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Abstract

In this paper the current inside a cavity, which is induced by lumped and distributed sources,
is calculated. The current is obtained analytically (Green’s function method) and numerically
(MoM — and MLFMM — method). A long, parallel wire is chosen that connects two opposite
walls of a rectangular resonator. Since the conductor conserves the translational symmetry of
the resonator in one direction (z-direction), the current and the total exciting electrical field
can be derived from Fourier series formulations. The obtained results clearly show the
influence of the resonator on the induced current. Resonance peaks of the resonator, which do
not arise in usual EMC laboratory tests, occur in the current spectra. The numerical results
agree very well with the analytical ones, however, the results are obtained much faster using
the analytical formulae - by a factor of one thousand.
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1. Introduction

The performance of immunity tests according to current EMC standards on devices under
laboratory conditions guarantees a certain basic protection for them. However, ultimately,
these devices are used/installed in environments which do not correspond to the test
environment in the laboratory. For example, they may be housed in shielded rooms and/or be
connected in larger overall systems with other electrical and electronic components. In such
cases, compliance of EMC standards for single devices/components does not mean EMC
robustness of the total system, because in this system electromagnetic coupling may occur
that was not present in the individual tests. In this paper this fact will be demonstrated
analytically and numerically in a manageable, but not simple example.

Coupling of electromagnetic fields to different transmission-lines and antenna-like wiring
structures is one of the main paths of interaction of intentional and natural electromagnetic
interferences with electronic and electrical equipment. Usually such problems are considered
for objects in free space [1], however, often such structures are inside resonator-like structures
of a different kind (racks, cases, housings, fuselage of aircraft, etc.). Then, due to the presence
of the resonator, the interaction can change greatly. Existing numerical methods (Method of
Moments (MoM), Transmission-Line Matrix Method (TLM), etc.) allow considering specific
cases only, but do not describe the general physical picture of the interaction. Thus, the
analytical description of the interaction of high-frequency fields with wire structures in
cavities has become a topic of interest (see, for example, [2]).

To solve this problem several methods can be offered. The approximate methods are based, as
is usual in theoretical physics, on the use of small parameters. One group of such methods
uses the smallness of the dimension of the wiring structure in comparison to the wavelength.
This leads to the description of common modes of the scattered current with the aid of the
model of small electrical dipole antennas [3, 4, 5] and to the differential modes of the
scattered current using the method of small magnetic loop antennas [6]. The mutual influence
of antenna and cavity modes increases with the length of the antenna. This influence can be
quantitatively characterized by a shift of the resonance frequency of the system “antenna in
cavity” in comparison with the resonance frequency of the empty cavity. It is proportional to
the cube of the ratio of linear dimensions of the antenna and the cavity. Therefore, it follows
that the maximal electromagnetic coupling occurs when the size of the antenna or
transmission line is about the same size as the cavity.

Of course, for such a large extension of the scatterers, the “Method of Small Antenna” is not
applicable. Another small parameter that can be used to solve the coupling problem for
electrically long antennas and transmission lines inside a resonator is the thickness of the wire
compared to other geometric parameters of the problem (wavelength, height of the wire above
ground, etc.) [7]. The relevant mathematical technique is the method of analytical
regularization [8] where the approximate resolution operator for the singular part of the
Green’s function is given by the transmission line approximation, and the regular part of the
Green’s function is defined by one or more eigenmodes of the cavity. This approach allows
considering the coupling of electromagnetic fields with electrically long transmission lines
and antennas of arbitrary geometric configuration inside the resonator, when the frequency is
close to one of the resonance frequencies and all the other modes of the resonator contribute
to form the singular part of the cavity’s Green’s function. This method was verified by
comparison with results of the TLM method and yielded an acceptable agreement [7].



Further, in the publications [9,10,11] the method of analytical regularization is applied in
implicit form. The authors of Ref. [9] only take the singular part of the cavity’s Green’s
function in transmission-line approximation into account. This is also done in Ref. [10], but a
finite sum of modes in the waveguide representation is chosen for the regular part of the
Green’s function.

It is interesting to check the method of Ref. [7] by comparing the results with the exact
solution and to investigate the structure of the exact solution, even for special cases.
Moreover, the problem can be used to investigate the change of the quality factor of the
resonator caused by the presence of loaded transmission lines [12].

In this paper, for the exact solution of this problem a technique of theoretical physics is used
for the investigation of a “wire in resonator” system that has high symmetry. This system
consists of a rectangular resonator and an internal wire parallel to a resonator axis connecting
opposite walls of the resonator. The wire can be loaded in an appropriate way (including two
lumped loads near the terminals). Moreover, the method allows considering a finite number of
such parallel (or perpendicular) wires. The electric field integral equation or mixed potential
integral equation (using only the thin-wire approximation), which describes the induced
current in such wires, can be solved by a Fourier transformation. The advantage of this
geometry of the system leads to the similarity of the Fourier series expansion functions for the
induced current and of the Fourier series expansion functions for the resonator Green’s
function in the direction of the wire. Moreover, during the investigation of the exact equation
for the induced current one can separate terms corresponding to the transmission line
approximation from those corresponding to cavity modes and evaluate the effect of different
resonances.

The results of the analytical investigations were compared to numerical ones (MoM and
Multi-Level Fast Multi-Pole Method (MLFMM) calculations) and a good agreement was
found.

In conclusion, possible directions of future research are described. As is typical in theoretical
physics, after using symmetry properties for some specific system one can generalize the
results using a topological approach [13]. Note that from a topological point of view, the
investigated transmission line with symmetric geometry is equivalent to a usual transmission
line inside the resonator.

2. Electromagnetic field coupling to a short-circuited thin wire maintaining the
symmetry of the rectangular resonator

Consider a rectangular resonator with dimensions a, b,/ (see Fig.1). In the resonator there is
a wire that is parallel to four resonator walls and is perpendicular to the other two walls. The
length of the wire L is equal to the distance 4 between the latter walls. Thus, the wire has the
same geometric symmetry as the rectangular cavity. The wire can be loaded or (and) may
have lumped sources localized near the walls. It is assumed that the radius of the wire, 7, is

small in comparison with all other dimensions of the problem (characteristic wavelength A4 ,
dimensions of the resonator and distance between the wire and parallel walls).



