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Abstract—In this paper we develop a game-theoretic frame-
work for dynamic spectrum leasing in a cognitive radio network.
Dynamic Spectrum Leasing, or DSL for short, is a new paradigm
for efficient spectrum sharing in cognitive radio networks that
was proposed recently in [1]-[3]. DSL allows the primary users
to actively encourage, or discourage, secondary access depending
on their instantaneous Quality-of-Service (QoS) requirements
and affordable power constraints. Secondary users, on the other
hand, attempt to maximize throughput, or any other suitably
chosen reward function, opportunistically, while not violating
the interference limit set by the primary users. In this paper,
we have proposed further generalization to the primary user
utility function defined in [2] and a new utility function for the
secondary users. We establish the conditions on the primary
and secondary user utility functions so that the DSL game
has desired equilibrium properties. Simulation results show the
system behavior and performance at the equilibrium and also
help to identify suitable system design parameters.

I. INTRODUCTION

In recent years, there has been a growing consensus that the
scarcity of radio spectrum is mainly due to the inefficiency of
traditional fixed spectrum allocation policies [4], [5]. Dynamic
spectrum sharing (DSS) is considered as an effective way
to improve inefficient static spectrum utilization by allowing
secondary users to access the so-called white spaces in spec-
trum already licensed to the primary users. Cognitive radios
[6], which can be considered as smart radios with built in
cognition, are especially suited for realizing such dynamic
spectrum access due to their ability to observe, assess, learn
from and orient to the observed RF environment.

The hierarchical spectrum access methods that have been
considered in recent literature, however, presume that a sec-
ondary (cognitive) transmitter may access the spectrum band
owned by a primary user only on the no or limited-interference
basis to the primary users [7], [8]. Further, the secondary
system is almost exclusively responsible for managing the
inter-system interference problem due to coexistence. How-
ever, recently introduced dynamic spectrum leasing (DSL) [1]-
[3] is a new paradigm for spectrum sharing in cognitive radios
in which primary users are allowed to actively manage the
secondary interference they are willing to tolerate at any given
time. As opposed to hierarchical dynamic access techniques
considered by many in recent literature, in a DSL-based
network the primary users are also active decision makers
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and they are suitably rewarded for allowing secondary users
to share their licensed spectrum whenever they can, while
meeting their own minimum Quality-of-Service (QoS) require-
ments. Simultaneously, the secondary users aim to achieve
energy efficient transmissions, while not causing excessive
interference to the primary users.

In this paper, we further develop the DSL-based spec-
trum sharing concept for cognitive radios by identifying new
payoff functions for both primary and secondary users that
are motivated by network utility considerations. We establish
the existence of an equilibrium in this primary-secondary
spectrum-leasing game, and analyze several example cognitive
radio networks based on the proposed DSL framework to
investigate their equilibrium behavior.

The remainder of this paper is organized as follows: Section
Il describes the dynamic spectrum leasing cognitive radio
network made of a primary and a secondary communications
system. Section III presents the proposed new game-theoretic
model for dynamic spectrum leasing in a spectrum sharing
cognitive radio network. Section IV discusses the existence
and uniqueness of a Nash equilibrium. Section V evaluates
the performance of a DSL cognitive radio network based on
the proposed game model. We also investigate the dependence
of the achieved equilibrium performance on important design
parameters. Finally, Section VI concludes the paper by sum-
marizing our results.

II. DYNAMIC SPECTRUM LEASING BASED SPECTRUM
SHARING COGNITIVE RADIO NETWORK MODEL

We assume there is one primary wireless communication
system that owns the exclusive rights to use the spectrum band
of interest. In a bid to improve the spectrum usage efficiency
while earning extra revenue, the primary system is willing
to allow a secondary system to access this spectrum band.
For simplicity of exposition, we assume that there is only
one primary transmitter in the primary system, and there are
K secondary transmitters in the secondary system which is
assumed to operate as an underlay system. The primary user
is denoted as user 0, and the secondary users are labeled as
users 1 through K. There are one primary receiver and one
secondary receiver of interest. The channel gain between the
k-th user and the common secondary receiver is hgj, and
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between the k-th user and the primary receiver is hpy, for
k=0,---,K. We use p; to represent transmission power of
the k-th user.

