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Abstract

 There are a number of different methods for computing the complex natural 
frequencies of a straight wire antenna or scatterer. The most accurate method is that derived 
from a numerical solution to the integral equation for the wire current. Due to the relative 
difficulty in obtaining this solution, however, several different approximations to these 
resonant frequencies have been developed and used in the past. Most recently, a paper by 
Myers, et al. has described a variational approach for computing these resonant frequencies. 

 This note provides a brief description of each of these methods for determining the 
wire resonances, and then presents a comparison of the result of each method for a wire of 
diameter to length ratio (d/L) ranging from 0 to 0.1. 
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1. Introduction 

 The Singularity Expansion Method (SEM) was first introduced by Baum in 1971 in an 
US Air Force note series [1]. It was later thoroughly documented in a book chapter [2] and has 
been discussed in a large number of other publications. Reference [3] provides an overview of 
this subject and an extensive list of pertinent references. 

 The essential point of the SEM analysis method for antennas or scatterers is that the 
behavior of the induced current on the structure in the frequency domain can be represented by 
a sum of terms involving the natural resonances of the structure and the corresponding current 
modes. This is similar to the representation of the response of a conventional circuit using a 
pole-residue analysis. 

 A key element to the SEM analysis is the determination of the natural resonances of the 
antenna. Early work with a spherical scatterer using an analytical expression for the current 
distribution showed that there were a doubly infinite set of natural resonance frequencies 
which corresponded to the zeros of certain spherical Hankel function expressions [4]. Earlier 
work by Oseen [5] and Hallén [6] had studied similar resonances in a straight wire, and 
approximate expressions for the principal resonant frequencies of the wire were developed. In 
1973 Tesche [7] showed through a numerical solution of the Pocklington integro-differential 
equation that the straight wire has complex natural resonances much like those in the spherical 
antenna. They occur in layers in the complex frequency plane and occur arranged with an 
increasing imaginary part (j�), which occur at approximately equal intervals. A similar study 
was conducted by Giri and his co-workers [8], using a different method for searching for the 
resonances of the integral equation solution. 

 Aside from the direct numerical evaluation of the resonances of a straight wire in [7], a 
number of other researchers have developed methods for approximating the complex natural 
frequencies. All of these methods have increasing accuracy as the wire becomes very thin, and 
all provide only the first layer of resonances, which are the closest to the j� axis. Lee and 
Leung [9] and Weinstein [10] use a Weiner-Hopf method, while Hoorfar and Chang [11] an 
infinite wire solution for the current, with additional reflected traveling current waves at the 
ends of the wire. Bouwkamp [12] and Marin and Liu [13] both use the asymptotic antenna 
theory of Hallén to obtain the resonances. 

 More recently, a novel variational method, which is completely different from the 
previous approaches, but which stems from an integral equation analysis of the wire, has been 
developed by Meyers, Sandler and Wu [14]. We also note in passing that finite methods like 
the finite-difference time-domain (FDTD) [15] or finite element methods are also used to 
compute antenna responses. However, these are not useful, as they provide results in the time 
domain or on the j� axis, and are not suitable for exploring the complex frequency plane. 

 With these differing methods for determining the natural frequencies of the wire, it is 
interesting to evaluate which is most accurate when compared with the numerically determined 
values of [7]. Reference [13] provides a comparison of their results with those of [7], but there 
do not seem to be comparisons of the other methods in the literature. The purpose of this 
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paper, therefore, is to compare the results of the complex natural frequencies from the above 
authors in a consistent way, so as to illustrate which approximate method is the most accurate. 

2. Survey of Methods for Determining the Wire Resonant Frequencies

 In describing the literature on this subject, it is important to point out that some authors 
use the i te ��  time convention, while others use j te � . In this paper, we elect the use of j te �

, and 
we have modified some of the referenced equations accordingly. Furthermore, some of the 
authors define the wire geometry by its half-length h and wire radius a. We will use the 
parameters L = 2h and d = 2a to represent the length and diameter of the wire, respectively. 
The comparisons of all of the results will be made using these parameters. In some of the 
discussion to follow, the wire thickness is described by the factor�����2 ln(2L/d). 