¥
Fig. 1: Loaded symmetrical wire in the rectangular resonator with the parameters:
a=1.5m, b=1.2 m, h=0.9 m. Length of the line L=h=0.9 m, position of the
line x0=0.09 m, y0=0.37 m, and ro=1mm

It is also assumed that in the empty resonator (when the wire is absent) an electromagnetic
field E°(F) is created in some way, e.g., by radiation of an additional antenna, the

penetration of an external field through the slots and apertures of the cavity, etc. If the sources
(current in the radiating antenna, dipole moments of the aperture, which can be treated as a
current distribution) are known, the field in the resonator can be calculated by the Green’s
function formulation.

A central point in this paper is the calculation of the induced current /(z) along the conductor
in the resonator. In order to achieve this, some intermediate steps are necessary.

2.1 Resonator Green'’s functions

Due to the assumed symmetrical wire configuration in the resonator, only the zz components
of the dyadic Green’s functions are relevant for the calculations here. This applies to the
Green’s function of the vector potential A and for the scattered electric field £ (7,7") in the
ray — representation [14, 15]
I = o exp(—jk | F=R(n,,n,,n
Gi(V,R):& Z (_1) \+ny p( { |ﬁ ( 15772 3)|) (1)
TC gy oo |7 —R(n,,n,,n,)|

with
R(n,ny,ny) = (X (m,),Y (n,), Z(ny))

X(n)==D"x+ (# + nlJa
YOm) = (1", +(#+nz}o )
Z(ny)=(-1)"z +(#+n3]h

The coordinatesx,,y,,z, denote a point inside the resonator which is reflected

n, ,n,,n,times at the resonator’s walls in x, y, and z directions, respectively.



It can be shown that after some calculations — similar to those which have been performed in
Ref. [16] - Gi can be expressed as:

« ¢ o sin(k _x)sin(k_x,)sin(k_y)sin(k _y,)cos(k_z)cos(k z
G;(l_’:,;i):4’uo Z n3,0 ( vx ) ( vx 1) 2( Vyyz) ( vyyl) ( vz ) ( vz 1) (3)
n,ny=l1 kv _k +]§
ny=0
with the abbreviations V' = abh,
- T T T
kv = (kvx’kvy’kvz)’ kvx :;nl’ kvy :;nZ’ kvz :;n3 (4)
| > s 0 I, m=n
vi=|n,n,,n,), — +U, Epm =
e ’ 2, m#n

The index v denotes an eigenstate (mode), e.g. TE,,, , of the resonator. The bracket is adopted

from quantum mechanics. The quantity o in the denominator is introduced in order to avoid
singularities at the eigenfrequencies. It is mathematically necessary if eq. (7) would be
transformed into time domain. Then, for the integration, the appropriate contour goes around
the singularity, and o is the distance of the contour to the pole. In a physical sense o can be
assigned to small losses in the resonator, like, e.g. losses in the walls. In any case it has the

same dimension as k”.

It can further be shown that the above summation over three indices can be reduced and
simplified to a sum over two.

The vector potential Green’s function G* of the resonator is connected with the dyadic
Green’s function of the electric field [17] via the equation

1

(k* + grad.div. ) G* (7.7") (5)
J &,

GI(F,F") =

Therefore, for the zz — component G~ it follows

a—sz;; 7 7) ©)

GE(7,7') = M(kz +
jk 0z

Here ¢ denotes the speed of light and 77, = /14, /&, -
Inserting eq. (3) into eq. (6) and performing the differentiation leads to

GF (.F) = 41, i &, o(k* —k.)sin(k,x)sin(k, x,) sin(k,, y) sin(k,, y,) cos(k,.z) cos(k,.z, )
B st Kk )6

ny=0

0

By virtue of the chosen symmetry of the conductor relative to the resonator walls the zz —

component of the Green’s function G?* s sufficient to calculate the (scattered) current along



the line. If the exciting field E° (7) inside the resonator is known, then the induced (scattered)
current /(z) is related to scattered electric field by

h
EX(7)= [ GLFF)I(Z)d! ®)

And, in addition to the boundary conditions on the surface of the conductor for the total
electric field, the current can be calculated.

2.2 Calculation of the current

It is assumed that both ends of the conductor are directly connected with the corresponding
walls, i.e. the conductor is short circuited at both ends. Furthermore, only the component of

the exciting field parallel to the conductor E! couples to the line, and it also has to fulfill the

boundary conditions on the resonator walls. For this reason, it factorizes with respect to its
coordinates as follows:

E(F)= ) E., (x,y)-cos(nyzz/h) ©)
ny=0

If one additionally uses the fact that the conductor is short — circuited, the current can be
written as

I(z)= ilns cos(n,z z/ h) (10)

n;=0
and one immediately obtains dl /dz| _,=dIl/dz|._,=0. On the basis of equations (9) and
(10) together with the boundary condition for the total electrical field on the surface of the
conductor’

E*(x, +7y,99,2)+ EX(x, +1,,,,2) =0, (herer, is the radius of the wire) (11)

one can derive the unknown expansion components / 0 for the current. This is carried out in

the next step. Remember E*(x, +7;,,,z) is given by

h
EX(xy+7y,Yy,2)= jGi(xo F 75, VosXgs Vo2 ) (2')dz' (12)
0

! For the derivation the thin — wire approximation is used. Then, the radius of the wire is much smaller than all other characteristic lengths of
the problem: wavelength, length of the wire, distances from the wire to the walls of the resonator. In this approximation it is assumed: 1.The
current has only an axial component (the azimuthal component is zero); 2. The current is concentrated in the filament coinciding with the
wire axis (see eq. (12)); 3.The zero-boundary condition for the tangential component of the total electric field has to be satisfied for each z at
least in the immediate vicinity of the boundary of the wire (see eq. (11)).

In reality the current also has an azimuthal component. The current density for both components is distributed along the boundary of the
perfectly conducting wire, and the zero - boundary condition for the tangential as well as for the azimuthal component of the total field has to
be satisfied at any point of the boundary of the wire.



Calculating this integral with the aid of (7) and (10) and using eq. (11), one can resolve the
resulting (longer) equation with respect to the components / 0

E° (x,+r,,
]n —_ . . .zn3(0 rO yO) — (13)
’ 4770 = (k - kvz) Sln(kvx (xO + rO )) Sln(kvxxo) Sin (kvyyO)
Jjkab , 5, k:—-k*+jS

Inserting the expansion components In3 in the series of eq.(10) one obtains the current /(z)
along the line.
Note that egs. (13) and (10) yield an exact solution of the Electrical Field Integral Equation

(EFIE) (11) for arbitrary exciting fields (they can be distributed, lumped, or may contain both
components, distributed as well as lumped, see below).

