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Abstract

An elegant book on integral equations is titled “Problems and Exercises in Integral Equations by
M. Krasnov, A. Kiselev and G. Makarenko. This book was originally published by Mir Publishers
in Russian language in 1968 and an English language version became available in 1971. This book
has over 300 problems with answers. These integral equation problems have analytic solutions.
The authors also describe some approximate methods to solve integral equations, such as a)
replacing the Kernel function by a simplified Kernel and b) method of successive approximation.
Of course, we live in an age of fast computers and commercially available software routines to solve such
problems. Finding analytical solutions could become a lost art. They do serve a function of bench-
marking numerical solutions in some cases.

Over 80 problems in this book are fully solved and presented in this Note. Hopefully, one of the
readers will be inspired to solve the remaining problems.
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We note that this book cited in the abstract is available free online at the following URL.
https://ia903006.us.archive.org/32/items/ProblemsAndExercisesInintegralEquationsKrasnovKiselevMak
arenko/problems-and-exercises-in-integral-equations-krasnov-kiselev-makarenko.pdf

M. KRASNOV, A. KISELEV, O. MAKARENKO

PROBLEMS
AND EXERCISES
IN INTEGRAL
EQUATIONS

Translated from the Russian
by George Yankovsky

ISHERS . MOSCOW 1071

Integral equations come in mainly two forms namely Volterra Integral Equations (VIE) and
Fredholm Integral quations (FIE), as written below.

K(x,t) ¢p(t) di = f(x) (VIE of the first kind)

a

d(x) =Ff(x) +/1f K(x,t)¢(t) dt (VIE of the second kind)

a
where f (x) and K( x,t) are known functions and A is a parameter.
On the other hand,

b
d(x) - /1/ K(x,t) ¢(1) dt =f(x) (FIE of the second kind)

a

Note the difference in the limits of integration.
Both integral equations and integro-differential equations occur in many physical problems.
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Solution: X
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Problem 2.

Solution d(x) = ex[cos(ex) - % sin(ex)]

V.1.E. 3(x) = (1 - xe?) cos(1) - e™sin(1) + f[l- (x-t)ez’icb(t) dt
0

Solution:

R.h.s. = {(1 - erx) cos(1) - e2x si.n(l}«f [l - (x—t)esz et[cos(et) - et sin(et)] dt

o\x

With a change of variable et =z 3 dt = dz/z,

X
R.h.s. = {— . —}+ f[l - (x-2n z) ezx] [cos(z) -z sin(z)] dz
1

X
€

eX
={—— b —}+ (1—e2)_<) f [cos(z)—z sin(z)] dz +e2* f ln(z)[COS(Z)
1

1 _ 7 sin (z)] dz

eX e*
{—— " —-—}"’ (1-xe?){z cos(z%f T {Z cos(z) &n(z) - 51'"(2)}
1 1

(1-xe2x) cos(l)-ezx sin(1)+(1—xe2x) eX cos(e) - (l—xezx) cos(1)

+ er {ex cos(e*) x - sin(ex)+sin(1§

ex[cos(ex) - g sin(ex)]

1l

$(x)
L.h.s.

n



Problem 3.

X
xe

n

Solution ¢(x)

V.I.E. $(x)

X
e* sin(x) + 2 Jr cos(x-t) ¢(t) dt
0

Remark: We believe that the factor e* in the first term of R.h.s.

should be absent. Vi

Solution:

R.h.s.

K

1]

-

t
2

+ 2 sin(x) | &-{t sin(t) - t cos(t) + cos(ti}

]

sin x + ex[x cosz(x) + x sin(x) cos(x) - sin(x) cos(xi

e
sin(x) + 2.[ cos(x-t) tet dt
0

X

X
sin(x) + 2 cos(x) J[ t et cos(t) dt + 2 sin(x).lﬁ tet sin(t) dt
0 0

X
sin(x) + 2 cos(x) —@2— L cos(t) #+ t sin(s) - sin(t)}]
0

x-1

O-u

+ ex[x sinz(x) - X sin(x) cos(x) + sin(x) cos(xﬂ

- sin X
= xe¥ [cosz(x) + sinz(xﬂ

& xex

= ¢(x)
= L.h.s.



Problem 4.

Solution d(x) = x - x3/6
X
T ¢(x) = x - j sinh(x-t) (t) dt
0
Solution:
X 3
R.h.s. = x - f sinh(x-t)(t - & dt
0
- X t3 h
= x - sinh(x) (t - 750 cosh(t) dt
. 0 baa
- X 7
+ cosh(x) (t - &) sinn(t) dt
A
0

-

= x + sinh(x) %-{}3 sinh(t) - 3t2 cosh(ti}

X
- cosh(x) L%-{}3 cosh(t) - 31:2 sinh(ti}

i 2 3 2
= x + sinh(x) %;—sinh(x - cosh(xﬂ - cosh(x)[é;-cosh(x) -%?-sinh(xﬂ
L
x3
=X - 7;—[cosh (x) - sinh (x)]
3
& X
_x_ 6
_ ¢(x)
= L.h.s.



Problem 5.

Solution d(x) = (1-x)
X
V.I.E. f Xt g(t) dt = x
0
Solution:
X
L.h.s. =f Xt (1-1t) dt
0
X X
= e"f et gt + e"f (-te” %) dt
0 0
X
= -eX(e™* - 1) + ex{}e't + e'ﬁ}
0

-1 +e*+ ex[xe_x + e X - l]

X X

+x+1-¢e

n

-1 +e

R.h.s.



Problem 6.

Solution d(x) = 3
X
V.I.E. f (x-t)2 ¢(t) dt = x°
0
Solution:
—_— X
L.h.s. = 3 f (x-t)2 dt
0
X
(o)
0
= R.h.s
Problem 7.
Solution ¢(x) = 1/2
X
V.1.E. f () .
0 Vx-t
Solution:
X
L.h.s. = f L gt
0 2Vx-1t
X

1}

1
N
;1
]
T

1"
=
=
wn



Problem 8.

Solution d(x) = i
mVvX
X
V.1.E. f Ot) gt =1
0 'X"t
Solution:
X
1
L.h.s. = —_— dt
fn /xt - t2

(2/7) arcsin (1)

=1

= R.h.s.
Problem 9.
y'+y=0

with y(0) =0 and y'(0) =1

Solution:

Put y" = ¢(x)

X X
then, v =y + [ oty = 1e [ () o) at
0 0

<
i

X
y(0) * y' (0)x +f (x-t) o(t) dt
0

n

X
x + (x-t) ¢(t) dt
)

(1)

(2)

(3)

(4)



Substituting equations (2) and (4) in equation (1)s
X
§lR] =y # f (t-x) o(t) dt
70

Equation (5) is the required V.I.E.

Problem 10.
y' -y=0
with y(0) =1
Solution:

Put y' = ¢(x)

X X
chsii, y = yi6) * f o) dt = 1+ f o(t) dt
0 0

Substituting equations (2) and (3) in equation (1)
X

d(x) =1+ o(t) dt
J

Equation (4) is the required V.I.E.

Problem 11.

y" +y = cos(x)

with y(0) = y'(0) =0
Solution:

Put y" = ¢(x)

(5)

(1)

(2)

(3)

(4)

(1)

(2)



X
then, y = y(0) + xy'(0) + f (x-t) ¢(t) dt
0

X
f (x-t) 6(t) dt
0

Substituting equations (2) and (3) in equation (1),
%

6(x) = cos(x) - f (x-t) (t) dt
0

Equation (4) is the required V.I.E.

Problem 12.
y" - 5y' + 6y =0
with y(0) =0 and y'(0) =1

Solution:
Put y" = ¢(x)
X X
then, y' =y'(0) + f o(t) dt = 1 + f ¢(t) dt
0 0
X
y = y(0) + xy'(0) +I (x-t) ¢(t) dt
0

X

x + f (x-1t) ¢o(t) dt
0
Substituting equations (2), (3) and (4) in equaiton (1),

X X
¢(x)—5+5] ¢(t)dt+6x+6f (x-t) 6(t) dt = 0
0 0

or,

(2)

(3)

(4)

(1)

(2)

(3)

(4)

(5)



X
d(x) = (5 - 6x) +.jr [5 - 6(x-t)] ¢(t) dt
0

Equation (6) is the required V.I.E.

