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Abstract

An antenna for the radiation of a fast rising electromagnetic

pulse with large peak fields implies a source voltage with high elec-

tric fields in the source region. In order to reduce the peak electric

fields at the source, the source region can be made larger. In this

note, the pulse radiation by an infinite cylindrical antenna” excited by

a distributed source region is considered. To achieve a fast rising

radiated pulse, a distributed source for launching spherical waves is

used. The exact expressions for the far zone radiated fields are de-

veloped and the time history of the radiation is obtained. Also, the

small and large time asymptotic forms of the radiation fields are

obtained.
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PULSE RADIATION BY AN INFINITELY LONG, PERFECTLY
,(r
~\

CONDUCTING CYLINDRICAL ANTENNA I-NFREE
SPACE EXCITED BY A FINITE CYLINDRICAL DISTRIBUTED

, :
( !

SOURCE SPECIFIED BY THE TANGENTIAL ELECTRIC FIELD ,

ASSOCIATED WITH A BICONICAL ANTENNA
!

\
:

ABSTRACT 1~;(’,1

An antenna for theradiationof a Fastrisingelectromagneticpulsewithlargepeakfieldsim-
!,,>I it

pliesa sourcevoltagewithhighelectricfieldsin thesourceregion.
~)

In orderto reducethepeakelectric
fieldsat thesource,thesourceregioncanbe madelarger.In thisnote, the pulseradiationby aninfinite
cylindricalantennaexcitedby a distributedsourceregionisconsidered.To achieveufastrisingradiated ~
pulse,a distributedsourcefor launchingsphericalwavesisused. Theexactexpressionsfor theFarzone ‘1
radiatedfieldsaredevelopedandthetimehistoryof theradiationisobtained. Also, thesmallandlarge i
timeasymptoticformsof therddiationfieldsareobtained. I
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I. Introduction

One approach to the radiation of pulsed electromagnetic energy

is to employ a pulse-radiating electric dipole antenna. Good antenna

characteristics for high frequency radiation can be achieved if the

central portion of the antenna is a biconical wave launcher as shown in

Figure 1. The biconical antenna is driven by a fast rising applied

volt age at or near the common apex of the two cones. The initial part

of the radiating pulse has the form of a spherical wave with the charac -

teristics appropriate for the radiation of a biconical antenna while the

latter part of the pulse has the form of a decaying wave with character-

istics appropriate for the radiation by a dipole antenna. To achieve a

certain amplitude for the radiated electric or magnetic fields at a par-

ticular distance from the antenna, the magnitude of the applied voltage

can be adjusted. However, if the applied voltage is made very large,

high voltage insulation problems result. The purpose of this paper is

to advance a technique to achieve, at least conceptually, a very large

amplitude for the radiation fields without high -voltage problems. To

accomplish this, the source region is made large to reduce the peak
.

electric field there. In order to obtain an exact solution for the radia-

tion fields, the infinite cylindrical antenna with a finite cylindrical

source region is used.
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Figure 1. CYLINDRICAL ANTENNA CENTRALLY FED BY A BICONICAL WAVE LAUNCHER. ~
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II. Pulse Radiation by an Infinite Cylindrical Antenna

Consider an infinitely long cylindrical antenna excited by a source

volt age acress a circumferential gap of infinitesimal width as shown in

Figure 2. The frequency domain expression for the radiated far zone
-itit

electric field is given, for O < 6 < n with e suppressed, byl

v(u)
ikr

~O(r, (3,ti) = —
i 7rr

sinf3 H~(’)(kasinf3)5e
(1)

where H
(1)

is a Hankel function of the first kind of order zero; V(u) is
o

the source volt age with dimensions of volts per unit radian frequency;

He is the electric field vector in the theta (0) direction with dimensions

of volts per meter per unit radian frequency; and k is the radian wave

number with dimension of per meter. The meaning of a, r, and 0 is

given in Figure 2.