Next, it is of interest to simplify the double sum in the denominator (13) in order to speed up

necessary numerical calculations and to derive a connection with a corresponding
transmission-line approximation. To do this, the function S must be defined as

=, sin(k,x)sin(k,x")sin(k,,y)sin(k,,)")

4
S:Sk’_)’_’, = 14
(k-p:P) abm;_l Kk K+ jo (19)
with p=(x,y), &, =(k,.k,).
Then eq. (13) reads
kE® (x,,
1”3 - 2 2 : 2"3( - yO) ’ ’ (15)
Uo(kvz_k )S(x:xo+roay:y07x :x()’y :yo)

In the following step the function S(p, p) shall be estimated.

2.3 Determination of the function S(p,p'").

The sine products in eq. (14) are rewritten in differences of cosine functions and subsequently
completed to exponential functions. Then, this results in a product of two sinuses:

1 © ke (x=x") ke (x+x")

e e ik, -k ()
e vy —_ e W 16
4ab =, K —k*+j5 Zw( ) e

S(p,p") =

This expression, in turn, can be artificially enlarged by two integration processes

S(p,p) = jdl?xjdl?y > Sk, ~k,) > 5k, ~k,)-

(e—jlz( (x=x") ejl?x (x+x") )(ejE}* =) . ejE}* O+ )

k) +k. -k +jS

(17)
8



with the advantage that the sums over the & - functions can be replaced by a sum of
exponential functions, like, e.g.,

S5 -5 o 2em 2 S N

ny=—0 ny=-0
and, likewise, the other sum. One then has to collect all exponential functions in a proper way
to end up with an integral, like

N =
U (g o exp(jk, - p) (19)

2 P 2 2 2
(27) k}+k.—k*+jo

as the essential part behind the double sum.
Integration over the angle ¢, (in the k -space) yields [18]

1 k dik 2
P vz

=1 (20)

1 i NEPJO (k,p)dk,
k) +k,—k*+js "

T @n)

Here J, (l; » p) denotes the Bessel function of zeroth order. This integral has an exact solution

and results in [19]

K, (o2 —k%), k2—k>>0
\—ﬁf——d
=z

1
J =—1 . (21)
" o2m —%Hg”(p,/kz—k;), K-k <0

=:]E>z

The functions K, and H, éz) in (21) are a cylindrical function of imaginary argument and a

Hankel function of second kind, respectively. Now the final result for S can be written very
compactly:

g1 i 1) K(7.. | p=p(n,n,))), ki —k*>0

_ _ ny+n, '7[ - _> ~ (22)
e —%Héz)(kw |p—p(n,m)]), k2 —k><0

with the definition p(n,ny)=(X(n),Y(n,)) (23)

The quantities X (n,) and Y(n,) are taken from eq. (2). Insertion of the above function §

into eq. (15) leads to the final result for the expansion coefficients of the current and thus, via
eq. (10), to the current along the conductor®.

? The representation (22) of the function S has a clear physical meaning. This is a two-dimensional scalar Green’s function for a filament
source with frequency ckVZ inside a two dimensional rectangular cavity which is obtained by the reflection method. It also can be



The representation (22) of the function S has a clear physical meaning. This is a two-
dimensional scalar Green’s function of a filament source with frequency ck _ inside a two

dimensional rectangular cavity that is obtained by the reflection method (see Fig.2). It also

(-1.2) @& @ 02) (1) @ ® 2.2
L) @ @ (01 L) @ ® @21
b

(1.1, )=(0.0) a

(19 ® ® x, w @ @ 2o
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Fig. 2 Mirror procedure for the filament source in a 2-dimensional rectangular resonator

can be considered as a part of a hybrid representation of the zz component of the Green’s
function for the vector potential (exponential or trigonometric function for the z — direction
and cylindrical function for the p - direction). (For the free space such representation can be
found, for example, in the book [17], Chapter 2.2). This representation is especially
convenient when the source and the observation point (for two dimensional problems) are
closely adjacent and one needs to extract the spatial-divergent part to obtain the transmission
line approximation (see below). Of course, representation (22) is not unique. One can obtain
another representation using the apparatus of theta-functions (see Appendix I). This
representation is convenient for the investigation of resonances in frequency domain. Another
representation of the function S can be obtained by carrying out the summation over one
index in eq. (14) using the known formulas of Fourier series (see Appendix II). This
representation is convenient for numerical calculations.

Note that so far the excitation of the short-circuited wire in the resonator took place by a
distributed field. If lumped sources should additionally feed the conductor, then additional
currents arise from these sources. This situation is the subject of the next section.

3. Lumped and distributed sources (loads)
In this section it is assumed that besides an exterior electric field lumped sources (at one or

both ends of the conductor) may also excite the line. A lumped source at the left hand side of
the line is represented as

considered as a part of a hybrid representation of the zz component of the Green’s function for the vector potential (exponential or
trigonometric function for the z — direction and cylindrical function for the p - direction). (For the free space such representation can be
found, for example, in the book [17], Chapter 2.2). This representation is especially convenient when the source and the observation point
(for two dimensional problems) are close to one another, and one needs to extract the spatial-divergent part to obtain the transmission line
approximation (see below). Of course, representation (22) is not unique. One can obtain another representation by carrying out one
summation in [14] and using, for example, the method described in [1]; or another representation by using the apparatus of theta-functions
(see Appendix).

* Below it is assumed that the distance between the source and wall of the resonator is about the dimension of the source.

10



E? (xy),1,,2)=U,8(z=A), A0 (24)

with some voltage amplitude U, (7 =left).