Problem 13.

y" +y = cos(x)

with y(0) =0 and y'(0) =1
Solution:

Put  y" = ¢(x)

X
then y y(0) + xy'(0) +-.]F (x=t) ¢(t) dt
0

]

X
% [ (x-t) o(t) dt
0

Substituting equations (2) and (3) in equation (1),
X

¢(x) = cos(x) - x —'j# (x-t) ¢(t) dt
0

Equation (4) is the required V.I.E.

Problem 14.
y' -y sin(x) + e¥y = x

with y(0) =1 and y'(0) = -1

(6)

(1)

(2)

(3)

(4)

(1)

\2



Solution:

Put y" = ¢(x)
X X
then, y' = y'(0) + f¢(t) dt = -1 +I o(t) dt
0 0
X
y = y(0) + xy' (0) + f (x-t) o(t) dt
0

It

X
1-x+ f (x-t) o(t) dt
0

Substituting equations (2), (3) and (4) in equation 1

X X
¢(x) = x - sin(x) + sin(x) f¢(t) dt = e*{1=x) - e® f (x-t) o(t) dt
0
or,
X
¢(x) = x - sin(x) + ex(x-l) +-jr [sin(x) - eX(x-t)] ¢(t) dt

0
Equation 5 is the required V.I.E.

Problem 15.

y" + (1 + x%)y = cos(x)
with y(0) =0, y'(0) =2
Solution:

Put y" = ¢(x)

y(0) + xy'(0) +j (x-t) ¢(t) dt
0

then y

2x + ] (x-t) o(t) dt
0

(2)

(3)

(4)

(5)

(1)

(2)

(3)

\3



Substituting equaitons (2) and (3) in equation (1),

X
d(x) + (1-+x2) 2x + (I-sz) Jr (x-t) ¢(t) dt = cos(x)

or,

X
o(x) = cos(x) - 2x(1+x2) - Jf (1+x2)(x-t) o(t) dt
0

Equation (4) is the required V.I.E.

Problem 16.

y* o+ iy + (xz-x)y = xe* +1

with y(0) = y'(0) =

Solution:

Put y"™

then, y"

I

n

o(x)

y" (0} #

I

1 and y"(0) =0

X
o(t) dt = ¢(t) dt
!

X
y'(0) + xy"(0) + f (x-t) ¢(t) dt
0

1+

1+

X
£ (x-t)

2
y(0) + xy' (0) + %= y"(0) + 3

x+z

fZ

¢o(t) dt

(x-)2 o(t) dt

J

(x-t)2

¢(t) dt

(4)

(1)

(2)

(3)

(4)

(5)

4



Substituting equations (2), (3), (4) and (5) in equation (1),
X

2 X
d(x) + x f o(t) dt + (xz—x)((x+1) + Q‘—zlﬂf (x-t)2¢(t) dt = xe*+1
0

0
or

X
o(x) = xe + 1 - x(x%-1) - f [x + %{xz—x)(x—t)z] o(t) dt
0

Equation (6) is the required V.I.E.

Problem 17.
y'" - 2xy =0
with y(0) = % y'(0) = y"(0) = 1

Put  y"™ = ¢(x)
_ 2 X
then y = y(0) + xy'(0) + —’52—y"(0) + %f (x-t)2 o(t) dt
0
2 X
=%—+ x+5§—+%—f (x-t)? ¢(t) dt

0
Substituting equaitons (2) and (3) in equation (1),

2 X
$(x) -[ZX %+ X + %—+ -21— f (x-t)2 $(t) dt] = 0
0
or

_ X
o(x) = x(x+1)% + f x(x- )2 (t) dt
0

Equation (4) is the required V.I.E.

(6)

(1)

(2)

(3)

(4)

|5



Problem 18.

Consider a linear differential equation with constant coefficients,

given by
n n-1 n-2
dy d 7y d %y dy -
dxn ¥ al dxn_l ® a2 dxn—? Fowee ¥ an—l dx * an y = Flx) (1)
with initial conditions
= | - (n'l) -
_‘/(0) - CO’ y (0) - Cl s sees Y (0) - Cn-l (2)
d"y
Put o = ¢(x) (3)
X
X
dn"].
then —¥=¢C .+ (x-t) ¢(t) dt (4)
dxn 1 n-1
0
d"-2y L[ 2
= Cn_2 + an_l Ty (x-t)° ¢(t) dt (5)
dx 0
X
n-3 2
g—ﬁ?% = Cn—3 + an_z %T'Cn-l + é%— -]- (x—t)3 ¢(t) dt (6)
df 0
n-1 ; X
% - o %‘T + n_ll)! f (x-t)"1 o(t) dt
i=1 0
n-1 ; X
y = C, 3T T f (x-t)"  o(t) dt
i=0 0

Substituting equations (3), (4) ... in equations (1)



X

b(x) + a; € ¥ Jf al(x—t) ¢(t) dt
0

1 2
ta,C ,+a,xC o +57 [ 2,(x-t)" o(t) dt

o ——\x

X
. 2 1 e
+ 33 Cn_3 + a3 x C 2 -2~!— a3 X Cn_l + 30 f 33()( t) ¢(t) dt
0
+
n'l __l x
X 1 n-1
' %1% 5T T N f 3y (x-t)7 7 a(t) dt
1.=1 D
n-1 : X
* a_ C; 57 L.j’ (x-t)" o(t) dt = F(x)
i=0 0
or
n i-1 xk
d(x) = |F(x) - Z a; Cn-—i+k o
i=1 k=0

n X
% i
- [ meenTew e
i=1 “0

This is a Volterra integral equation of the second kind where the

kernels are dependent solely on the difference (x-t) of arguments.

7



Problem 19.
K(x, t) = (x-t)
Solution

K(x, t) = (x-t)

The iterated kernels are given by,
Kl(x, t) = K(x, t) = (x-t)

X X 2 )3
j (x-z)(z-t) dz =[ %F‘L dz = (X;j
t t

Ky(xs t)

X 3 X i} 5
K3(x’ by = f (X-Z)(—Zé—?)_‘ i =f _(Z_af_)_ dz = x;t!;}
_ t

. : x (x-z)(z-—t)zn'3
K (x5 t) =f (x-2) K _;(z, t) dz =j (2n=3)1
t t

X
) g} 2N=2 i (x-t)(zn-l)
Z =
(2n-1-!
t

Thus, by the definition of the resolvent kernel,

o it 2n+l
T(X, ts )\) = Z )\.n Kn+1(x’ t) = z An (x2:+1)!
n=0 n=0
| o LA (et 2™
=1 Z (2n*1)1
A n=0
=L ginh [/X(x-t)]  when A > O.
YA

RY



Problem 20.

K(x, t) = e(x_t)
Solution:

K(x, t) = e(x—t)

The iterated kernels are given by,

K (X, t) = K(x, t) = el*t)
X X

K2(x, t) = Jr e(x—z) e(z't) dz = e(x-t) Jf dz = (x-t) e(x_t)
t t

X X
2
Ka(x, t) = Jr e(x'z)(z-t) e(z-t) dz = e(x_t).jﬁ (z-t) dz = iﬁ%%)—~e(x't)
t t

) ! n-2 (x-t] X
Kn(x’ t) = f e(X'Z) {% e(Z—t) dz = %ni(_Z)Tf (z-t)”“z i
t t

-1
" (X;f%n! e(X't)

Thus, by the definition of the resolvent kernel,

n _ n (x-t)"  (x-t)
E: Kn+1(x, t) = E: A = e
n=0 n=0

R{x, t5 )

e(x—t) ek(x—t)

e(1+A)(X-t)_



Problem 21.