In a DSL network, the primary user is assumed to adapt its
interference cap (IC), denoted by @)y, which is the maximum
total interference the primary user is willing to tolerate from
all secondary transmissions at a given time [1], [2], and thus
its reward can be an increasing function of the interference
cap. However, in reality, the primary user should maintain a
target signal-to-interference-plus-noise ratio (SINR) to ensure
its required QoS. Moreover, an unnecessarily large interference
cap by the primary user could hinder the secondary system
performance due to resulting high primary interference. The
goal of secondary system is to fully utilize the spectrum activ-
ity allowed by the primary user. However, their transmission
powers must be carefully self-regulated in order to ensure low
interference to the primary user (within the IC) as well as to
other secondary users.

The signal received at the primary receiver can be written
as rp(t) = Agboso(t) + 25:1 O, Akbysk(t) + opn(t) where
Ag = hpr/Dk, for k =0,1,--- , K, n(t) is AWGN with unit
spectral height, Jf, is the variance of the zero-mean, additive
noise at the primary receiver, and Oy is a Bernoulli random
variable such that Prob (0 = 1) = gi and Prob (0 =0) =
1—gi. Note that, ©, represents the randomness in secondary-
user collisions with the primary user transmissions. Assuming
M discrete-time projections r®) =< rp(t), ® )( t) >, for

=1,---, M, of the continuous time signal on to a set of M
orthonormal directions specified by dz(p )( t), -, gg) (t), and

T
letting r(?) = (rgp ), e 71"5\1/}) , we may obtain the discrete-
time representation of the received signal at the primary re-

A(]b()s(p)—f—zk 1 @kAkka(p +opn n( ),where

ceiver as r(?
sgcp): sgﬁ),~~ s,(f}\)/[),fork:(),l,u , K, is the M -vector

representation of s (t) in the M-dimensional basis employed
by the primary system, where s,(le =< si(t), 4 )( t) >, and
n® ~ N (0,1I,/). With the conventional matched-filter (MF)
detector at the primary receiver, and assuming that primary

modulation is BPSK so that by € {+1,—1}, the primary

decisions are given by by = sgn (y(()p )> where
T K
w = (s7) © = Aobo+ 3T Ol Aubi + oy,

(») @\ " g
with py; = (sop s;”). Note that n® ~ N (0,1). It is

straightforward to observe that the total secondary interference
Iy from all secondary transmissions to the primary-user is

é an (pé’;?) Z ar (of) )

Similarly, the received signal at the secondary-system

. . K
receiver can be written as r4(t) > w1 Brbrsi(t) +
Boboso(t)+osn(t) where By, = hg/pi, fork=0,1,--- | K
and o2 is the variance of secondary receiver noise. A discrete-
time representation of r,(t) with respect to an N-dimensional

ek (1)

orthonormal basis wls)(t),---, J(V)() used by the sec-

ondary system can be obtained as r(*) = Zszl Bkbks(s)
T
Bobos(()s) + o.n®), where r(®) = (rgs), e ,rj({;)) r$) =

rs(t), ,({q)(t) >, for n = 1,---,N, is the projection of
the received signal at the secondary receiver on the the n-
th orthonormal basis function, s\” = (51(:1)» 8;:13,2 for
k=0,1,--- , K, is the N-vector representation of s (t) with
respect to the N-dimensional basis employed by the secondary
system with 52‘2 =< sk(t),u)y(f)(t) >, and n®®) ~ N (0,1y).
In the following we assume that all secondary transmissions
are BPSK, and the secondary detector is based on the MF.
Hence the secondary receiver detects the k-th secondary user’s
symbols as by, = sgn (y,(f )) where, for k=1,--- | K,

T
yl(cs) = (s(s)> r(®)
= Bubi+ Z Py Bjb; + ply Bobo + 7
j=1,j#k
T
with p(s) = ( ) s( ), for j = VK, p(g) =
s) _

(s,@) s(()s), and 77( ( ) ~N(0,1).