Then one can write

Ud(z—A)= iE"

z,l,ny

cos(n,z 7w/ h) (25)

ny=0
Multiplying both sides of eq. (25) with cos(#,z 7/ h) and performing an integration over the

coordinate z from 0 to 4, one finally finds for the expansion coefficients of the field E?,:
U,
=&, 0 Icos(n3A7r/h) (26)

Insertion of eq. (26) into eq. (15) yields for the current/,(z) that emerges from the left & -
source (for A —0)

kU, & €., cos(mz/ h)
1 = =UY, 27
= ZB (k. —&*)s ) o

The summation is carried out up to some maximal index N, which is of the order N, ~A/A
(this restriction corresponds to the fact that wavelengths are assumed to be larger than the
dimension of the source)

If the lumped source is positioned at the right hand side of the wire one similarly obtains for
the current /,(z) created on the wire:

' 2 & (=D)"cos(znz/h
I’,(Z) — ]kU; Z n_;aO( )2 2( 3 ) — U’K (Z) (27b)
mh % (k. =k*)S
If the investigated line contains lumped impedances they also can be treated as lumped
sources that cause a jump in the potential (which is considered to be static for small distances)
in a region ~A. In other words, they can be considered as lumped sources with unknown

amplitudes (that have to be determined by the solution of a system of linear equations, see
below) [20]:

Ef_,(xo,yo,z)=—Z11(A)5(Z—A)z—ZII(O)é(Z—A) = U,=-2Z1(0) (28a)
Ezo'r(xo,yo,z):—Zzl(h—A)5(z—h+A)z—ZZI(h)é‘(z—h+A):>Ur=—Zzl(h) (28b)

Due to the validity of the superposition principle of electrodynamics one can represent the

total exciting field £ f of the wire and the total current /(z), respectively:

t

E} (2)=-Z1(0)5(z—A)=Z,I(h)5(z—h+A)+ E’(z) (29)

11



I(z)=1,(2)+1.(2)+1,(2) (30)

Here /,(z) is the contribution of the current that is generated by the exterior electric field

EZ(2)

0
Jk & E-, (%0, 7)
I, = — —=2— —cos(x /h 31
,(2) n n?o(kfz—kz)'S (7 nyz/ h) (31)

The quantity Z, denotes the input - and the quantity Z, the output impedance.
Now the current can be calculated at every point (x,,,,z) on the conductor. Of particular

interest are the current values at the beginning (/(0)) and at the end (/(%)) of the line. By

virtue of eq. (30), together with the corresponding expressions for the partial currents, one
obtains:

; (0):[ 1,(01+2,/Zy]-1,(h) 2,/ Z, )

1+Zl/Zoo][l+Zz/Zoo]_lez /(Zm)2

and

](h) — [ [./‘(h)[1+Zl/Zoo]_[f(O)Zl/Zm (33)

1+Zl/Zoo][1+Zz/Zoo]_lez /(Zm)2

The symmetry between these equations is obvious. Both denominators are equal. The
nominators can be transformed into each other by exchanging the input and output
impedances and the currents / (0) <> / (/). The newly appearing quantities Z, and Z,

denote impedances that are defined by
(Zy) " =Y,(0) =Y. (h) (Zy) "' =Y, () =Y,(0) (34)
Note that all partial currents have the common quotient
cos(zwnyz/h)-[(k. —k*)S]" (35)
behind the sum sign. Therefore they have the same poles (zeros in the denominator), which
describe resonance phenomena of the (total) current. One can observe that the resonances

depend on the geometry of the resonator and conductor and on frequency (& ), the location on
the line (x,,y,) and the loads of the line Z,and Z, . This is an important fact which has to be

taken into account when testing devices under EMC aspects.

12



4. Transmission line approximation

In this section it shall be shown that the lowest order approximation of the essential factor §
is based on the well-known (classical) transmission line equations’. In order to derive this
limit the subsequent assumptions for the validity of transmission line approximation are
made:

|7/vz|'|ﬁ_ﬁ()|=|7/vz|r0<<l7 |7/vz|x0<<1 (36)

Furthermore, it is assumed that the wire is located far enough from the other walls of
resonator: x, << a,b, y,.

Then the leading two terms (1, =n, =0;n, =—1,n, =0, see red “source” and green “main
mirror” in Fig.2) of the sum for S in eq. (22) are pulled out of the sum sign:

K > A K _'_*’_1,0
S(k,kvz,ﬁ“ar)zi{ W lp=p D-K,(y, | p—p (=10)])

- - +
27 | = jr/2HP K| p-p - HP K| p-'(-10)])]
(37)
1 ® 1n+ K0(7V2|ﬁ_,5(n1,}72)|), kvzz_k2>0
4+ _ 1171 . -
27 Z D —%Hé”(lcw 15— p(n.my)), k2—k><0
n,#0,m#0,1

and the function S(x =x,+7,,y=y,,X =x,,» =,) in (15) is are approximated by the
natural logarithm function — In(2x,/7,). Thus one obtains the known logarithmic
divergence of the TL theory:

1
S, = —1n(2x0 /ro) (38)
27

Using this function in all expressions for the fields, currents, admittances, etc. leads to
corresponding equations for the TL theory in the resonator. This is shown in the following for

all partial currents. First Y,TL (z) is considered (see eq. 27 a)

14 27 2. &, ,cos(nyz/ h) ik & exp(nrz/h
I/[TL (Z) — J X 3,0 33 - — .] . p( 3 - )2 (39)
noh In(2x, /1) = (7ny/h) —k hz. = (zny/h) -k

Here the characteristic impedance is introduced
Zo =1 1n(2x, /r,) (40)
2

The function Y (z) fulfills a differential equation of second order

* The limiting case  a, b, h, Yo — 0 (but for finite value of X)) leads to the well-known result for the

coupling of an electromagnetic field to an infinite horizontal wire above perfectly conducting ground (see
Appendix III).

13



(dz/dzz+k2)YTL(z):—hj7k iexp(jnﬂz/h) (41)

C ny=—o

The fact that the sum in eq. (41) can be represented as 6 - function yields

(a'2 [dz* +k* )YTL (z) = _Jk 5(z) (42)
ZC
with Y;TL . Y]TL| _ %
0+ 0— ZC

This was expected since the current /" (z) =U,Y,”"(z) is generated by a & - source. Solving
the above differential equation or summing up directly eq. (39) for YITL (2) results in [18]
Y (z) = Jjk (ﬁj Z cos(mmz/h)| _ j cos(.k(h -z)) (0<z<h)
Z-h\ = n; —(kh/ )’ Z. sin(kh)
(43)

Note that the zeros in the denominator now only depend on the conductor length and
frequency. In this limit the wire does not interact with the resonator.