The magnetic field is given by

Ee (r, e, 6J)

Ed (r, #,u) =
Z.

where Z. is the free space radiation impedance

z @ (2)

approximately equal to

1207rohms and fi~ is the magnetic field vector in the phi (~) direction

with dimensions of ampere per meter per unit radian frequency.

The components of the electric and magnetic fields are related to

the electric and magnetic field vectors by

where ~ and ~
e 4

are unit vectors in spherical coordinates.
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Figure 2. INFINITE CYLINDRICAL ANTENNA EXCITED BY AN INFINITESIMAL
I GAP VOLTAGE SOURCE.
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In terms of the Laplace transform variable p, the magnitude of the
2

electric field becomes

e-pr/c

‘e = ‘(p) 2sinerKo((pa/c)sin6) (3)

>!:

where the relations k= u/c, p = -iti’, andH “) (ix) = -(2i/m) KO(X)
o

have been used. Ko(x) is a modified Bessel function of the second kind

of order zero and c is the speed of light.

Let y = (pa/c) sine for convenience. The time domain electric

field is given by the inverse Laplace transform of Eqn. (3) as

1 1

Y+iqep(t - rlc)V( )

EO(r, 6, t) = .
J

p dp
2 sin6 r 27ri Ko(y)

(4)

y- im

where Y is chosen to the right of any singularity in the integrand of the

integral in Eqn. (4).

Define a retarded time as

.,.-i.
t =t-rlc

and a normalized radiation field as
.!.

>:. rEO(r,13, t-”)
f(e, t)= v .

0

For the case V(p) = Vo/p, a step-function voltage source, the

normalized electric field can be written as

(5)

*
P= -i@ is- used to achieve an outward going wave.

— -.
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Now, make a change

The expression becomes

1k—=

y.i~ “

of variable from p to y and

> 2 sinO

where q is a normalized time

–11-
27ri

?“ - ico

“ ‘lm eyqcsc e
dy

yKo(y)

(6)

let Y’ = (Ya/c) sinf3.

given by
.!.

Ct-“
q=~

Equation (7) may be rewritten for q csc O >-1 in the formal

00

J

-Yq Csc e Io(y) ~y

<: = 2 sme
o

y[:o’ (y) + 7r2102(y]

(7)

(8)

where Io(y) is a modified Bessel function of the first kind of order zero.
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III. Distributed Source for Launching Spherical Waves

To minimize high voltage problems, the source region where the

pulse radiating antenna is excited can be made arbitrarily large. Con-

sider an arbitrary distributed source surface designated Ss as shown in

Figure 3. Quantities on the surface Ss are designated by adding the sub-

script s, and the normal vector = is a unit vector normal to S The
s“

position vector 7?is referenced from the origin of a convenient coordinate

system. For simplicity, the coordinate origin is chosen to be within the

source surface.

Let ~ (1?,t’:) be the electric field radiated by Ss for ~ ~ ~s such

that ~ (F, t::) satisfies Maxwell’s equations and is initially zero at t* = O.

This electric field has a tangential component on Ss designated by

Es (7s, t’:), where
.

(9)

as given by Eqn. ( 1), Reference 3. .

If ~~ is first specified by Eqn. (9) as a function of rs and t*, then
,

the desired radiated electric field ~ is uniquely determined. 4 Also, ~

satisfies both Maxwell’s equations and the initial and boundary conditions

by hypothesis. Thus, the distributed source can be specified by first
+

specifying E, as the radiated field from a particular antenna, and then

calculating 5s.

Launching Spherical Waves

A distributed source for launching spherical electromagnetic waves

can be specified by the tangential component of a spherical TEM wave

associated with a biconical antenna. For the purpose of connecting a

distributed source to a cylindrical antenna, a cylindrical source surface

with the same radius as the antenna is convenient. Consider now the



z

AFWL EMP 1-8

‘t

I

i

!