2 o0
Kix, t) = e -t
Solution:
2 .2
K(x, t) = g\x -t )
The iterated kernels are given by,
Y <
Kl(x, t) = K(x, t) = (x -t%)
X X
2y 2 .2 g B 2 .2
Kz(x,t)=fe Z)e(zt)dz=e(x't)fdz=(x-t)e(x't)
t

2 2 .2 g 9. X 2 ;.2 .2
K3(Xs t) =j (x "z )(z-t) elz-t7) g7 = (X -t )f (z-t) dz = _(~__)_x51!: e(X-t7)
t t

) X 22 n-2 (x2 X 12
Kn(x, t) = fe(x -z7) Z"ﬁ_z i e(x )dz— NI (z )" 24 n—1 , e(“ )
t

Thus, by the definition of the resolvent kernel,

o0

Z )\n Kn+1 (x’ t) = Z ln .LL)_,
= n=0

2

R(x, t3 A)

eA(x—t) e(xz-

20



Problem 22.

K(x, t) = (1+x%)/(1+1t?)

Solution:

K(x, t) = (1+x2)/(1+1t%)

The iterated kernels are given by

2
1+x
K (X, t) = (X, t) -
1 1+t2
X 5 X
Kz(x, t).—_'f X 1+Z dz::.l_-l-ié_f Z:(x t)_];l)_
1+t 1#% + (1+t)
2 3 2
Ky(xs t) _f 1+x2 At (1+221 1+22j (-t fiz = (x- t) §1+x )
¢ 142 (1+t°) 1+t : (1+t)
> X X
¢ uy £ = 1+ x2 (z—t)""z (1+z2 1+-x (z- t)
’ 2 n-2! 2 (n- 2)'
1+z (1+t%) 1+t
t t
. et)"h (14xf)
Thus, by the definition of the resolvent kernel,
Qo o0 2
. - n _ n (x-t)" 1+x

n=0 ' n=0

= 1_+.)_(._2_ e}\(X't)
1+t

21



Problem 23.

2+ cos(x
K9x, t) = 2+cos§t;

Solution:
K(x, t) = 2+ cos(x)

2+cos(t)

The iterated kernels are given by

- _ 2+cos(x
Kl(x, t) = K(x, t) = ‘—%_Mcos :

X
_ 2+cos(x) 2+cos(z) _ 2+cos§x;
K2(X’ t) I 2+cos(z) 2+cos(t) dz = (x-t) 2+cos(t
t

X
2
_ 2 + cos(x _4y 2+cos(z _ (x-t)° 2+cos(x)
Kylxs t) f 2+cos%z} (z-t) 2_+cos%t; 92 = 3T 2T cos(t)
t

X

i

j' 2+ cos(x) (z-t)n‘2 2 +cos(z) dz _ (x- o 1 2 +cos(x)

Kn(x’ t) 2+cos(z) (n-2)7 2+cos(t) (n-1)! 2+cos(t)

t

Thus, by the definition of the resolvent kernel,

o0

n n (x-t)" 2+cos(x)
Z VoK (6 1) = Z A T 2+ cos(t)
n=0

_ 2tcos(x e)\(x-t)
2+cos%t;

R(x, t; A)

22



Problem 24.

K(es 1) = Rt

Solution:

cosh (x

K(x, t) = cosh (t)

The iterated kernels are given by,

Ky (x> t) = Kix, t) = ———Hggzﬂ x
X
_ cosh (x) cosh (z) _ cosh %x;
KZ(X’ t) _'_[. cosh (z) cosh (t) dz = cosh (t (x-t)
t
¢ oosh h h (x) (x-t)2
_ cosh (x cosh (z _ cosh (x X-
Ky, t) - _[- cosh (z (2-t) Coen (% ~ cosh (t) 2!
t
' f cosh (x) (z—t)n'2 cosh (z) cosh (x) (z-t)"'1
Kn(x’ t) = _[- cosh (z) (n-2)! cosh (t) dz = cosh (t) (n-1)!
t

Thus, by the definition of the resolvent kernel,

co o0

n _ A" (z-t)" cosh (x)
Z A Kn+1(x’t) - Z n! cosh (t)
n=0 n=0

R(X, t; A)

cosh (x eA(x-t)
cosh (t)

23



Problem 25.

K(x, t) = a(x,t) (a > 0)
Solution:
K(X, t) = a(x_t)

The iterated kernels are given by,
Ky(x> t) = K(x, t) = a{x-t)

Kp(xs t) = al*2) o(z7t) 4, o (xet) alX-t)

ﬁ\ p

X
K3(X, t) = f a(X"Z) (Z-t) a(Z-t) dz = !;;t!z a(X—t)
t

- ’ 2 n-2 N _ n-1 .
Kolxs £) = f a2 Bt o gz - Ll

t

Thus, by the definition of the resolvent kernel,

oo

= N
E n = E n (x-t (x-t)
A Kn+1(X,t) - A n! da
n=0 n=0

It

R(x, t; A)

- alx-t) Alx-t)

2 4



NOTE 1.

We now describe the necessary background material for solving the next

four (i.e., 26 to 29) problems.

Suppose that the kernel K(x, t) 1is a polynomial of degree

" (n-1) 1in t, so that it may be represented in the form

a_ .(x)
- _ n-1 _aryh=l
K(x, t) = aD(x) + al(x)(x t) # e # ol (x-t) (1)
and the coefficients ax(x) are continuous in 0,a . If the function

g(x, t; A\) is defined as a solution ov the differential equation

n n-1 n-2
dg _ a4 4 - -
o A[ao(x) dxn'l g+ al(x) dxn“2 g . wss ¥ an_l(x) g] 0 (2)

satisfying the conditions,

n-2 n-1
dg d 59 = 0 d

glx=t " dx = 1 (3)

x=t dx""”

and the resolvent kernel R(x, t; A) will be defined by the equality

n .
R(x, t5 ) = L 4 9(:=nt= M) (4)
X

and similarly when

- bn—l(t) n-1
K(x, t) = bo(t) + bl(t)(t-x) LT (=1 (t-x) (5)
and resolvent kernel

n .
Fix, t; 3) = - + daltaxi 3) (6)
dt

where g(x, t; A) is a solution of equation

n n-1

a9 4 - .

4 + A[bo(t) s g+ ...+ bn_l(t) g] 0 (7)



satisfying the conditions,

= -d.-g- = = . .!.__ = {
Itmx "Gt T T2 ex 7O DAT ke =1 (@




Problem 26.
Kix, t) =2 - (x-t) 3 A=1
Solution:

With reference to the equations in Note 1, we have

A=1, a.(x) = 2
0 (1)
n=2, al(x) = -1
d%g _,dg
2 Zag a0 (2)
X
Solving the differential equation (2),
g(x, t; 1) = A(t) x e* + B(t) &* (3)
d .
gl._.. =0 and ! =1, give
|X"t dx x=t
A(t) te* + B(t) et =0 (4)
At) te® + A(t) e + B(t) e® = 1 (5)
Solving the coupled equations,
A(t) = e b, B(t) = -te”t (6)
Therefore,
alx, t; 1) = e* ) (x-t) (7)

and, consequently the resolvent kernel is given by

2
; _d% _ d r.(x-t
R(x, t; 1)-;‘9'-3-;[8’( )(x-t+1)]

= e(*t) (x_t+2).



Problem 27.
K(x, t) = -2+ 3(x-t) 3 A=1

Solution:

With reference to the equations in Note 1, we have

)L = 1 9 aO(X) = ‘-2
n=2, al(x) = 3
i?g. + 2 g-g- - 3 = 0
e dx 9

Solving the differential equation,

g(x, t; 1) = A(t) e* + B(t) e'3x

=0 and %% =1 gives

9|x=t x=t

Alt) et + B(t) e 3t = 0

t_ 1

A(t) et - 3B(t) e
Solving the coupled equations,

A(t) = et/a, B(t) = -e°t/a

J(x-t) _ g3(x-t)
4

Therefore,

g(xa t; 1)

and, consequently the resolvent kernel is given by,

e-}(x-ti] )

(= 1§

2
cqy =47 | L (x-t) 9
OUTES- SEEa

(1)

(2)

(3)

(4)
(5)

(6)




Problem 28.