Analogously, one derives for the current that is generated by the right hand side 6 - source the
result:

J cos(kz)

ez =-2L2
Z.. sin(kh)

(0<z<h) (44)

An interesting case of these intermediate results is the application on a line which is fed by a
source at the left and terminated at the end by impedance Z, . Then the (total) current reads

1(2)=U¥,(2)~ Z,I(WY,(2) (43)

From this it is easy to obtain the current at the beginning and at the end of the conductor

1(0)=U{Y1(0>—Z L’”Y(O)}Uz AURRAURAD) (46a)

1427, (h) 1+ Z,Y,(0)
I(h)= RGN (46b)
1+ Z,%,(0)
for the exact result and
]TL (0) — .l]l Zc.] COS(kh) _ZZ Sln(kh) : ]TL (h) — . Ul (47a,b)
JZ. Z.jsin(kh)+ Z, cos(kh) Z . jsin(kh)+ Z, cos(kh)

for the result in TL - approximation.
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It remains to calculate the field generated current /,(z) in the TL — limit. One starts with

", cos(znyz/ h)

.k 0 E
1™(z)=-1 = 48
7@ Zch,;) (nyz | h) =k %)
Inserting
& h
E', = 70 [EX(2)cos(znyz' 1 h)dz (49)
0
into eq. (48) one gets
f ik &, ocos(mnyz/hycos(mnz'/h
];L(Z):J‘EZO(Z,)dZ, .]k Z n3,0 ( 3Z )2 (2 3Z ) (50)
‘ o Zh,= (nym/ h)” —k

g™ (z,2',h)

Note that the term with the sum in the integral represents the Green’s function gTL (z,z',h) in

TL approximation (for the short-circuited horizontal line). Based on known formulas (see,
e.g., [18]) one can perform the summations and finally obtains

cos(k(h—z))cos(kz'), z'<z

TL Ih - _ J
g ) = ) {cos(k(h—z’))cos(kz), 2>z Gl

As expected, this Green’s function and current fulfill the following differential equations

£d22+k2J g (Zazah):_ﬁ{ﬂzo'—Z) )
dz 17 (2) Z. | EX2)

This concludes the investigations in the transmission line — limit. It should be emphasized that
in the TL approximation there is no interference between chamber and conductor (except the
boundary conditions). If, however, the frequency is in the neighborhood of an eigenfrequency
of the resonator or the conditions (36) are violated, strong interaction between resonator and
wire will occur. This situation is investigated in the next section.

5. Comparison of analytical and numerical results

This section serves for the comparison of analytical and numerical results which are obtained
by both application of the above formalism to calculate the induced current on the line as well
as by numerical calculations using the program packages CONCEPT II (MoM - method) [21]
and PROTHEUS (MLFMM - procedure) [22]. A lumped source at the beginning of the line
was chosen as the exciting (ideal) source with Uo=1 V. At the far end the line was terminated
with 1, 50, 311 (see eq.(40)), and 10° Ohm (short-circuit, 50 Ohm, “matched” Z, =Z_, and

open-circuit), respectively. For all these configurations the input impedance of the line was
determined in the frequency range between 50 and 500 MHz. It is worth noting that each of
these calculations took about 20 hours on a powerful parallel computer (IBM X3850 M2,
calculation with 30 processors), whereas the computation time for the analytical calculation
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was about 2 minutes. Note that the maxima of the input impedance correspond to the minima
of the input current and vice versa.

In addition to the exact analytical and numerical results, results were also obtained in the
transmission — line limit (see eqs. in Section 4). For the numerical calculation in this limit the
conductor above ground plane was chosen to connect two walls in an otherwise free space. In
order to not overload this work with too many figures, only results with Z, =50€2 are

displayed. In Fig. 2 and Fig. 3 all occurring resonances can be identified. For example, the
resonances at 160 MHz, 231 MHz, 236 MHz, 269 MHz, and 289 MHz successively correlate

with the modes v:=|n,n,,ny)= [LL,0),|LL1),|2,1,0), [1,2,0), and |2,L1) of the cavity. At
these frequencies the input current has maxima which arise due to the strong coupling
between cavity walls and conductor.

5000
Analytical, wire in resonator, exact solution
4000 - Analytical, wire in resonator, TL approximation
——PROTHEUS, wire in resonator
— PROTHEUS, wire with two plates in free space
G 3000 H
—= 22 =500
2
N.E
- 2000
1000 H
o.,.,.,.,.,.,.,.,kﬁ*\,
50 100 150 200 250 300 350 400 450 500

f, MHZz

Fig. 3 Frequency dependency of the input impedance

It can be recognized that the results obtained with the aid of the program package
PROTHEUS agree quite well with the analytical results, whereas those calculated with
CONCEPT II show amplitudes that are too high, in particular with increasing frequencies. In
some cases one can also observe shifts of the resonance positions from their correct positions.
Of course, in the presented spectra one also can identify the eigenresonances of the conductor
itself. In Fig. 3 below they appear at 167 and 335 MHz.

The positions of the resonance maxima/minima depend on the value Z, of the impedance at

the end of the conductor. Changing Z, from very low (short — circuited) to very high (open
circuit) values causes a shift of the resonance positions of 1/4 . Furthermore, a reduction of
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5000 —

—— Analytical
i Z,=50 Q ——— Protheus
4000 o ——Conceptll (New)
3000 —

12 (o), ©

in

2000

1000

f, MHz

Fig. 4 Exact calculation of Z;,

simulations ( PROTHEUS)
wire in resonator, height 90mm
wire in resonator, height 9mm

12, (o), @

AV

I 1
50 100 150 200 250 300 350 400 450 500
f, MHz

Fig. 5 Frequency dependencies of impedance curves for different heights

the height of the line above ground (decrease of x,) changes the input — impedance curve in
such a way that with decreasing x, the amplitudes and the widths of the resonator peaks get

smaller and, likewise, the impact (energy transfer) of the cavity on the conductor also
decreases (see Fig. 5).
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Analytical result
3 —— PROTHEUS code
——— TL approximation

X,= 9cm
ZZ=ZC=311 Q

NI
| h I

U, (o)/U|

T T T T T T T T T T T 1
150 200 250 300 350 400 450
f, MHz

Fig. 6 Frequency dependence of the transfer function

In addition to the input impedance also the voltage transfer function is of interest.