 The complex natural resonances of the wire are generally defined by the notation 
, , ,n n ns j� �� �l l l , where l denotes the resonance “layer” and n is the index for the resonances 

contained in the layer. For resonances in the first layer (l = 1), the resonances are frequently 
referred to simply as sn. As in a resonant circuit, the real part ,n� l  corresponds to a damping 

constant and the imaginary part ,nj�l  is an oscillation frequency. It should be noted that these 

resonances always occur in complex conjugate pairs, as 	 
*
, ,,n ns sl l .

 Other parameters that are used in this development are: � = 0.57721 (Euler’s constant), 
� = e� = 1.781…, Zc = 120 
�	�
�(free space impedance), and c = 3 x 108 (m/s) (speed of 
light).

2.1 Solutions Based on the Integral Equation Solution 
 The frequency domain Pocklington integro-differential equation describes the current 
flowing on the wire, for either a local excitation source (the antenna problem), or for a 
distributed incident field (the scattering problem). This current may be determined numerically 
by using the method of moments, as described by Harrington [16]. This procedure results in a 
system impedance matrix equation that contains information about all of the resonances of the 
wire. By generalizing this integral equation solution to complex frequencies s (i.e., j� � s), 
the natural frequencies ,nsl  are determined by searching for the zeros of the determinant of the 
system matrix. 

2.1.1 Resonances Determined by a Newton Method Search in the Complex s-Plane 

 The paper by Tesche [7] describes the initial calculation of the natural resonances of 
the wire structure through the use of Newton’s method in the complex s-plane. This amounted 
to an iterative search for the zeros of the system determinant in the s-plane, and for the first 
time, showed the existence of the multi-layer pole structure for the wire. In a separate 
communication [17], it was shown that the use of the Hallén integral equation provides the 
same natural frequencies for the wire.  
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 This analysis also resulted in the determination of the natural current modes at each 
resonant frequency, and permitted the construction of both the spectral and transient responses 
of the wire in terms of these parameters. Details of this SEM approach are provided in [7] and 
are not described further here. 

2.1.2 Resonances Determined by a Contour Integration Approach. 

 As an alternative to the Newton search method for finding the wire resonances from the 
integral equation solution, a contour integration method proposed by Baum [18] can be used. 
Giri and his co-authors in [8] used this contour integration method to determine the 
frequencies in the s-plane.  

When the integral equation is matricized, the natural frequencies are computed from 
finding the zeroes of the system matrix. This determinant is an analytical function of the 
complex frequency. The contour integration method involves performing certain integrals on a 
closed contour around the locations of the natural frequencies in the complex s-plane. It is 
superior to the Newton or Newton-Raphson method, which require a guess or starting value 
and they find their way to the actual resonance. If the resonance is sharp, these methods can 
suffer from numerical instabilities. The contour integration method does not require a guess or 
starting value. All calculations are made from a safe distance from the resonance location. For 
this reason, the results of the contour integration method are robust and numerically stable.

2.1.3 Myers, Sandler and Wu Variational Solution

 The most recent contribution to the set of complex resonant frequencies based on an 
integral equation for the wire is described in [14]. The method used in this paper is unlike the 
other methods described previously, in that it uses a variational approach with the 
Pocklington integro-differential equation, together with an assumed current distribution that 
representative of the current at each resonant frequency. Thus, this is an approximate 
technique, but since it directly uses the integral equation in the solution, it is listed in this 
section on integral equation methods. 