K(x, t) = 2x , =1

Solution:

With reference to the equations in Note 1, we have

=1, ao(x) = 2% (1)

99 _ 509 =0 (2)

Solving the differential equation,
2

g(x, t; 1) = A(t) (3)
_t2
g(t, t; 1) = 1 gives, A(t) =e
Therefore,
2,2
o(x, t; 1) = eX -t

and, consequently the resolvent kernel is given by,

dg
dx

R(x, t; 1)

(x2-t2)

2x e



NOTE 2.
Applicable to problems 31 to 35.

In this note, a method of finding the resolvent kernel, when
the given kernel is a function of (x-t), will be described. This
method entails the use of Laplace transformation.

Consider the V.I.E.,
X

6(x) = F(x) +f K(x-t) o(t) dt (1)
0
Define a Laplace transform pair, according as
P CHjoo
§(s) =f 9(x) e dx ;  g(x) = '2"% f g(s) e ds - (2)
0 c-joo

Now, taking the Laplace transform of equation (1) and using the product

theorem (transform of a convolution), we have

B(s) = F(s) + R(x) ¥(s) (3)
or,
3(s) = —L(s) )
1 - K(s)

Taking advantage of the results of problem 30, the solution of the

given V.I.E., is

(x) = f(x) + Jf R(x-t) f(t) dt (5)
0
Once again, taking Laplace transform of both sides of equation (5),
we get
3(s) = f(s) + R(s) F(s) (6)
Therefore ,
ﬁ(s) = i(i)-_?(i)_ gt : (7)
f(s) - i

20



Substituting for (s) from equation (4) into the above,

R(s) = —K() . (8)

R(x, t; 1) = sk f R(s) es(x-t) es (9)



Problem 31.

K(x, t) = sinh (x-t)

Solution:

For the given kernel K(x, t), we have
1

s2 -1

Therefore, using equation (8) of Note 2,

K(s) =

K(s) ___ 1

1-K(s) s°-2

R(s) =

Consequently, the resolvent kernel is given by,
L"]. 1 = _1_ L-l J-Z_.
-2/ V2 2 - (V2)°

% sinh[/?(x-t)] .

R(x, t; 1)

Problem 32.

K(x, t) = e'(x—t)

Solution:
For the given kernel K(x, t), we have

Ks) = 37

Therefore, using equation (8) of Note 2,

R(s) =——RL5J-—=%
1 - K(s)

(1)

(2)

(1)

(2)

(3)

3%



Consequently, the resolvent kernel is given by,

R(x, t; 1) = L'l(-_}) = 1.

Problem 33.
Kxs t) = e t) gin(xt) (1)

Solution:

For the given kernel K(x, t), we have

K(s) = ‘“__lﬁf-“__ (2)
(s+1)° + 1

Therefore, using equation (8) of Note &,

Ks) _ 1
K(s)  (s+1)2

ﬁ(s) =

1

Consequently, the resolvent kernel is given by,

-1 1 . (x-t) -1/ 1
L | ——] = L™ =
l:(s+1)2] ‘ (52)

(x-t) e'(x_t)

R(x, t; 1)

1

33



Problem 34.
K(x, t) = cosh(x-t) : (1)

Solution:

For the given kernel K(x, t), we have

K(s) = = (2)
-1

Therefore, using equation (8) of Note 2,

R(s) = KL . s (3)
1-K(s) s“-s5-1

Consequently, the resolvent kernel is given by,

L"l S = L"“l S
(sz-s-—l) [(5-1/2)2 - (5/4)]

o [ (s-1/2) (1/2) ]

n

R(x, t; 1)

(s-1/2)2 - (5/4)  (s-1/2)% - (5/4)

Sty 1| __s 1 B
2 2
s” - (5/4) Y5 s - (5/4)

e(x"t)lz [éosh{——'/g—(zii)—} + % sin £2_5- (x-t)}] .

3



Problem 35.
K(x, t) = 2 cos(x-t)

Solution:
For the given kernel K(x, t), we have

2s

K(s) = —=>—
(52+1)

Therefore, using equation (8) of Note 2,

R(s) = K(s) _ 2

1-K(s) (s-1)%

Consequently, the resolvent kernel is given by,

-1 2s
L
_ 21“1[ 1, 1 2]
(s-1) (s-1)
X t) L-1[ 1 2}
(s-1)

- 9 e(x-t) + 2 e(x—t) -1(1/52)

Ri{xs t3 1)

= 2 e(x_t)[l + (x—t)] .

(1)

(2)

(3)

35



NOTE 3.
Applicable to problems 36 to 45.

Consider the V.I.E.,

X
d(x) = f(x) + A ‘/. K(x, t) ¢(t) dt
0

After we determine, the resolvent kernel R(x, t; A),
that the solution of the above V.I.E. is given by
X

o(x) = F(x) + A f R(x, t3 1) F(t) dt
0

(1)

it can be shown

(2)

36



Problem 36.
X

¢(x) = e + f et} o(t) dt
0

Solution:

The required resolvent kernel R(x, t; A) may be written from the

results of problem 20, as

R(x, t; 1) = eZ(x-t)

Using equation (2) of Note 3, the solution of the given V.I.E. can

now be written as,

X
0
X
= et + e2x ‘/- et at
0

gf 5 ptt (e™* - 1)

. 2X
= e

(1)

(2)

57



Problem 37.

r X
d(x) = sin(x) + Zf e(x"t) ¢o(t) dt (1)
0
Solution:
The required resolvent kernel R(x, t; 2) may be written from the
results of problem 20, as
R(x, t; 2) = ed(xt) (2)

Using equation (2) of Note 3, the solution of the given V.I.E. can now

be written as,

X

B0 = sinle +z[ 30t Ginity dt
0
3x 3t

e ”" sin(t) dt

e'3t {3 sin(t) + cos(t)}]
0
= sin(x) - %93’( [e_BX{S sin(x) + cos(x)}- IJ

3x _ 1 € ot
e”” - ¢ cos(x) + 3 sin(x).

= sin(x) + 2 e

X

= sin(x) - f%—e3x

1 o\x

|
)=

3%



Problem 38.

$(x) =

X
X 3x - jr
0

Solution:

The required resolvent kernel

results of problem 25 as,

Bi%s B3

Using equation (2) of Note 3, the solution of the given V.I.E. can now

..l) = 3)("

be written as

o(x) =

1l

1

1

X
X
x 37 -

15 e—(x-t)

3(x—t) e =lt) t 3t at

X
x3"-3"e“"f t et dt
0

X ¥ - 3x

e X [e* (x-1) + 17

X (x-x+1 - e )

3 01 =g

X

R(x, t; -1) may be written from the

(1)

(2)

3]



Problem 39.

X
d(x) = eX sin(x) + Jr %—%}%%%%%%— o(t) dt (1)
0

Solution:

The required resolvent kernel R(x, t; 1) may be written from the results

of problem 23, as

R(x, t3 1) = S—A—}j cos glsmE) (2)

Using equation (2) of Note 3 the solution of the given V.I.E. can now

be written as,
X

J( £+ cosix e(x't) et sin(t) dt
0

n

+

¢(x) e® sin(x) 7 ¥ cos(t)

X

eX sin(x) + ex (2 + cos x) f —2_'?’_1%5)%%12—) &
0
X
0

. 3
e” sin(x) + (2 + cos x) eX n m} .

eX sin(x) - (2 + cos x) ex[%n(Z + cos t)

1}

40



Problem 40.

X
xz— t2

d(x) =1 - 2x - ’/- e o(t) dt (1)

0
Solution:
The required resolvent kernel R(x, t, -1) may be written from the
results of problem 21, as

Z 2

R(x, t; -1) = e'(x‘t) e(x - t7) (2)

Using equation (2) of Note 3 the solution of the given V.I.E. can

now be written as,

, 2 .2
2x) - f e'(x_t) e(x - %) (1 - 2t) dt
0

(1

b(x)

? X 2
(1 - 2x) - e(x - x) [ (1 - 2t) et v dt
0

x |

{1

2x) - e(xz-x) [e(t"tz)
0

o

E

(1 = 2x) - e(xz‘x)[e(""‘z) P J

2
= elX “x) oy .

