroid
integrals. In order to make them clear we plot the filtered
signal in red to show convergence. Furthermore, the effect
of the adaptive law approximation given by (29) is evident
in Fig. 6 (c), where the constant intervals correspond to the
moment when the robots are going to their Voronoi cell
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Fig. 6. Plots of the parameter estimation error K(q)T ã
distance ρ̄(t), the angle αi and the consensus error ca for the experiments.

centroid. The discontinuous edges of the signal represent
the moment when the robots take a light measurement and
calculate the centroids again.
Also notice that compared with the simulation results in
Fig. 2 (c), the behavior of the angle αi does not look as
clear in Fig 6 (b) because of the presence of the odometry
errors and the mentioned noise. However, it is possible to see
that again the majority of the time the robots are oscillating
around αi = 0.
In Fig. 7 we illustrate some snapshots of the experiment. Notice how the robots reach their estimated centroidal
Voronoi tesselation related to the first light distribution
and afterwards they calculated a second centroidal Voronoi
tessellaton once the light has been abruply displaced in the
sampling space at t = 108 s. Next to the snapshots we can
see the average estimated light distribution obtained by the
robots.
VIII. C ONCLUSIONS

AND

F UTURE W ORK

We have presented a new convergence theorem of a
distributed and adaptive control with consensus learning for
a team of nonholonomic vehicles. Furthermore we used
our result to work with piece-wise continuous dynamic
density functions to guarantee that the system is Lyapunov
convergent and that the robots are able to track the density
function.
Lastly, we were able to improve the response of the system
increasing the excitation of the adaptation law â˙ i by changing
the parameter estimation vectors at each switching time ts .
All the mathematical results were succesfully simulated
with a population of 20 robots confined in a convex polytope.
Some experimental results were succesfully obtained using a

(c) Experiment at t = 259 s
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Y (m)

(c) Est. Density Function t = 259 s

Fig. 7. The pictures in (a) and (c) show some snapshots of an experiment
with a population of four Pioneer 3 - AT robots sensing a light distribution
at 107 and 259 s. The 3D plots in (b) and (d) illustrate the estimated density
function averaged over the four robots.

population of four robots sensing a dynamic density function
of white light.
Some problems remain still open for future work such as
the way of setting the entries of the estimate parameter error
âi at every switching time ts for every robot, to guarantee the
richest trajectory that improves the estimation convergence.
Defining the control law and adaptation law for density
functions with continuous dynamics rather than piece-wise
continuous remains for future work.
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