 This analysis method results in a characteristic equation involving a complex 
propagation constant k (Eq.(20) in [14]), from which the roots may be determined iteratively. 
When modified to reflect the wire parameters we are using (L and d) as well as the ej�t time 
variation, this equation becomes 

	 
 	 


	 
 	 


	 
 	 


2 2

0

2 2

0

1 cos4( ) 2 ln

1 1

sin2

n n

jkyL
n

n

j k L j k L

n n

jkyL
n

n
n

e yLF k k L dy
d y

j je e
k k

e y
k dy

y

� �

�
�

� �

�
�

�

�

� � � �

�

� � ��� � �� � �� � �� �
� �� � ��

�� � � �� � � �  � � � �� � !

� �

"

"

 (1) 



5

 The complex resonant frequencies sn are then found by numerically searching for the 
roots to the equation 

0 1,2,3nsF for n
jc

� �
� � ###� �

� �
. (2) 

2.2 Approximate Solutions 
 Other approximate methods for determining the resonances of the wire have been 
developed in the literature. These are described below.  

2.2.1 Lee and Leung Solution 

 In [9] a frequency domain expression for the wire current using a Wiener-Hopf 
approach is developed. This result is given in Eq.(4.8) of [9] and it yields the following 
explicit expression for the complex natural resonance frequencies: 
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1, 2, 3, … (3) 

 This expression is valid for ( / 2)( / ) 1n d L
 $$ , which implies that the solution for the 
resonances degrades as the wire becomes thicker. In the development in [9], only the 
frequency indices of n = 1, 3, 5, · · ·  are mentioned, and these correspond to even current modes 
on the wire. There is no mention of the odd modes for n = 2, 4, 6, · · · , but (3) does appear to 
provide approximate resonant frequencies for these modes as well. 

2.2.2 Weinstein Solutions 

 The natural resonance frequencies and current distributions on a thin cylinder are also 
discussed in [10], which uses a Weiner-Hopf technique. In this development, the expression 
for current distribution contains a denominator term D and this term vanishes at certain 
complex frequencies. This term is given in (62.56) of [10] and is 

	 
2/( ) 1 ( , ) 0ns L c
n nD s L s e�� � % �   (4) 

 The function &(z,s) is provided in (62.63) of [10] and upon substituting the required 
parameters, it is 
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The function E(y) in (5) is defined by Weinstein as 

( ) ( ) ( )

( ) ( )
2

E y Ci y j si y

Ci y j Si y 

� �

� �� � �� �
� �

, (6) 

where Ci(y) and Si(y) are the cosine and sine integrals with complex argument y. These 
integrals are defined in [19], and have the form 
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The roots of (4) provide the resonant frequencies sn for Weinstein’s model and these can be 
obtained by a suitable numerical search procedure. 

 Weinstein also provides an approximate solution to the resonant frequencies in 
Problem 9.15 in his book [10]. This results in a simple expression for sn without the need of a 
numerical search. This expression is   
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t
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2.2.3 Hoorfar and Chang Solution 

 Hoorfar and Chang [11] use the method of Shen, et al. [20] to represent the current on a 
straight wire as the sum of the current in an infinite wire, plus traveling wave components 
reflected from the ends of the wire. This development leads to the following resonance 
condition:
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In this expression, 	 
;I s z'  is related to the current flowing along an infinite wire, and is 
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The term E1 in this last expression is the exponential integral of the first kind defined in [11, 
eq.(5.1.1)], which is 
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 The term R(s) in (10) is the reflection coefficient at the ends of the wire and is given in 
[11]  
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Jo and 	 
2
0H  in (16) are the usual cylindrical Hankel functions. 

 The natural frequencies sn for this case are again determined from (10) through a 
numerical search procedure. 

2.2.4 Bouwkamp Solution (from Hallén) 

 Bouwkamp [12] discusses the use of Hallén’s asymptotic antenna theory for the 
determination of the resonant frequencies of a center-fed wire antenna, or a field-excited wire. 
Hallén’s original reference [6] is in German and is difficult to obtain, so this analysis approach 
relies on the results of Bouwkamp’s work. 