4



Problem 41.
2 5 2 .2
olx) = (X T2x) 2[ =) wiey dat (1)
0

Solution:
The required resolvent kernel R(x, t; 2) may be written from the results

of problem 21, as

2 2
R(x, t; 2) = e2(x—t) e(x -t7) (2)
Using equation (2) of Note 3, the solution of the given V.I.E. may be
written as
X
blx) = e(><2+2><) +2[ e2(x-t) e(xz-tz) e(1:2+2t) ”
0
X
o P, e(x2+2x)j' i
0
- -
eXTFX) 114 2y
Problem 42.
p 2
o) = o)+ [ 11N 0 at (1)
0 1+E

Solution:
The required resolvent kernel R(x, t; 1) may be written from the results

of problem 22, as

2
R(x, t; 1) = l—-’f—’-‘?e(’"t) (2)
1+t

42



Using equation (2) of Note 3, the solution of the given V.I.E. may be

written as,

X
2
(1 + x%) + f A+ x) ox=t) (1 4 42y gt
0

I

¢(x)

]
—_—
o
-+
>

= (1 + xz) + (1 + xz) e’ (1 -e™%)
= ¥ (1 + xz)
Problem 43.
X
d(x) = - 1 5 +] sin{x-t1) ¢(t) dt (1)
(1+x%) 0
Solution:

We first need to find the resolvent kernel. This can be done by the

method of Laplace transformation described in Note 2. We have

K(x, t) = sin(x-t) (2)
Therefore
% 1
K(s) =
sz+1

and consequently, the Laplace transform R(s) of the resolvent kernel
is given by

Ris) = —RBL - L (3)
1-K(s) s

43



Therefore, the resolvent kernel is given by
Bl{xs £3 1) = (xt) . (4)
Now, using equation (2) of Note 3, the solution of the given V.I.E.

may be written as,
X

o0 = Lo [ Lethg
(1+x8) 4 aedh
X X
_ 1 j’ 1 1[ 2t
= —t X 5 dt - 5 ———— dt
(1+x2) O1+tZ 20(1+t2)
2 ————l—37-+ arctan(x) - %-in(l + x2)
(1 + x%)
Problem 44.
2 X
d(x) = x elX /2) 4 ‘[— e_(x't) o(t) dt (1)
0

Solution:

The required resolvent kernel R(x, t; 1) may be written from the
results of problem 32, as

R(x, t; 1) = 1

Using equation (2) of Note 3, the solution of the given V.I.E. may be

written as,
%

2 2
¢(x) = x e(X772) J{ t e(t /2) dt
0

4y



X

2 2
x elX /2) f aqf{e(t /2)}dt
0
2 2 |
« otx772)  JXT2)

2
= X2 (x vy -

Problem 45.
X

$(x) = e "+ Jr e—(x—t) sin(x-t) ¢(t) dt (1)
0

Solution:

The required resolvent kernel R(x, t; 1) may be written from the

results of problem 33, as
R(x, 3 1) = (x-t) e "% (2)

Using equation (2) of Note 3, the solution of the given V.I.E. may be

written as

X
¢(x) e X + J( (x-t) e'(x't) et dt

X

e X + 7% f (x-t) dt
0

2
()



NOTE 4.
AppTlicable to problems 46 to 55.

Suppose we have a V.I.E. of the second kind
X
000 = 160 + 1 [ KO, 1) (e et (1)
0
We assume that f(x) 1is continuous in [0, a] and the kernel K(x, t)

is continuous for 0 < x <a, 0st < x.

Take some function ¢O(x) continuous in [0, a]J. Putting the
function O(x) into the right side of equation (1) in place of ¢(x),
we get %
o000 = £0) 2 [ Kixs 1) g(t) at (2)

0
Then ¢1(x) is also continuous in the interval [0, al. Continuing

the process, we obtain a sequence of functions
¢'0(x)5 q’l(X), L ] f.bn(X), PRI

where
X
opx) = 100+ [ KO 1) 6,4 (0) 0t (3)
0

Under the assumptions made about f(x) and K(x, t), the sequence

¢n(x) converges as n -+ «, to the solution ¢(x) of the integral

equation (1).

Lt



Problem 46.

X
o(x) = x—f
0

Solution:

(x-t) o(t) dt 5 op(x) = 0

Since ¢0(x) =0, it follows that ¢1(x) = Wi

(3) of Note 4,

¢4(x)

Obviously
¢, (x)

1

oy x
B

% -1}

Then, using equation

3
X
3!
X3 X5
UE= & - g™ 5T
5 3 5 7
t X X X
rrer dt=x -3t Er-ogT
n-1 x(2n—1)
(2n-1)!

Thus, ¢n(x) is the nth partial sum of the sine series and consequently,

the solution of the given V.I.E., is

b(x)

sin(x) .

47



Problem 47.

Solution:

Since ¢0(x) = 0, it follows that ¢1(x)

(3) of Note 4,
X

¢2(x) ] f (x-t) dt =1

0

Obviously

1
—
]
o]
+
tx

¢n(x) 2

Thus, ¢n(x) is the n

th

=
o
—_
>
~—
I
o

1. Then, using equation

2
- X
2!

partial sum of the cosine series and con-

sequently, the solution of the given V.I.E. is,

438



Problem 48.
X

TBIREES NCORTGE R
0

Solution:

Using equation (3) of Note 4,
% x2
cbl(x) = ]+ f (th) dt 1+ T
0

i

X
? 2 4
T _ X X
¢2(X) = 1+ f (X—t)(l + 'ET) dt = 1 + 5T # 5T
0

X
2 4 2 4 6
” t t _ X X X
¢)3(X) = 14 f (X'_t)(1 + 'é'T + 'Zn_) dt = 1+ -2—‘!— + El—“ + ET
0

Obviously

X2 X4
dplx) = 1rartar?

| X

._..1 [2]
™~
=

Thus, ¢n(x) is the nth partial sum of the hyperbolic cosine series

and consequently, the solution of the given V.I.E. is,

o(x) = cosh(x)

49



Problem 49.

X
d(x) = (x +1) - f ¢(t) dts
0

a) ¢O(x) =1 and b) ¢0(x) = x +1
Solution:
a) ¢0(><) =1

Using equation (3) of Note 4,

X
¢1(x)=x+1—f dt = 1
0
X
¢2(x) =x+1-= .[- dt = 1
0
X
¢3(x)=x+1-f dt = 1
0

Obviously, this leads to a stationary sequence {¢n

solution of the given V.I.E. is d(x) = 1.

b) ¢g(x) = (1 + x)

Using equation (3) of Note 4,

% 2
_ - X
¢1(x)—x+1—f tr1)dt = 1-%
0
X
2 3
t _ X
¢2(x)=x+1-—f(1-——2—-!—)dt—l+§!“
0
T t3 x4
d4(x) = x + 1 - Jr 1+ p)dt = 1 -7
0

}

so that the

S0



Continuing this process, we get

(_x)n+1

0 (X) = xS T

The sequence {¢n} tends to x as n becomes unbounded.

the solution of the given V.I.E. is ¢(x) = x.

Using equation (3) of Note 4,

2 X
x x-ftdt X

¢y (x) = 5+ =
0
2 X
¢2(><)=52w+x-f tdt = x
0

This leads to a stationary sequence {¢n}, so that the solution of the

given V.I.E. is ¢(x) = x.

2
c)  oylx) = x + 3

Using equation (3) of Note 4,

Therefore,

5\



Continuing this process, we get

()", ()"
n! (n+1)!

¢ (x) = x+

The sequence {¢n} tends to x as n becomes unbounded. Therefore,

the solution of the given V.I.E. is ¢(x) = x.

Using equation (3) of Note 4,

2 x
¢1(X) = %?-+ X -Jr tdt = x
0
2 X
¢2(X)=%+X—[tdt=x
0

This leads to a stationary sequence {¢n}, so that the solution of the

given V.I.E. is ¢(x) = x.