For notational convenience, let us denote by i; the total
interference from all secondary users to the k-th secondary
user signal, excludlng that from the primary user, so that ¢, =

K (s)
Z] 1,j#k (pkj)
secondary and primary transmissions to the k-th secondary

K is 1LY = ZkJF(P;@o)) hZopo-

hzj p;. Then, the total interference from all

user decisions, fork =1, - -

III. GAME MODEL FOR DYNAMIC SPECTRUM SHARING

In the proposed DSL-based cognitive networks, the primary
and secondary users interact with each other by adjusting
their interference cap and transmit power levels, respectively,
in order to maximize their own utilities. We formulate the
above system as in the following noncooperative DSL game
(K, Ak, ug(.)):

1) Players: £ = {0,1,2,--- , K}, where we assume that
the O-th user is the primary user and £ = 1,2,--- | K
represents the k-th secondary user.

2) Action space: P = Agx A1 X Ay -+ - x Ak, where Ay =
Q = [0, Qo] represents the primary user’s action set and
Ay = Pr, = [0, P], for k =1,2,--- , K, represents the
k-th secondary user’s action set. Note that )y and Py
represent, respectively, the maximum IC of the primary
user and the maximum transmission power of the k-th
secondary user. We denote the action vector of all users
by a = [Qo,p1,- - ,px]", where Qo € Q and pj, € Py.
It is customary to denote the action vector excluding the
k-th user, for k=0,1,2,--- , K, by a_j.

3) Utility function: We denote by ug (Qo,a_o) the primary
user’s utility function, and by uy (px,a—_g), for k =
1,2,---, K, the k-th secondary user’s utility function.



As proposed in [1], [2], at any given time, the primary user’s
target SINR is defined in terms of its assumed worst-case sec-

. _ h2,p
ondary interference o = 52—

Qotol’ where py and @) represent
the primary user’s transmission power and the interference cap,
respectively. Since Qy is the maximum possible interference
the primary user is willing to tolerate from secondary users,
o represents the least acceptable transmission quality of the
primary user. On the other hand, the primary user’s actual

instantaneous SINR is given by

o Qo — Io
_70<1+IO+01%>. 2)

_ h;%opo
L Ip + 0'12,

In DSL-based spectrum sharing, the utilities of primary and
secondary users are coupled via mutual interference. Thus, we
introduce the following utility function for the primary user:

up (Qo,a0) = (Qo—(Qo—TIo(a))) F(Qo) (3)

where F'(.) is a suitable continuous reward function for the
primary system. For example, in [2] the authors proposed
a linear reward function F'(Qo) = Qo. In this paper, we
allow F(.) to be any general reward function and establish
conditions on F(.) so that the proposed DSL game has
desired equilibrium properties. Note that (3) also assumes that
the utility of the primary user is proportional to demand in
addition to the reward function F'(.). The demand is taken to
be decreasing when the extra interference margin Qo — Io
increases. This discourages the primary user from swamp-
ing all other transmissions (both primary and secondary) by
setting too large an interference cap that will lead to higher
transmission power. As a special case of (3), we may choose
F(Qo) = log(1 + Qq), so that the primary user utility is
proportional to the capacity attained by the secondary system
with respect to the primary receiver. We believe this model for
primary user utility is more sensible in a dynamic spectrum
leasing cognitive radio network compared to [2], when the
secondary system is more concerned about the rate achieved
rather than the transmit power.

Observe from (2) that as long as the secondary user inter-
ference I is below the interference cap set by the primary
user, the primary user quality of service will be guaranteed.
To ensure this the utilities of secondary users must be fast
decaying functions of Iy — )y when this difference is positive.
From a system perspective the secondary system would be
interested in maximizing the sum capacity of all its users.
However, from a particular user’s perspective it would be
interested in gaining the maximum possible data rate it can
get. Thus, each user would like to maximize its own achieved
capacity. Motivated by this argument,we propose the following
utility function for the secondary users:

f(pr)

ug (pr,a—x) = 1+ erIo—Qo) @

where f(.) is a suitable reward function chosen by the sec-
ondary system and the weighting term m in (4)is a
sigmoidal function with the property that it goes to either +1
or 0, as Iy — Qg tends to either negative or positive infinity,

respectively, while parameter A can be used to adjust the
steepness of the transition region.