 This solution relies on constructing a representation of the wire current as a numerator 
and denominator fraction, each of which is expanded of powers of �– n .  Equation (28) of [12] 
provides the midpoint current on the wire for three terms in the power series expansion. It is 
apparent from this expression that the roots of the denominator will correspond to the resonant 
frequencies of the wire. Due to the fact that this analysis is based on a symmetric excitation of 
the wire, only the frequencies of the even modes are be provided by the equations to follow. 

 For the first-order estimation of the resonances, only the �– 1 term in the denominator 
will be considered. This yields the following determinant, for which the roots sn can be 
determined for n = 1, 3, 5, ..: 
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The parameter .1 in this equation is given by 
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 As in the previous cases, the natural frequencies for the even modes can be determined 
numerically from (19). 
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2.2.5 Marin and Liu Solution (from Oseen) 

 Marin and Liu [13] discuss the use of Hallén’s asymptotic antenna theory to 
approximate the wire resonances using an approach attributed to Oseen [5]. Unfortunately, this 
latter reference is difficult to find, so we rely on [13] for this solution. 

 This reference provides a simple first order approximation for the resonances as 

	 
 	 
 	 
	 
ln 2 2 2n
c cs n Ci n j Si n j n
L L

� 
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�

. (22) 

 Reference [13] also states that there is a higher order approximation for the wire 
resonances, and shows a plot comparing both the first and second-order Hallén resonances and 
the integral equation-determined resonances. However, details of this second order solution are 
not provided, and consequently, they are not compared here. 
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3. Numerical Results and Comparisons 

3.1 Wire Resonances from the Integral Equation Solution 
 In this section, we provide a comparison of the complex resonant frequencies for the 
straight wire provided by the preceding methods. To start, we illustrate the locations of the 
wire resonances (in the upper left portion of the s-plane) that are provided by the integral 
equation solution of [7]. Figure 1 shows a shaded plot of the moment method determinant 
surface for the case of d/L = 0.01 (� = 11.98), which is a relatively thin wire. Note that the 
frequency axes in this plot are normalized as j�L/c and -�L/c.

Figure 1. Locations of the natural resonant frequencies for a wire with d/L = 0.01, as 
computed by an integral equation solution. (Only frequencies in the upper left complex s-
plane are shown.) 

 In Figure 1, the fact that the natural frequencies of the wire occur in layers, each having 
a higher value of damping (-�L/c) is clearly evident. Figure 2 examines the behavior of the first 
layer of resonances (l = 1) as the d/L ratio varies from 0 to 0.1. For the case of the wire with a 
vanishing diameter, the values of the imaginary part of the complex frequency is simply j�nL/c
= n
�for n = 1, 2, 3, .. and �nL/c = 0. As the wire diameter becomes larger, the resonances 
migrate off into the left part of the s-plane and the damping constants of the resonances 
increase. 
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Figure 2. Plots of the lowest 10 complex resonant frequency trajectories in the l = 1 
layer for 16 different values of d/L. (The 17 dots correspond to d/L = 0, 10–10, 10–5, 10–4,
0.001, 0.002, 0.005, 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.08, 0.09 and 0.1, starting from 
the j� axis.

 The reader is cautioned that the integral equation analysis assumes that the wire is 
electrically thin. This implies that for the resonances with high values of the index n, the wire 
diameter should not exceed, say, 10% of the effective wavelength 2 /n nc+ 
 �) . As an 
example, for the case of the n = 10 resonance and for the wire with d/L = 0.1, we see that 

/ 2nd +) , which is too large for the integral equation solution to be valid.  Thus, high order 
resonances for thick wire should be used with caution. 

 For possible future reference, the numerical values of the normalized complex 
resonances of the wire in layer 1, computed with the integral equation solution and shown in 
Figure 2, are summarized in Table 1. 
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Table 1. The first 10 normalized complex resonant frequencies (� + j�)L/c of a wire, as 
determined from an integral equation solution. 