W

C) ¢O(x) = X "'é_

Using equation (3) of Note 4,



Obviously

(n+1)
6 (x) = 1 - AR
We assume that f(x) is continuous in [0, a] and the kernel K(x, t)
is continuous for 0 < x <a, 0 <t <x. Inview of this, the Timit
of the sequence {¢n} is 1 and therefore the solution of the given

V.I.E. is ¢(x) = 1.

Problem 50.

2 X
d(x) =5é~+ X - f o(t) dt

0
&

a) ¢0(X) =1, b) ¢D(x) =x and c) ¢0(><) = 5+ x
Solution:
a)  9p(x) =1

o

Using equation (3) of Note

2 X 2
- X _ X
(bl(x) - 2 + X f dt ?

0
2 5 B 2 3
0
X
2 2 3 3 4
_ X t t _ X X
43(x) ""2‘+X"I(T+t'3—!)dt"x“3‘"’+ﬁ
0
2 % 3 .4 4 5
9q(x) = 52—+x-f (t-g—,—+-§-!—)dt - x+-ﬁ—,—-15‘—!~
0

93



/‘_\
+

ot
ro|
——
o

ct

L1

>

1
W >
- W

) .

2 3 4

Cbz(x) =X 4 X - f (t - 'tj"!—) dt - x + *E"l—
0

2 * 4 5

¢3(X) =% 4 X - J’ (t + '}ﬁ—) dt = x - 'g—l
0

Continuing this process leads to

(_x)n+2
¢n(X) Sl Tn+2) T

This sequence {¢n} tends to x as n becomes unbounded, sc that the

solution of the given V.I.E. is ¢(x) = x.

Problem 51.
X

d(x) = 1+ x +f (x-t) (t) dt 5 ¢y(x) =1
0

Solution:

~—

of Note 4,

2
(x-t) dt = (1 + X +-%r)

t2 2 3 %

(x—t)(1+t+_§-) dt = 1+x+’2‘—!+ 33‘—!—+ %‘T

Using equation (3

o1(x) = 1+ x+

9p(x) = (1+x) +

o x & =y



X
2 ,3 .4 2 3 4 5 6
_ . _ X X X X X
¢3“)‘(1+x)+j.“4”G+t+ﬁ”§T+ﬂ)dt‘1+X+ﬂ”iT+ﬂ”€T+§'
0

Continuing this process, we find that ¢n is the nth partial sum of the

series for e”, Consequently, the solution of the given V.I.E. is e*.

Problem 52.

d(x) = 2x + 2 -

O'\ >
=
_—
f+
e
a
‘—+
<Y
T
=

o
——
>
S
it
ot
-
o
Nt
=
e
——~
>
——
1]
N

Solution:
a)  d(x) =1
Using equation (3) of Note 4,

X
¢1(x) =2x + 2 - jr 1dt = 2+ x

0

2 2

_ - X

¢2(x) = 2X + 2 - Jr X+8dt = 2 - 2

0

/ t2 x3
¢3(x) =2x + 2 - Jr 2 - 5 dt = 2 +'§T

0

/ t3 x4
¢’4(X)=2X+2J—[ 2+§'!— dt=2—n

0

Continuing this process, we find that

xl’l

L
o =2+ (1) X

The sequence {¢n} tends to the 1imit 2 as n + o, so that the solution

for the given V.I.E. is ¢(x) = 2.

5%



Using equation (3) of Note 4,

%
¢1(x) = 2K 4 2= Jf 2dt = 2

0

X
¢2(x)=2x+2—[ 2dt = 2

0

Obviously, this leads to a stationary sequence and hence the solution

of the given V.I.E. is ¢(x) = 2.

Problem 53.

X
¢>0(x) = :Ex2 + 2 - f x ¢(t) dt ;
0
a)  9y(x) =2 b)  ¢y(x) = x?
Solution:
a)  y(x) =2

Using equation (3) of Note 4,

X
2x2+2~f 2x dt = 2
0

¢1(X)

|

X
¢2(x)-2x2+2—[ 2x dt = 2
0

Obviously, this leads to a stationary sequence, so that the solution

of the given V.1.E. is ¢(x) = 2.

5¢



b)  dplx) = x
Using equation (3) of Note 4,
X
¢1(x)=2x2+2-fx3dt = 2+2x2-x
0
X
¢2(x) = 2x2 + 2 - '/. x(2 + 2t2 = tq) dt = 2 - 2;
0
X
4 6
do(x) = 2" % B - w2 - 28 v B gp = 24 2%
3 3 5
0 15

Clearly, the leading term
{¢n} will also tend to 2

solution of the given V.I.

Problem 54.

3 X
d(x) = %;—— 2x - jr
0

Solution:

¢(t)

in ¢n will be equal to 2 and the sequence

Upon using equation (3) of Note 4,

3 X
¢1(X) = %;-- 2x -J( t2 dt
0
3 X
¢2(X)="T-2x+j 2t dt
0

as n becomes unbounded.
E. is ¢(x) = 2.
. .
dt 5 ¢5(x) = x
= =2X
3

-2x + x + T

Consequently, the

ST
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=
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Continuing this process, we will find

n x(n+1)

_ 2
q‘-)n"x - 2x + 2(-1) W for

nz?

Consequently, the solution of the given V.I.E. is given simply by

Problem 57.
X

d(x) =1+ f [¢2(t) +t o(t) + t?)  dt

0
Solution:

Let us choose ¢0(x) =1

Substituting ¢0(t) on the R.h.s.
X

¢1(><)=1+f 1+t+t4 dt
0

Substituting for ¢1(t) on the R.

h

we get

2 3
X X
L #RE e E

.S., we get

(1)

(2)

(3)



l
—
+
c:;\x

3 4 5 6
|:(1+2t+2t‘r')+5—1:;_+11t +%—+f‘—)

3 4 5 6
2 . 13t 5t 2t t
\:1+3t+4t e +w4—+-—-3—+ﬁ§—]dt

I
(=
+
Og—\x

2 3 4 5 6 7
3% ax 13% X X X
[“"* 2 Y3 +"4'"+1_8+€§]'

Problem 58.

o) = | 1t Z(t) -1 dt

O&X‘

Solution:
Let us choose ¢0(x) =0

Substituting for ¢0(t) on the R.h.s., we get
X

¢1(x) =f -1 dt = -x
0

Substituting for: cbl(t) on the R.h.s., we get

% 4
¢2(X) = f (t3 -1)dt = -’-‘4—- X
0

(1)

(2)

(3)

(4)

b



Substituting for ¢2(t) on the R.h.s., we finally get

A 4 _
¢3(><)=f t%—tz-l] dt

0 -

|
=1
1
bt
+
>
=[x
1
—|
~J
+
—]
| =
o] ©
| S

Problem 59.
X

$(x) = e* - j al o(t) dt
0

Solution:

We recognize the given V.I.E. to be of the convolution type.

(1)

Therefore,

taking the Laplace transform of both sides of equation (1), and employing

the convolution theorem, we get

i

B(s) . (S{

s -1 s§-

or

1
$(s) = ¢
and hence, the solution is given by

d(x) = 1.

(2)

(3)
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Problem 60.

X
d(x) = x - J( Xt ¢(t) dt : (1)
0

Solution:
We recognize the given V.I.E. to be of the convolution type. Therefore,
taking the Laplace transform of both sides of equation (1), and employing

the convolution theorem, we get

#s) = - B (2)
or,
¥(s) = ;1? . ;% (3)

Consequently, the solution of the given V.I.E. is
x2
d(x) =[x - 5 | (4)

Problem 61.

X

o(x) = e2* + f elt%) 4(¢) dt (1)
0

Solution:

We recognize the given V.I.E. to be of the convolution type. Therefore,
taking the Laplace transform of both sides of equation (1), and employing

the convolution theorem, we get

3(s) = —L + 8(s) (2)

s -2 s+1

él



or,

o(s) = s } g * s(s { 2). (3)

Consequently, the solution of the given V.I.E. is

o(x) = e2* - U ‘292)( = 2 (367 - 1) .
Problem 62.
X
o) = x - [ ety ale) ae (1)
0
Solution:

We recognize the given V.I.E. to be of the convolution type. Therefore,
taking the Laplace transform of both sides of equation (1) and employing

the convolution theorem, we get

8ls) (2)
S

3(s) = > -
S 52

or

B(s) = = (3)
Consequently, the solution of the given V.I.E. is

¢(x) = sin(x) .
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Problem 63.
X

d(x) = cos(x) —.j’ (x-t) cos(x-t) ¢(t) dt
0

Solution:

We recognize the given V.I.E. to be of the convolution type.