Again we may use f(pr) = Wlog(1+~%) as a special case
of (4), where the received SINR of the‘hk—t‘l; secondary user,
— skl Pk _ Pk

for k = 1,--- K, is given by 1 = 545z = - where

~2 _
gy =

. -2
k-th user and Nj, = ll’;i‘TQ

2
(p,%)) |hso|?po + o2 is the effective noise seen by the

Hence,

Pk
B W log (1 + N’;)
1 4 Mo, —k(@a—k)—Qo) gcrpr’

)

Uk (pka a—k)

where W > 0 is a scaling parameter that can be taken as pro-
portional to the bandwidth, I ,gs) (a_p) = ix + (p,(;))) h2,po
is the total interference seen by the k-th user from both
primary as well as other secondary users and Iy _x (a_j) =
2 2
Io — qx (P(()I;?) h2wbk = 252145 (p(()?)) h2ip; is the in-
terference from all secondary transmissions at the primary
receiver excluding that from the k-th secondary user. In writing

2
(5) we have defined ¢, = Aqy (pif?) hik > 0.

IV. EXISTENCE OF A NASH EQUILIBRIUM AND THE BEST
RESPONSE ADAPTATION

A. Existence of a Nash Equilibrium

In the following we investigate equilibrium strategies on
the game G = (K, Ay, uy), where users are interested in
maximizing the utility functions in (3) and (5). Of course the
most commonly used equilibrium concept in game theory is
the Nash equilibrium:

Definition 1: A strategy vector p = (ag, a1, ,ax) is a
Nash equilibrium of the primary-secondary user power control
game G = (K, Ay, uyg) if, for every k € K, ug (ag,a_g) >
uy, (a,,a_y) for all aj, € Ay.

The best response correspondence of a user gives the best
reaction strategy a rational user would choose in order to
maximize its own utility, in response to the actions chosen
by other users.

Definition 2: The user k’s best response 7 : A_; — Ag
is the set

{ak € Ay up (ak,a_k) > Uk (a;c,a—k)}(6)

where aj, € Ay for all k = 0,1,---, K. Note that, with the
assumed form of action sets Ay, it is easy to see that they are
both compact and covex for all £ =0,1,---, K [2]. Further,
both ug(p) and ug(p) are continuous in the action vector p.

For the existence of a Nash Equilibrium, the remaining
condition that we need to ensure is the quasi-concavity of
ug’s for all k =0,1,---, K. Let us define a function ® (Qo)
as,

re(a_y) =

F(Qo)
F'(Qo)
It can be seen that ug has a local maximum that is indeed
a global maximum if ®(Qg) = Qo + Ip (a_p) has only one
solution for (Qy € Q. Clearly this equation has a solution if

®(Qo) + Qo . (7



® (Qo) is continuous and limg, o ®(Qo) < Qo +1Ip (a_o) <
limg,— 00 ®(Qo). This solution would be a global maximum
if in addition ®'(Qp) > 0 for Qo > 0. It can be easily
verified that ®'(Qo) > 0 will be true if F(Qo) is such that

F(Qo)F" . .
%{);S(Z(;) 2. Note also that limg, oo ®(Qp) = oo if
0

limg,— oo (00 > —o0. Hence, a set of necessary conditions
on F(Qq) for ug to be quasi-concave is:
1. F(Qo) is continuous and strictly monotonic for Qy > 0
2. F(0) =0, F'(0) > 0 and limg, o 222k > —00

F(Qo)F"(Qo) w
0 0
Fany? . < 2 for Qg >0
4. 0< Qo+ Ip(a_g) < 0.
As can be seen from (5), clearly uy (a) is continuous in a.
Next, consider its first order derivative w.r.t. pg:

Ouy, (pr.) W e Pk g (pr.)

5 = 5 (8)
Dk (1 + ]I\’Tl;) (1 + e)\(Ip.—k_QO)eckPk)

Note that at an interior local extremum point for py € [0, 00),

we should have gi(pr) = e % 4 -erp-r=Q0)

cpeTp—k=Q0) (1 4 2= ) log (1 + ]’\',—’;) = 0. Since gx(0) =

Nik (14 e*r-k=Q0)) > 0, g;(c0) — —oo and g (px) is
continuous in py, clearly function gi(.) must have at least
one zero crossing. However, since g, (pr) < 0 for py > 0,
there is exactly one zero of gi(px) on [0, c0], implying that
ug(px) only has one local extremum point on py, € [0, c0). If
this extremum point is denoted as p*, since gx(px) > 0 for
0 < pi, < p*, we have that uy(pg) is monotonic increasing on
0 < px < p*. Similarly, since since gx(pi) < 0 for px > p*,
we have that ug(pg) is monotonic decreasing on px > p*.
Hence, it follows that the local extremum point p; = p* is
indeed a global maximum of u(.) on [0, 00), implying that
ug(pr) is quasi-concave in py, for each k=1, - | K.