Table 1. (concluded) 
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 For the specific case of a wire with d/L = 0.01, Table 2 shows a comparison of the first 
10 normalized complex resonant frequencies (� + j�)L/c in layers 1, 2 and 3, as computed by 
the methods of Singaraju, et al. [8], Tesche [7] and Myers, et al. [14]. Because the results of 
[7] and [8] are both based on the same integral equation solution (but with a different method 
of searching) the resonant frequencies are very close. It is noted that the contour integration 
approach of [8] seems to be more robust for resonances in the l = 3 layer, where the Newton 
method suffers from convergence problems. 

Table 2. Summary of the first 10 normalized complex resonant frequencies (� + j�)L/c in 
layers 1, 2 and 3, as computed by the methods of Singaraju, et al. [8], Tesche [7] and 
Myers, et al. [14], for the wire with d/L = 0.01. 

 It is interesting to note in Table 2 that the Myers, et al. solution [14] provides only the 
resonances for the first layer (l = 1). This is likely due to the use of only the first layer current 
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distributions in their variational calculation. It is speculated that if the higher layer modal 
distributions were to be used in the calculation, this method might provide the l = 2 and 3 
resonances, as well.

 Figure 3 plots the resonance data of Table 2 for a visual summary of these results. 

Figure 3. Overlay plots of the normalized resonant frequencies of Table 2. 

3.2 Comparison of the Integral Equation Results with the Approximate Methods 
 In this section we compare the previously tabulated integral equation values for the 
wire resonances in Table 1 with those calculated from the other models described in Section 2. 
We will present these comparisons as trajectory plots in the upper portion of the normalized 
complex frequency plane (sL/c), as done in Figure 2, for the first three principal resonances: 
n = 1, 2 and 3. Note that in these plots, the results of Singaraju [8] are considered to be 
identical to those in Table 1, and hence, are not plotted explicitly. 

 Figure 4 plots the trajectories of the principal normalized resonant frequency (n = 1, l =
1) for the wire for values of d/L = 0, 10–10, 10–5, 10–4, 0.001, 0.002, 0.005, 0.01, 0.02, 0.03, 

j�L/c 

�L/c
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0.04, 0.05, 0.06, 0.07, 0.08, 0.09 and 0.1, for the different models. Part (a) of this figure shows 
the resonance trajectories for the complete set of wire thicknesses, while part (b) shows the 
trajectories for very thin wires on an expanded scale in the s-plane.  

 Figure 5 and Figure 6 present the second and third resonance trajectories (for the (n = 
2, l = 1) and (n = 3, l = 1) resonances), respectively, for the same collection of wire diameters 
as in Figure 4. Notice that the Bouwkamp results are missing from the n = 2 plot, for the 
reason mentioned earlier in Section 2.2.4. 
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(a) Normal scale 

(b) Expanded scale for very thin wires 

Figure 4. Plots of the trajectories of the n = 1 normalized complex resonant 
frequencies for the various analysis methods of Section 2. 
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�L/c
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Figure 5. Plots of the trajectories of the n = 2 normalized complex resonant 
frequencies for the various analysis methods of Section 2. 

Figure 6. Plots of the trajectories of the n = 3 normalized complex resonant 
frequencies for the various analysis methods of Section 2. 
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4. Comments and Conclusions 

 From this comparison of the different methods of computing the complex resonant 
frequencies of a thin wire, we note that the numerical search and the contour integration 
methods applied to the method of moments system matrix provide consistent, and presumably, 
the most accurate solutions. The next most accurate approach is that of Myers et al. [14]. 
While it is based on the integral equation for the wire current, it is able to predict only the first 
layer poles. The resulting resonances agree reasonably well with those from the numerical 
solution of the integral equation. 

 For extremely thin wires, all methods provide resonant frequencies that are similar to 
the integral equation results. However, the accuracy of all of the approximate methods 
deteriorate at the wire becomes thicker. The results from Lee and Leung and from Weinstein 
appear to have the largest deviations for the thicker wires with d/L > .005.
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