(1)

Therefore,

taking the Laplace transform of both sides of equation (1) and employing

the convolution theorem, we get

B(s) = ——+ (s) %(—f——)

1!

2
S s -1
= - $(s)
s2+1  (s2+1)2
or,

é(s) - 52 + 1 _ S + 1

2 =12 2

s(s“ +3) s"+3 s(s°+3)

Consequently, the solution of the given V.I.E. is

d(x) = cos(V3 x) + %—sinz (ﬁgi x)

i

cos(V/3 x) + %-{l - cos(V3 x)]

%-[2 cos(V3 x) + 1]

(2)

(3)
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Problem 64.
X

d(x) =1+ x + f e'z("‘t) o(t) dt (1)
0

Solution:
We recognize the given V.I.E. as the convolution type. Therefore, taking
the Laplace transform of both sides of equation (1), and employing the

convolution theorem, we get

1 1, §(s)
or
_ 1 3 2
SR s2(s + 1) )
Consequently, the solution of the given V.I.E. is
o(x) =e X +3(1-eX)+2(x-14+e%)
= (2x + 1).
Problem 65.
X
d(x) = x + f sin(x-t) ¢(t) dt (1)
0
Solution:

We recognize the given V.I.E. as the convolution type. Therefore, taking
the Laplace transform of both sides of equation (1), and employing the

convolution theorem, we get

Bs) = 5+ SSL (2)
S § %1

ar,

¢4



2 41

1 1
¢(S)=5——-4*—“= -t
s 5% g

Consequently, the solution of fhe given V.I.E. is

3
o(x) = X+ %

Problem 66.

X
o(x) = sin(x) *+ f’ (x-t) ¢(t) dt
0

Solution:

We recognize the given V.1.E. to be of the convolution type.

taking the Laplace transform of both sides of equation (1),

the convolution theorem, we find

T B

3(s) = ———

(3)

(1)

Therefore,

and employing

(2)

(3)

Taking the inverse Laplace transform, the solution of the given V.I.E.

is given by
2 sl
o(x) = jl? 1 "7{1_‘"‘
dx” | (s - 1)
s T
= Ji?. %—{}inh(x) - sin(x)
dx L

= %-{éin(x) + sinh(x)]
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Problem 67.

X
¢(x) = x - J( sinh(x-t) ¢(t) dt (1)
0

Solution:
We recognize the given V.I.E. to be of the convolution type. Therefore,
taking the Laplace transform of both sides of equation (1), and employing

the convolution theorem, we find,

Bs) = & - DL (2)
S s -1
or
3(s) = §£i;;_l -1 .1 (3)
&t 2 s

Taking the inverse Laplace transform of both sides of equation (3), we

get the solution of the given V.I.E., as

3
w = (x-%)

Problem 68.
X

$(x) = 1-2x - ax% + f 3+ 6(x-t) - 4(x-t)?] o(t) dt (1)
0

Remark: Note that the sign of the (x-t) term under the integral
is misprinted in the book.
Solution:
We recognize the given V.I.E. to be of the convolution type. Therefore,
taking the Laplace transform of both sides of equation (1), and employing

the convolution theorem, we get,

66



$(s)=%-"—2---§§+$(s)[%+%“%] (2)
5

or
2
as(s)[l-g-%+%]=[s“2§‘8] (3)
S -3 S

or

&(S) - 35 —225—8 = 1 (4)
s” - 3" - 65 +8 (s-1)

Consequently, taking the inverse Laplace transform of both sides of

equation (4), we get the solution of the given V.I.E. to be

Problem 69.
X

o(x) = sinh(x) - jr cosh(x-t) ¢(t) dt (1)
0

Solution:
We recognize the given V.I.E. to be of the convolution type. Therefore,
taking the Laplace transform of both sides of equation (1), and employing

the convolution theorem, we get

o(s) = —— e s8(s) (2)

or

(3)

Taking the inverse Laplace transform of both sides of equation (1), the

solution of the given V.I.E. is given by
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S = & (x/2) L—l 1 ,
N
2
5 oo sinh -%? X e—(x/2)
V5

Problem 70.

> &
d(x) =1+ 2 [ cos(x-t) ¢(t) dt (1)

0
Solution:

We recognize the given V.I.E. to be of the convolution type. Therefore,
taking the Laplace transform of both sides of equation (1), and employing

the convolution theorem, we get

X 25¢ (s)
@(S) - s + 52 = 1 (2)
or
B(s) = —— + .

(s - 1)2 s(s - 1)2

) % e ) 2

(1 + 2x ex)

£8



Problem 71.

X
o(x) = X+ 2 f costxt) Blt) dt (1)
0

Solution:
We recognize the given V.I.E. to be of the convolution type. Therefore,
taking the Laplace transform of both sides of equation (1), and employing

the convolution theorem, we get

1, 2s
O A f'l (2)
or;
2 2
F(s) = s +1 S n 1 (3)
YT -1 s-nd

Consequently, taking the inverse Laplace transform of both sides of

equation (3), we get the solution of the given V.I.E. to be

2 2
o(x) = e*[1 + 2x + 3‘2—] + -"E—e"
= ex[l + 2x + x21
= e¥(1 + x)2
Problem 72.
X
¢(x) = cos x + [ o(t) dt (1)
0

eq



Solution:
We may treat the given V.I.E. to be a convolution type. Therefore,
taking the Laplace transform of both sides of equation (1), and

employing the convolution theorem, we get

_ 2 i
5(5) = 52+1+ éS) (2)
or,
Bs) = o2 _1] 5 1 } (3)
(s-1)(s2+1) 2ls-1 s2+1 s%+1

Consequently, taking the inverse Laplace transform of both sides of

equation (3), we get

41 = [%X + cos(x% + sin(x)].

Problem 73.

X
o) = sin) + [ a(t) at (1a)
0
X
¢2(x) = 1 - cos(x) - J( ¢1(t) dt (1b)
0
Solution:

Taking the Laplace transform of the given system of V.I.E. and employ-

ing the convolution theorem, we get

+ (2a)

&1(5) - 21+ 1

s
1__s
e - (2b)

$2(5)
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Solving the above simultaneous equations, we get

1
$,(s) = (3a)
1 s2 $ 1
&2(5) = 0 (3b)
Consequently, taking the inverse Laplace transform of equation (3)s
we get
9,(x) = sin(x) 3 d,(x) = 0
Problem 74.
X
L N
ox) = &P x [ oyl at (1a)
0
X
o) = 1= [ 0 g0 at (1b)
0
Solution:

Taking the Laplace transform of the given system of V.I.E. and employ-

ing the convolution theorem, we get

o $,(s)
&1(5) - 5 - 2 + 5 (26)
$q(s)
. 1 "1
By(s) = 2- (2b)
Solving the above simultaneous system, we have
) (s) = _5_2_'*'_5_-___?_: _1.+ 3 (3a)
1 s(s - 1)2 s s(s-1)

11



1 1 ?
) = EDGEC)  sGID(5-2) (3b)

Consequently, taking the inverse Laplace transforms in equation (375

d(x) = 1-3(1-e) = (3" -2)
¢2(x) =1+ (eX - e2x) - (1 - 2e* + e2x) = (3ex = 2e2x)
Problem 75.
X X
¢1(x) = " 4 J( ¢1(t) dt - J{ e(x_t) ¢2(t) dt (1la)
0 0
X X
0 = x e [ty a0 de s ey ot (1b)
0 0
Solution:

Taking the Laplace transform of the given system of V.I.E. and
employing the convolution theorem, we get,

1, $1(s)  ,(s)

) =Tt 5 "5-1 (2a)
$1(s)  G,(s)
5y(s) = - % - + (2b)
2 S2 S2 S
Solving the simultaneous equations, we have
&1(5) = S :_l, 2 (3a)
_ 1
52(5) = “sG-2) (3b)

T



Consequently, taking the inverse Laplace transform of both sides of

equation (3), we get the solution of the given system of V.I.E. as

' 2X
¢1(x) = &5 d,(x) = (1—'28—-*)

-



Problem 77.