Figure 3. “ ARBITRARY SOURCE REGION.
.

110-11

i

,;:
,,’

‘.



110-12 AFWL EMP 1-8

problem of specifying the electric field on a cylindrical source surface

for launching spherical waves. The cylindrical coordinate system is

used to specify the source. However, all radiated fields discussed

in this paper are in the more convenient spherical coordinate system.

The coordinate origin of the cylindrical (UJ, #, z) coordinate system is

located within the cylindrical source surface which has axial and length-

wise symmetry about the coordinate origin. Now consider the field ~b

radiated by a biconical antenna of infinite length with the bicone apex

located at the coordinate origin. The bicone angle 130is such that the

biconical antenna intersects with the ends of the cylindrical source

surface at z = hs and z = -hs as shown in Figure 4, which depicts the

geometry of the problem under consideration. For these conditions

the surface electric field is given by

.!.

Es (Fs, t-”) =
[ 1

- Eb(Fs,t7 xii xii (lo)

+
where E is the electric field associated with the biconical antenna.

b
~b is given by5

. y:
Vb(t’)f

Eb (r~, t*) = r Sin@ 0 30 for 190< e< n-e (11)
s s

o

where fo={21n[cot(00/2j\ -’. “

The normal vector for the circular cylindrical source surface

~. The surface field can now be written asisii=%i

= - Eb sin 0s %iZ (12)
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and substituting for Eb gives
>!:

Vb(t”)fo
Es =-r s

z
s

(13)

where rs has been replaced by a function of z
s“

Thus far, the magnitude of the tangential electric field on the

cylindrical source surface as a function of z s has been specified. To

obtain a spherically expanding wave, the wave front must expand radially

about the source origin by definition. Radial expansion of the radiated

wave can be achieved if-the distributed source elements are turned on

at absolute time equal to rs /c. Thus, both the magnitude and time of

the Es associated with a biconical antenna can be specified as

Vb (r) f
Es=-

( )
0 U t+ - rslc ZZ

r
s

( 14)

where U(x) is a unit step function equal to one for x >0.
.,.

Ifthe bicone voltage is a unit-step function Vbo U(t”), then in terms

of 2s

(15)

In terms of the Laplace transform variable p, Eqn. ( 15) becomes

(16)



I

I

,
1

i

j

I

t
I

(

AFWL EMP 1-8 110-15

The maximum surf ace field is at zs = O. The magnitude of the

surface field at zs = O can be calculated by Eqn. (15) as

.
v

bo ‘O
E=Y 1 i* ~ alc .

sm
(17)

If the surface field is considered as a voltage across a peripheral band

of small width A z, then the equivalent bicone voltage is

aV
V= f;mz

bo
o

(18)

where V is the voltage across Az at z = O. And
sm

f Az
v=

‘bo O
. (19)

sm a

,
Since the surface field is continuous after the source elements are

turned on, the total voltage across the distributed source can be calcu-
*

lated by integrating the surface field from zs = hs to ZS = -hs. There-

fore, after all the source elements are turned on, the total voltage is

given by hs v f

v=
1

bo O dz
St

-hs ~ s

h
sla

~

bo O ~z=

+,a ?
2+1 a

z
a

>+
For the purpose of integration, Az is considered to be a very small
differential quantity dz.

(20)

I

.
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where a change of variable of integration z = a Za has been made. Now
s

-1
make another change of variable from z to u where u = sinh z

a
Then,

a“
Uo

v=
1

v b. f. du
St

-U.