Thus with A;’s and wg’s as defined above, the dynamic
spectrum leasing game defined by (3) and (5) has a Nash
Equilibrium.

B. Best Response

The best response of the primary user is obtained by setting

ug (Qo) = 0. The unique interior solution is given by
Qi) = aeny

F'(Q5)

Since ug (Qo) is monotonic increasing for Qo < @, if the

maximum interference cap is such that @y < @, the best
response is given by

(Qo + 1) — )

min{@o, QS (Io)} .

Thus, in order to determine its best response for a chosen
power vector by the secondary users , the only quantity that the
primary user needs to know is the total secondary interference
Iy at the primary receivers given in (1). On the other hand,
the best response of the k-th secondary user to the transmit
powers of the other secondary users as well as the interference
cap set by the primary user is given by the (unique) solution
pr = Py, (Qo, fo,—k, %) to the equation gx(py) = 0.

ro(a—g) = (10)

Again, since uy, is quasi-concave in py, if p} (Qo, lo,—x) >
Py, the best response of the k-th secondary user, for £k =
1,--- K, is:

= min{Pk,pZ (Qo, To,—k,ik)} - (1)

Observe that in general the best response of the k-th secondary
user is a function of the residual interference Qg — Iy —j, of
all other secondary users at the primary receiver and the total
interference i from all secondary and primary users to the k-
th user’s received signal at the secondary receiver. In this work,
we assume that the primary base station broadcasts both @
and I, whenever it adjusts its interference cap to a new value.
This is the only interaction that the primary system will need
to have with the secondary system. Observe that by knowing,
Iy, each secondary user can compute the residual interference

2
To. = ITo—qr (p(()i)) hikpk since it knows its own transmit

power and it may estimate the channel state information (CSI)
if the reverse link signals are available in the same band. Also,
the approximation Iy _j =~ Iy proposed in [2] can be shown
to perform reasonably well in practice, especially when the
number of secondary users K is sufficiently large, as we will
see in Section V below.

Tk (a_k)

V. PERFORMANCE OF THE PROPOSED DYNAMIC
SPECTRUM LEASING SYSTEM

In this section, we consider a dynamic spectrum leasing
cognitive radio system that employs the proposed game-
theoretic framework for their interactions and show how the
resulting equilibrium point of the proposed game leads to a
desirable coexistence. We look at the practical situation in
which there are non-identical secondary users in the presence
of wireless channel fading. It is expected that in this case
the Nash equilibrium transmit powers of individual secondary
users will be different for each user. We have assumed all
channel gains in the system to follow Rayleigh distribution
with all channel coefficients normalized so that E {hz} =1.
This essentially allows us to consider, without any loss in
generality, the transmit powers p; to be equal to the average
received power (averaged over fading).

In Fig. 1, we have shown the game outcome at the Nash
equilibrium as a function of the number of secondary users
K, both with and without CSI for A\ = 5. It is to be noted
from Fig. 1 that, with CSI available to the secondary users,
the primary system can accommodate up to 12 secondary users
without violating the Iy < @)y requirement. As we may also
observe from Fig. 1, the system that does not rely on the
knowledge of CSI demonstrate almost the same performance
trends at the equilibrium as compared to that with exact CSI. It
seems that another effect of not having the exact Iy _j, is that
the safety margin Q9 — Iy at the equilibrium is slightly larger.
This is essentially due to the fact that each secondary user
believes an exaggerated residual interference Iy _j making it
to decrease its transmit power

Fig. 2 shows the corresponding primary and secondary user
utilities achieved at the Nash equilibrium in the presence of
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Fig. 1. Outcome of the DSL game at the system Nash equilibrium,
with both exact CSI and using approximation Iy _p ~ Ip, as a function
of secondary system size K in the presence of channel fading, when