It can be defined as a ratio of the voltage U, across the load Z, to the exciting voltage U;. This
function defines the transfer of a signal through the wire system. For the matched load Z,=Z
in the classical transmission line theory this transfer function just reduces to a phase shift, but
for the line in the resonator the results can be quite different (see Fig. 6). In Fig.6 one can see
again a good agreement between analytical theory and the result of PROTHEUS code). This
result can be useful, for example, for the investigation of transmission lines inside cars and
aircrafts.

Of course, a confirmation of the above calculations by an experiment would be desirable.

First experiments have been conducted in which the input impedance (/ (O) ) was measured.

A copper wire was soldered with both ends to the inner pin of male N connectors, and a
network analyzer was used to measure the scattering parameters. To obtain the input
impedance a one-port experiment was sufficient in which the scattering parameter S, was

measured. In a two-port measurement the current transfer ratio along the line was measured.
Again a male N measurement cable was used for the connection of the network analyzer. For
the connection of the end of the wire another cable had to be used. Both feedthroughs and the
cables were calibrated before the experiment. The analysis of these experiments showed a
good agreement with the analytical and numerical results. The measurement of the current
along the line becomes more complicated since the connection to the current probe inside the
resonator is complicated. The results of these experiments will be published in a separate
paper (IN).

6. Conclusion.
The focus of the above consideration was placed on the interaction between a current carrying
conductor inside a resonator (shielded room) and the resonator itself. In order to describe this

interaction the Green’s function of the resonator was used, which was derived by the mirror
principle. The layout of the conductor was chosen such that it runs parallel to four of the
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resonator walls and connects the other two. Therefore, the translation symmetry in one
direction (z — direction) was retained. This fact simplified the representation of the electric
field component that excited the conductor and the current distribution along the line. In both
cases Fourier series for the spatial coordinate z were used. The unknown Fourier expansion

coefficients (E° 1 ,) were determined by the boundary condition for the total z-component

of the electric field on the surface of the conductor. If the wire would not be conducted
parallely to four of the walls then the theory can be extended to that described in Refs.
[23,24,28]. There, however, the Green’s function of the cavity had to be used.

Both kinds of excitations of the conductor were permitted: with distributed sources (field —
excitation) and/or with lumped sources. This is the usual case when devices in a shielded
room are connected by cables. The obtained analytical and comparative numerical results
demonstrate a very good agreement and a strong coupling between resonator and cable. In the
calculated input impedance representations of the wire, typical resonance frequencies of the
resonator show up. The energy absorption of the cable from the resonator field is particularly
evident in the area of its natural frequencies. Cable conduction close to a wall will reduce this
effect. Overall, it is clear that, as expected, the electromagnetic interactions strongly depend
on the final operative environment of an electrical and/or electronic device.

As distributed sources that excite the cable inside the resonator one may imagine
electromagnetic fields which penetrate from outside through apertures into the shielded room
or those which are generated from the equipment inside the resonator, like, e.g., adjacent
conductors.

Future research inside enclosures will include experiments and different geometries of
shielded rooms. Of special interest is the cylindrical cavity which represents a basic model for
a missile. Further filling of housing with equipment (like many cables and electronic
components) will reduce its quality factor, and, therefore, part of the interior electromagnetic
field energy is absorbed by the entire environment. As a consequence, the coupling of the
exterior field to a chosen cable is also diminished.
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Appendix I

Representation of the function S through the Jacobi Theta — Function

In this Appendix a different representation for the function § is derived demonstrating the
near resonance frequency dependence in explicit form. This helps to analyze frequency shifts

of the resonances caused by interaction with a transmission line. Using a simple identity for
the denominator of (14)

1 1 N | K 1 N 1 k*
kI—k*+jo kl+jo kl+jo kI-kK'+j5 kI kI kI-k'+jS
(AL1)
one can re-write equation (14) for S(k, p, p) as’
Sk, 5.5 = 8,5, ) + 5, k, . ) (AL2)
= sin(k, x)sin(k, x")sin(k, y)sin(k, y'
Where Sl(,a,ﬁ’) ::i Z ( vxx) ( vxx)2 ( vyy) ( vyy) (AI33)
ab , T, k;
and
2 &, sin(k x)sin(k x")sin(k, y)sin(k, )’
S2 (k, ﬁ, ﬁ') — 4k Z ( vxx) 2( vxjc) . ( vyy) ( vyy) (AI3b)
ab , ki (k;, —k™+ jo)

The spatial dependence of the sum S, is smooth for near coordinate values of the source

point and the observation point; however, it contains all singularities in the frequency domain
in explicit form. Instead of that, the sum S, is frequency — independent, but it is singular in

the space domain. Below it is demonstrated how one can extract the singularity. To do that the

> Note that such splitting procedure is equivalent (if one multiplies the summands by the trigonometric functions
cos(k)z)cos(k.z") and carries out the summation over the index n3) to a splitting of the Green’s function for the

vector potential in Lorenz gauge into the Green’s function in the Coulomb gauge and the difference between the
two gauges (see, for example, [4]).
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trigonometric functions in (AI.2) are presented as a sum of exponential functions, and an
integral representation (Al.4) of the denominator in (Al.3a) is used.

%:Texp(—tkf)dt =Texp[—t((7rnl/a)2+(7rn2/b)2+(7zn3/h)2)]dt, [=[L] (AL4)

v 0 0

Then the summation under the integration decouples, and after rearranging the sum one
obtains for S;

S (ﬁ ﬁ ) _ 1 T ~t(zny I hY? Zef [7"1) +/§n,(x’—x) 3 iet(an)erjan(x’ﬂc)
O " (AL5)

_,(,,, J +j— nz(y =) —f[fnzj +j%nz<y'+y)

e -

Hy=—0 Ny =—00

Note that the single sums in (Al.5) can be evaluated from the Jacobi theta-function of the third
kind [25] (AL6), and one can write for S,°:

0,(x,q) = iq“ez-’k" =1+2 iq’* cos(2kx), g<l1 (AL6)
S,(p,p) =ﬁ?e s hy? -[(93 (7r(x’—x)/2a, e )— o, (7r(x’+x)/2a, e )]
0
[93( (y'=»)/2b,e""" )— 0, (ﬁ(y' +)/2b,e” " ) dt

(AL7)

As it was mentioned before, the sum S, contains the spatial-divergent part. To extract this

part, it is necessary to investigate the theta-functions in (AI7) for small values| p'— p|— 0.