(21)

-1
where u

(1)
= sinh h = sinh

()
“ cot e Evaluating the above integral

o sa o“
gives

v = 2 Vbo f. sinh-l
St ()

cOt e
o

(22)= Vbo

-1
where 2 sinh

()
cot e = l/f

o o“
Thus, the tot al voltage across the distributed source is the same

as the equivalent bicone voltage used to specify the source.
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IV. Infinite Cylindrical Antenna with a Distributed Source

110-17

The far zone electric field expression for the infinite cylindrical

antenna, Eqn. (3), can be modified for the source-voltage located at an

arbitrary position along zs. Let R be the distance from the arbitrary

source to the observer as shown in Figure 5. For the source located

at zs, Eqn. (3) can be written as

V(p) e
-p R/c

‘8= 2 sinO R K. (y)

where R is given by

R= r-6=

Since the observer is in the far

,;

(23)
t

/

I

r-z cos e . (24)
s I~

zone the inverse distance term !

R in the denominator of Eqn. (23) can be replaced by r; i. e.,
-1

R =r ‘1 + O (r-*) where 0 is the order symbol. However, for the phase

factor term in the numerator it is the difference between R and r that is

important and the exact value of R must be retained. Thus, the radiated

electric field can be written as

V(p) e
-pR/c

‘O = 2 sine r Ko(y) “
(25)

.

Consider now an infinite cylindrical antenna excited by several

ideal source volt ages located at arbitrary positions on z within the
s

finite limits zs = hs and zs = -hs. The source voltages are impressed

across peripheral bands of infinitesimal width connected by perfectly

conducting cylindrical sections. Since the voltage sources are independ-

ent and are perfectly conducting, the fields radiated by each voltage

source can be added vectorially by superposition to give the total radiated
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WITH THE SOURCE VOLTAGE

-- .—



I

AJ?WL EMP1-8 110-19

field. Hence, the field radiated by an infinite cylindrical antenna with

n number of voltage sources as shown in Figure 6 is

n
Ei=~ ‘Si(;si’ ‘) ‘-pRi’c ;

2 sine r K. (y) i
i=O

(26

4

where ~i is a unit vector perpendicular to Ri and the source voltages

are a function of the position vector F For Ri large, ~i approaches
si”

~ and Eqn. (26) becomes
e

I
Now allow the

fill the region

n v.
()
F.i,p e ( )

-p/c r-zsicos O

so=~ ‘1 z
2 sin6 r K. (y) e“

i=O

number of peripheral bands

from zs = hs to zs = -hs as

to increase and completely

shown in Figure 7.

(27)

Since the source voltages are impressed across peripheral bands

of width d zs, the surf ace field is related to the source voltage by
1

() ()E. i?s, P dzs =-Vs ~s, p

and the cliff erential source fields on Ss can be summed by an integral.

The theta component of the electric field becomes

h
(

p @-p/c r-zs COS(3

()
‘E?

J

)s s’

‘e=
dzs . (28)

2 sinf3 r K. (y)
-hs

Surface Field for Radiating Spherical Waves

In Eqn. (28) the source surface electric field is a somewhat general

function of Ps. Now allow the source field to

in section III for launching spherical waves.

be the surface field developed

The substitution of Eqn. (16)

.

,
I
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into Eqn. (28) gives

h

1

Sv ~ofoe-p/c (r+- - ‘Scos$
EO =

-h~
2 sine r p

mKo@’ “s “ ‘2’)

Now make a change of variable of integration from z~ to za = z then
s/a’

/— \
‘s/a v b. f. e-p

rlc e-
( )

pa/c VZa2 + 1 - Za cose

EO =
I

d Za (30)

-h
2 sin(l r p K. (y) ~~

s/a

sinhu, Eqn. (30) becomes

Ii
Now make another change of variable za =:1

:[’

‘1,,
1: b. f. e‘o v )-pr/c epa/c(-coshu+sinhu cos e

‘e = f
‘u

2 sine r p Ko(y)
-u o

where the relation sifi2 u + 1 = cosh2u has been used and u = sinh-l(cot 6.)

(31)

o \ Vf

For convenience, the electric field can be normalized as in section

! II. Thus, ‘

i
rE

<b=+
bo “

!,\’ The time domain expression for $b can now be written as

.