X
¢>1(x) = x+j ¢2(t) dt (1a)
O !
X
000 = 1- [ ay(t) a (1b)
0
X
0300 = sint) + 3 [ G- ) 4400 0t (10)
0
Solution:

Taking the Laplace transform of the given system of V.I.E., we have

. $,(s)
_ 1 2
¢1(S) = 5—2—"' S (23)
¢, (s)
- _ 1 ™M
¢2(S) = S S (Zb)
¢.(s)
e 1 1 1
5y(s) = v (2¢)
3 Zeq B B
Solving the simultaneous equation (2), we get
o 2
¢,(s) = (3a)
1 e
=~ 2s 1
¢,(s) = - = (3b)
2 s2+ 1 S /
b.(s) = L ’ (3¢)
3 52 :
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Considering the inverse Laplace transform of equation (3), the

solution is given by,

¢1(x) = 2 sin(x)

2 cos(x) -1

-
(S ]
—_—
x
~—
il

¢2(x) = cos(x) - 1+ ¢3(t) dt
!
X
¢3(x) = cos(x)+f ¢1(t) dt
0

Solution:

(4a)

(4b)

(4c)

(1a)

(1b)

(1c)

Taking the Laplace transform of the given system of V.I.E., we have

¢,(s)
~ 1 92
bps) = 5o

$4(s)
. 1 3
o(s) = —— - < +
2 ) S2+1 S s
¢, (s)

~ 1
b.(s) = - +
3 52+1 S

(2a)

(2b)

(2c)

TS



Solving the above simultaneous equations,

51(5) = s/(s2 +1)

bp(s) = 1/(s° + 1)

Bis) = ot 4 —
3 2 2 4 1) (s2 + 1)

Considering the inverse Laplace transform of equation (3), the

solution is given by,

¢1(x) = cos(x)
¢9,(x) = sin(x)
¢3(x) = cos(x) + sin(x)

(4b)

(4c).
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Problem 79.

X
6,(x) = x+1+j 0,(t) dt
0
X
¢2(x) = -x + f (x-t) ¢1(t) dt
0
X
¢3(x) = cos x - 1 - Jr ¢1(t) dt
0
Solution:

(1a)

(1b)

(1c)

Taking the Laplace transform of the given system of V.I.E. we have

LA L.t
¢,(s) 52+s+s
B ¢.(s)
Bals) = -+ =

S S
a-)(B) = S ._.l-_.(flg.s_).
3 S2+1 S S

. 2
¢ (S) . S + S
1 524'1 (52+_1)2
=2 -1 1 1
b,(s) = + +
2 ;? 5(52+ 1) (52+1)2
x 1 1 S
Fols) = —>— - <~ -
3 2r1 S §241  (sf+1)?

(2a)

(2b)

(2c)

(32)

(3b)

(3c)

17



Taking the inverse Laplace transform of equation (3c), the solution

is given by

6,(x) = cos(x) + % cos(x) + 3 sin(x) (4a)
¢2(x) = -x + 2 sinz(gj + %-sin(x) - %—cos(x)
= 1 - x+ %—sin(x) - (1 + %J cos(x) (4b)

¢3(x) = cos(x) - 1 - sin(x) - %sin(x) (4c).
Problem 80.

X
8" (x) + f 23t 41ty dt = o2 (1)

0
with ¢(0) =0 and ¢'(0) = 1 (2)
Solution:

Considering the Laplace transformation of equation (1), we have

s? 6(s) - 5 0(0) - 0'(0) + Ly 15 B(s) - 9(O)) = 1y (3)

Using the initial conditions of equation (2), equation (3) becomes,

2 S ~ _s-1
(S +S-2)¢(S) T s-2

or,

‘3(5) = s(s-1) (4)

7€



Taking the inverse Laplace transform of equation (4), we get the

solution of the given integro-differential equation to be,

o(x) = e* -1 (5).
Problem 81.
X X
¢'(x) - d(x) + f (x-t) ¢'(t) dt - f o(t) dt = «x (1)
0 0
with ¢(0) = -1 (2)

Solution:

Considering the Laplace transformation of equation (1), we have

s §(s) - ¢(0) - §(s) + -—1-5 [s ¢(s) - #(0)] - ﬂgsl: _lé (3)
S 3

Using the initial condition of equation (2), equation (3) becomes

(s-1) &(s) = -1
or

B(s) = - i (4)

Taking the inverse Laplace transform of equation (4), we get the

solution of the given integro-differential equation to be,

d(x) = - et ' (5).
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Problem 82.

X
$"(x) - 2 ¢'(x) + d(x) + 2 J( cos (x-t) ¢"(t) dt (1)
' 0
%
¥ g sin (x-t) ¢'(t) dt = cos (x)
J

with ¢(0) = ¢'(0) = 0 (2)

Solution:

Considering the Laplace transformation of equation (1) with due

attention to the initial conditions of equation (2), we have

3
32 a(s) - 25 @(5) + EE(S) #* ES $(5) SS &(S) = 2S (3)
s+ 1 s +1 s +1 _
or,
§ i 25 4 1, 4 25’ 88 B(s) = —
241 st+1 s%+ 1
or,
3s) = —— (4)
(52+1)2

Taking the inverse Laplace transform of equation (4), the solution

of the given integro-differential equation is given by

o(x) = %x sin (x) (5).

20



Problem 83.

d"(x) + 2 ¢'(x) - 2 sin (x-t) ¢'(t) dt = cos (x) (1)

o\x

with ¢(0) = ¢'(0) = 0O (2)

Solution:

Considering the Laplace transformation of equation (1) with due

attention to the initial conditions of equation (2), we get

2 §(s) + 25 B(s) - 5 B(s) = (3)
§ %1 - |
ar,
3(s) = ———p (4)
s(s+1)

Taking the inverse Laplace transform of equation (4), the solution

of the given integro-differential equation is given by,

51



Problem 84.

X
00+ o0 + [ sinh (=) 0(4) dt
0
%
4 J[ cosh (x-1t) ¢'(t) dt = cosh (x) {13
0
with $(0) = ¢'(0) = O (2)

Solution:

Considering the Laplace transformation of equation (1) with due

attention to the initial conditions of equation (2), we have

2
2 1 5 s
§(s) + §(s) + ¢(s) + §(s) = (3)
’ i i 52- 1 52— 1 i 52 . 1
or,
(s“+1) + Siﬂr Bs) = =
5 = 1 s « 1
or,
Bs) = —p—— (4)
s(s"=1)

Taking the inverse Laplace transform of equation (4), the solution of

the given integro-differential equation is given by

o(x) = 2 sin’(x/2) = 1- cos (x) (5).
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Praoblem 85.

X
on(x) + (x) + f sinh (x-t) ¢(t) dt
0
X
+ ./ cosh (x-t) ¢'(t) dt = cosh (x) (1)
0
with
$(0) = -1 and ¢'(0) =1 (2)
Solution:

Considering the Laplace transformation of equation (1) we have

ﬂ¥¢w)—sMM—¢wm]+ 5(s) + —— B(s)
; , s -1

s[5 5(s) - 60 } - 3
o [s 5(s) - 0(0)] 2 (3)

Imposing the initial conditions of equation (2) into equation (3),

we have
(52+1)+52+1 $(S) . S -5 4+1- S
581 % -1 g i
or
|s-net-n) o, 2 s 4
i [ s2(s?+1) ] [s £ s%41 52-r1] ()

Taking the inverse Laplace transform of equation (4), the solution

of the given integro-differential equation is given by,

¢(x) = 1 -x+2sin (x) - 2 cos (x) (5).
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