In this case one can show that the main contribution comes from small ¢ values, and it is
possible to change the summation by integration, for example, for the first term in the
brackets (AL.7):

2
K2 T " K4 T " 0 (x'-x)?
[ "1) +j—m (x'-x) ( "1) +j—n (x'=x) a O 4 ik (' — a |\7T —

E e a NJ‘a’n1 a =—Idk;e k) ik =) _ @2

T
(ALS)

After that one writes for eq. (Al.7)

® Here the Green’s function of the two — dimensional Helmholtz equation with imaginary propagation constant
(or Laplace equation for n;=0) was obtained with zero-boundary conditions for a rectangular region. For the
three — dimensional Laplace equation for a rectangular region such consideration was carried out in the classical
book [26]. For the three — dimensional Helmholtz equation (but with real propagation constant and without
splitting (AI.2) in resonance and singular parts) for the rectangular region the Green’s function was found in [27]
as integral with the product of combined theta — functions &;. The method in [27], however, requires a careful
carrying out of the integration in the complex plane.
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$(p-p) = 8PP =

o (7, ) (e M o O )
ﬁjet(}'m) a {Z_{e i _p M :lé z,lze i o W }dt:
a T\t T\t
0

@ (x'=x)*+('-p)’ (x'=x)*+(y'+y)’ (x'+x)*+('-yp)’ (x'+x)*+(y'+y)’
_ 1 Id’e—r(knz o

4t —e 4t —e 4t +e 4t

Ko = + O =) - K =07+ G )7 -

=— 1K (kv\/(x'+x)2+(y'—y)2)+K (kv\/(x'+x)2+(y'+y)2)l k' #0 (AL9)
{J(xx) F () A D) () ]

VO =0+ =) @ )+ ()

k=0

Here K,(z) is a modified Bessel function of the second kind of zeroth order. To obtain the
first part of eq. (AL9), eq. (AL.10) was used (see [18]). To derive the second part of the
formula it is necessary to take the limit k! — O for the sum of Bessel functions.

[ K, (), (AL10)
0

From the integral form of eq. (AL9) one can observe, that for coinciding values of x,x’ and
v,y this integral has a logarithmical divergence for small ¢ which is suppressed by
exponent terms when x,x" and y,)" do not coincide. Now, to regularize the exact function

S,(p,p") in (A7) one can add and subtract §1 from eq. (Al.7) and gets:

o0

S, (p,p")= 4Lb ﬁ(”"}/h)zdt-{[493(7z(x'—x)/2a,e””/“2)—«93(7z'(x’+x)/2a,e*fﬂ/a2)].

-[93 (ﬂ(y' —y)/2b,e”"" )— 0, (ﬂ(y' +y)/2b,e” " )]_Z_[; : {QW _

(=) +(y"+y)’ (+x)* +(y' =)’ (x"+x)° +(y'+y)*
4 4 4 - =
—e ! —e ! +e ! +S,(p,p")

(ALL11)
Note that function §1 of the right side in eq. (Al.11) contains a spatial logarithmical

singularity (compare with eq. (22)), however, the integral part of S, in (AL1l) is a regular
function for| p'—p|—>0. Now one can calculate the function
S(x=x,+71,,y=y,,x"=x,,y" =y,) which defines the current in eq. (15). Choosing values
x # x, only in singular term, one has:

23



S(x=x,+7,Y=10,X" =%, =1,) =8,(xy, Vo, 1)+ S, (k, x4, V) (AL12)

4k2 i Sinz(kvxxO)Sin2(kvyyO)

S, (k,x,,y,)=
T N T

(AL13)

0 ab WX xR (AlL14)

’[03(0°et”/b2)_6’3(ﬁ%aem/bz)]_;’ l-e e te } +5, (X0, Yos Ty)

Ko(kzvro)—KO(ZkZVxO)—K0(2k;y0)+K0(2kzv Xo Y, )> k;#0
§1(xoayoaro)=i

2x,y
In| —=XoYo | k=0
"o \/xg"'J’é
(AL15)

Equations (Al.12) - (AIL.15) give the desired representation of the function S, which
demonstrates the explicit singularities in spatial and frequency domains. It can be used both
for numerical summation by eq. (15) and for analytical estimations.

Using this representation one can evaluate the shift of resonances of the induced current in
comparison to the corresponding resonances for an empty cavity (for the short-circuit line).
The current resonances are given by the zeros of the denominator in eq. (15). They can be
divided into two sets: the line resonances which are given by the zeros of the first factor in the
denominator. They coincide with the line resonances without cavity. Further there are the
shifted cavity resonances which are given by the zeros of function S. To evaluate the latter
resonances assume that 7y <<x, << y,, 27 m,x,/h<<1 and also that the frequency @ is

close enough to one of eigenfrequencies @, . Keeping the leading terms in S; and S, one can
write:
1 4 sin’(k’x,)sin’ (k"
S~—In(2x,/r,)+— ( 2) 2( o)
2r ab ki —k

(AL16)

The root of (AIl6) gives the shift of the resonance frequencies of the system “line in
resonator” in comparison with the cavity eigenfrequencies.

c 2 % s 2 v
Aw | ao ~ 4rzsin” (k.x,)sin”(k, y,)

AL17
v abk? n(2x, / r,) (AL
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Appendix 11
A one-dimensional sum representation of the function S
In this Appendix the function S is represented as a regularized one — dimensional sum with an

extracted logarithmical singularity. This representation is convenient for the numerical
calculations. To do that eq.(14) is re-written as

S(k,k,,,p,p") = sin(k,y)sin(k,y")- S, (k.k,.k,,x,x") (AIL1)

ny =1

Where the auxiliary function S, is defined by the sum

S S (kk ') = 4 i sin(k, x)sin(k, x")

aux. vz vy’ b kz +k2 +k2 k2+j5:
=77
_ 2a Z‘"": cos(mz /(x—x")/a)—cos(nmz(x+x")/a) (AIL2)
br’ = n’ +(ay,/ 7)’ '

Using a formula for the cosine trigonometric sum (AIlL.3) [18]