(32)

1’

1

!“ 1.

(
*-

f. ~ ‘o Y ‘lwepa/C + -

fJ

coshu+ sinhucos (I)
I $b ‘ 2 sine m

dpdu (33)
P Ko(y)

-u. y~- i~
u

.
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I As in section II, a change of variable y =
()
pa/c sin8 yields

k

.

f. ~ ‘o ‘l+imeycsc O(q-coshu+ sinhucos6)

(b = 2 sine %i 1~
dy du (34)

y Ko(y)
-U. y’- i~

*

where q = ct /a.

Consider now the integral expression in Eqn. (7) as a function of q

given by
i

y’+ioo

I

eYQ
f(q) = ‘~ dy (35)

y K. (y)
Y’- iOO

I
where q CSCOhas been replaced by q. This function can also be written

for q > -1 in the form t

F’ e ‘Yq I-(y)
f(~) = J

u
[ 1

dy
;1

o y K02 (y) -I-n21: (y)

‘/

It as developed in Reference 2.

In terms of Laplace transformations, f(q) can be written as

f(q) = L-l [11Y*V Y KO(Y)

and

1 [1= L f(q)
Y K. (y) q+y

(36)

(37)

(38)

!1 where L symbolizes the Laplac e transform.

,’

I

‘i

1(
111

,;
I
‘,,,

,,
,1

1,

‘1
11
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Now let q = csc t9(q - coshu+sinhucos O). The substitution of the

above

Eqn.

q into Eqns. (35) and (36) and the substitution of Eqn. (35) into

34) gives

u
-ycsc 13(q - coshu+sinhu cos 6)

$b= ~:ne JOJm e Io(y) dy du . (39)

-U. o y ~o’ (y) +x’ 102(y]

I_ ._—. _—.. —. ~..
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IJ v. Analysis of the Radiation Fields

7~,~ The electric field expression, Eqn. (39), developed in section IV,,.

is valid for angles of observation in the range O < 0 < n. However, it

II is unnecessary to analyze the electric field over the complete range of

I (3since the field is symmetrical for the angles @ and the supplement of

‘1 6 due to the lengthwise symmetry of the distributed source and the cy -

I1“ lindrical antenna. Therefore, an analysis of the field for angles between ‘“

i! 0° and 90° (O < 6 ~ 7r/2) suffices as an analysis for the complete range

i
!

ofo<6J<7r.

Recall from section III Eqn. ( 11) that the expression for the elec-!

tric field radiated by a ,biconical antenna is valid only for angles of ob-

servation 00< 6 < 7r- 6.. Since the distributed source in this problem

is specified by the electric field as radiated by a biconical antenna, one

feels intuitively that the analysis of the electric field for angles 0<6< f30

will require special attention a:d that the angle 6 = 130is a special case.

In order to determine how the field behaves for angles in the two

~ ranges, 0 < @ s 00 and 60< 13s n/2, rewrite Eqn. (34) as follows

f. al
1

$b=— —2 sine 27ri 1
G (0, q CSC6) du

-03

f. m
1

2 sine % J
G (9, q CSCe) du

‘o

$ -U.
‘0 1-— —

2 sine 27ri J
G(e, qcsc O) du

where G(6, q CSC6) is the integrand of Eqn. (34).

i

(40)

!
.
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Define thethree integral expressions above as <1, ~z, and $ re-

spectively. By exchanging the limitsof integration and replacing the

variable of integration by -u, the third integral expression becomes

f.
1

a ~’+im ey csc e(q - coshu - sinhu COSO)

t3=— —2sin6 27ri.11
dy du (41)

y K. (y)

‘o y’- im

Since cos ( 7r- 13)= - cos 0, it follows that

43 (e) = t, (n-e) , o<e<7r/2 .

Therefore, an analysis d $Z at the angle 6 is also an analysis for $~

at the angle T-6. .