F (Qo) =1log (14 Qo) and f (px) = W log (1 + 11\%) Other parameters
Mek:5,W:1,Q=lO,PI€=12,7yo=1,qk:1,p(()i):pl(csj)zl
for all k, and 02 = ag =1

channel fading. It can be seen from Fig. 2(a) that primary user
utility is reduced when secondary system does not have the
exact knowledge of the channel state information. Both the

sum-rate Zszl log (1 + D as well as the per-user rate

N(pi)

achieved by the secondary system
at the Nash equilibriumf with and without exact CSI are shown
in Fig. 2(b). It is to be noted that, due to interference averaging
in the presence of fading, in this case the secondary system
is able to achieve better sum- and per-user rates compared to
that with non-fading channels (not shown here to save space).
This is because of interference averaging effect due to fading
that de-emphasized the interference among users leading to
better SNR. It can be seen that the per-user rate is typically a
decreasing function of the increasing secondary system size.
It is because all secondary users in the system must share the
allowed interference level set by the primary system.

1 K P
% Zk:l log (1 + N(;))

Fig. 3 shows the maximum secondary system size K4z
supportable by the primary system at the Nash equilibrium
without violating the I < @ requirement as a function of
A. We have also included in Fig. 3 the maximum tolerable
secondary system size by the primary system before maximum
interference cap Qg is exceeded at the equilibrium. Although
not desirable, it shows the maximum number of secondary
users the primary system can support until Qj reaches Qo
for a particular value of A\. As we may observe from Fig. 3
that when A < 1 there is a likelihood that the primary
interference cap (Jp or the maximum allowable interference
cap Qo might be exceeded by an even relatively smaller size
secondary system. However, as we can see from Fig. 3 when

——K withQ <Q
35+ " . 1
- - Kmax with E(fk(pk )} > 0.05 for all k

- @ = K, With E{f,(p,7)} > 0.1 for all k

30+ —a— K withl*<Q 4

max

Maximum no. of secondary users, K

Fig. 3.  Maximum secondary system size supportable for a required QoS
requirement f,,;, and without violating the primary interference cap as
a function of X in the presence of channel fading with exact CSI, when

F(Qo) =log (1 + Qo). f (px) = W log (1 + %’;) Other parameters are
Wzl,QZIO,ﬁk:12,%:1,qk:1,p(<)7;€) :pii)zlforallk,
and 02 = U‘g =1

A > 1, the number of secondary users who simultaneously
transmit without violating the primary interference condition
dramatically increases. In essence, K,,q,’S corresponding to
Q4 < Qo and I < Qj provide safety margin for desirable
coexistence of the primary and secondary system.

We define the required QoS in the secondary system in
terms of the average (over fading) reward achieved by a user
at the equilibrium. We denote this minimum required QoS
of all secondary users as f,;,. In Fig. 3, we also show the
maximum secondary system size K in the presence of fading
for different minimum quality of service requirements f,;,
as a function of the parameter A with exact CSI.

Fig. 4 shows the outage probability Pr (fi (p}.) < fmin) Of
a typical secondary user as the secondary system size increases
with exact channel state information. It is seen from Fig. 4 that
the outage probability increases with K as well as with the
minimum QoS requirement. The maximum secondary system
size which can be supported according to Fig. 3 thus needs
to be interpreted in conjunction with the outage probabilities
shown in Fig. 4. For example, although as shown by Fig. 3,
about 5 secondary users can (on average) meet the f,,;, = 0.1
QoS requirement with A = 5, according to Fig. 4 each of
the these users may be in outage about 65% of time. This,
of course, is the price of operating as a secondary system.
However, outage probability with the model proposed in this
paper is slightly better than that in [2].

VI. CONCLUSION

In this paper, we developed a new game-theoretic frame-
work for dynamic spectrum leasing in cognitive radio net-
works. In our proposed framework we further generalized
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the primary user utility function defined in [2], [3]. We also
defined a new utility function for the secondary system. We
formulated the dynamic spectrum leasing cognitive system
as a non-cooperative DSL game between the primary and
the secondary users and established the conditions on the
existence and uniqueness of the Nash equilibrium. Next, we
analyzed a cognitive radio DSL network in the presence of
fading in detail to investigate the proposed system behavior at
equilibrium. For such a system, we observed that the proposed
dynamic spectrum leasing leads to a design that determines the
maximum number of secondary users based on the required

) — p{) — 1 for all k, and 02 = o2 = 1.

minimum QoS of the primary user.
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