© h —Xx))-csch
zcc;s(nxz) L cosh(a(z —x))-csch(ra) - Lz (AIL3)
mn ta 2a |cos(a(zm —x))-csc(za) 2a
one can write (keep in mind an imaginary value of 7,)
2 sinh( 7, (a — x_))sinh( 7 x
a. = (7V(~ : >)l (7.x.) (AIL4)
b 7, sinh( 7, a)
where x_ = max(x,x"), x_ =min(x,x").
Then the equation (14) for function S becomes:
Yoo 2N sinh(¥,(a—x_))sinh(¥,x_)
S(k,k,_,p,p")=—) sin(k, sin(k - - AIL5
(k,k,.. . p") bZZ (k,,)-sin(k,,y")- > sinh(7a) (AILS)

The series (AILS5) converges for different values of arguments p and p'. It diverges when
they coincide. The divergence appears during the summation for large n,.To extract the

divergent term in an explicit form the sum S, for large », is considered:

1 efk w [x—x'|
xx): = (AIL6)

(k,k
>>\k2 —k? \b k

aux vz ’ vy

This gives
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Sk,k_, p, ') ~ 2L 3 cos(nm,w /(y—y")/ b)—cos(n,w /[(y+y")/b) bl _

7T n

y

_ —rlx—x"|/b ' —27z|x—x'|/b
1 1 {1 2e cos(z(y+y'))+e } (AIL7)

= — n - .
4 | 1-2e V" cos(m(y —y')) +e VP

During the calculation of (AIl.7) a simple summation formula with complex & (Rea > 0) is

used which can be obtained by summation of geometric series and integration over parameter
a:

yexp-an) ! (AILS)
n I1-exp(—a) .

M

Adding and subtracting the infinite series (AIl.7) to eq. (14) one gets

13 | 2sinh(7,(a—x,))sinh(7,x.) 1"
Sk, k_,p — 1nk -sin(k t = s —
ﬂ'\x—x'\/b ' =27|x-x'|/b
L . cos(m(y+y'))+e i (AIL9)
4 1-2e ™" cos(z(y —y')) +e

In this representation the logarithmic singularity is separated for closely adjacent values of
the arguments. Then for the function S in the denominator of eq. (15) one can write:

S(kyk,,x=xy+7,X' =X,y =15,V =¥,) =

1 Zsinz (koyy)- 251nh(;/vN(a - xO)N)smh(;/VxO) L N Lln b|sin(ry,)|
b= 7, sinh(y, a) k,| 2x 7y,

Equation (AIL.10) gives the desired “one- dimensional sum” representation of the function S
which explicitly shows the singularity in spatial coordinates. However, it contains
singularities in frequency domain.

} (AIL10)

V]

Appendix I1I
Free space limit: a,b,h — o

It is of some interest to consider the limiting case a,b,h — oo for the solution of the induced
current (see egs. (10),(15)) . It is expected that the result is reduced to the well-known solution
for the transmission line above perfectly conducting ground excited by an arbitrary (under
some restriction) electrical field.

In order to approach this limit it is convenient to consider the two-dimensional filament
representation of the function S (37) which - for the function in the denominator (15) - can
be written as
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S(k,k,,x=x,+1,x"=x0,y=y,Y =y,) =

1 & Ky (7. | p=p(n,my))), ki —k* >0

1
=—G(k,k,) +— —D"Y i 1 5-5
1 Ok o 3 (D) L P E B P, KK <0

om0t
(AIIL1)
20K, (y.r)— K, (27.x,)|, kX —k*>0
Wlth G(k,kvz): [ 0(7\/ 0)N 0( 7\1 0)] N vz (AIIIZ)
jAlHO o) - HOQFx)) K-k <0

It is assumed that the transversal dimensions of the resonator a and b, as well as the value
¥, ~ b tend to infinity, however, the height of the line above “ground” x, remains finite. In

the first step of calculations the length of the resonator % also remains finite. Then the
term G (k, k,.), which doesn’t depend on a,b, y, remains constant, but any term in the sum

(AIIL1) containing a,b,y, in its argument tends to zero according to the asymptotic
properties of cylindrical functions [25]:

2 )
H'(2) = [——e /&7, K,(z) ~ |“e* (A3 ab)
oo\ TZ o0 \[ D7

Then one obtains the following equation for the term (eq.(15)) and for current / (z)
(eq.(10)):

© AxkE® (x,,
1(2)=Y1, cos(nyrz/h), L= Z’;( 0 Yo) (AIIL4 ab)
Vl3:0 no(kvz _k )G(k)kvz)
where the terms in the Fourier series for the electrical field are given by
h
0 &, .0 0

Ey, (50, 0) == j E’(x,,v,,2) cos(nyz ] h)dz (AIIL5)

0

If the function E'(x,,y,,z) is continued for negative z, it becomes obvious that for the
considered problem this function is even. As a consequence of this the summation over the
index n, of the Fourier terms Ezonz (x5,¥,) and [, can also be extended to negative

indices. Then it is possible to re-write the results for the cosine Fourier series as:

© 47 jkE® (x ,
I(z)= Y1, exp(—jnszwz/h), I, = 2] z’f( 02 o) (AIIL4 a,b)
N3 == ' ' 770(kvz _k )G(kakvz)
~ 1 A
E, (Xp,39) = 2 [ E2(xy, 0 2) exp(nyz | )tz (AIIL5)
—h
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Now assume that the length of the system tends to infinity, # — oo. Then one can replace the
summation by integration:

o0 o0
= gz D T —jnmzih T
I(z)= Y I, e " == e™m"=
b4 h

ny=—o0 ny=—00

[1,e7 dk. (AIIL6)

_ 2
h—wo g1 i
k. =nzzlh

Finally one gets:

0 . 0
1= | 278 GgpYorks) oo g (AIIL7)
kz}ooﬂo(kz —k7)G(k,k.)
with
EX (X, y0:k.) = [ EL (x5 30, 2)e" " 2 ALLLS)

This equation formally coincides with the well known expression for the current induced by
the arbitrary exciting (incident plus reflected) field £ f (xy,29-2) (see, for example [29], eq.

(10), differential mode) field in the horizontal wire above perfectly conducting ground (xg is
the height of the wire). The difference is that one obtains (AIIL.8) for the even field

E?(xy,y,—2) = E’(x,,,,2) which is connected with the symmetry of our initial system.
As usual for practical calculations one has to assume small losses in the wire (a small
complex part of k ) for the proper path-tracing of specific points of denominator.
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