Now make a change of variable v = u - Uo, then dv = du and

u= V+uo. The value of U. is given by

-1
uo

= sinh
()
cOt e. = cosh

“ (Cscoo)

and

also

coshu =
()

cosh v +Uo = cosh v coshuo + sinh v sirihuo

= cosh v Csc e. + Sinhvcoteo

sinhu =
()

sinh V+Uo = sinh v coshuo -t cosh v sinhuo

= .sinh v csc e. + cosh v cot 130 .

(42)

(43)

(44)

(45)

After replacing u with v, the integral expression for ~z becomes -
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t

i

f. ~ Q Y’+ime+ycsc 070

4,=——2 sine 27ri
JI

dy dv
y Ko(y)

O Yf-ioo .

(46)

t where To = q - cosh v csc 00 - sinh v cot 60 + sinh v csc 60 cos O
I
I + cosh V cot 60 COSe. (47)

With ~z expressed as an inverse Laplace transform, it is clear
I

that To represents a delay. To determtie

I y-) ccl. For large y, Ko(y) has the form

the minimum delay, let

‘o(y).- i’%‘-y[1 -+ ‘+-’]
(48)

as given by Eqn. (9. 7. 2) in Reference 6. The substitution of Eqn. (48)

I in Eqn. (46) gives,

I
i

The minimum delay q. occurs when To + sin 0 = O. Thus, q. can8

be written as

Cl. = -sin O+cosh. v csc 80 + sinh Vm cot tl1 m o

- sinh V CSC e. COS 6 - cosh U1 m cot 00 Cos e
m (50)

I

( m is the value of v at q = q.. To determine vwhere v
I

set
m’

d 70/dv = O. This gives Vm as

[

Cos e - Cos (3
v = t anh-’ o
m 1l-cosecoseo “ (51)

I
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Note that if8>60 then VmSO and if O ~eo then Vmz O. If

(3 > do and v is always positive, then the minimum delay time occurs

at v = O. However, if 13<60 and v is always positive then the minimum

delay time occurs at v and the values of O s v ~ urn corresponds to a
m

delay time larger than the minimum value. To avoid the problem of

having the minimum delay occur within the range of integration, express

the electric field for O < f30such that v is always negative. The mini-

mum delay time will now occur at v = O. Thus, for 6 < 0., define the

electric field as

f
U. Y1+ico

~f

eyCSC O(q - coshu+sinhucos 6)
t a~b=2sm0 2ri dy du

y Ko(y)
-~ yi-i~

f. ~
-Uo y’+ico

JI

eycsc G(q - coshu+sinhucos 0)
-— -

2 sin(3 21ri
dy du (52)

Y K. (Y)
‘m y’-im

where v = u - U. is never positive. The second integral expression has,.

been defined as $3. Define the first integral expression as $A. After a
.

change of variable of integration from u to v, $A becomes

O Y’+im
f. ~

fj

eyCSCoTo

$ = 2sin0 ~
dy dv

y K. (y)
‘~ yl-i~

(53)
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!
1

I
where T4 = q - cosh v csc (3 + sinh v cot 6 - sinh v csc @o cos 13+ cosh v

I o 0 ,!
,,

cot 00 Cos e. ‘1
13

\

,’
,

Note that ~d (13, 190)= To (r -0, T - 6.). Thus, it foUows that :;

i ;,

i
t4(e,O.) = t2(m- 0, ~- eo) (54) ~

I
)

1
~

The analysis of the

I
an important parameter.

three cases to consider:

1

t CASE I

CASE II

! CASE III

,$

radiation fields has shown that the angle O is

If O = 60 is given special attention, there are

(b= t,- t2-/3 eo<e~m/2 (55)

tb= t4- t3 o=e (56)
o

tb = t,- t3 o<e<eo . (57)

1

I

I

I

I

r I

-=
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VI. Analytic Solution of the Electric Field

It was shown in Section V that the electric field can be expressed

in terms of cl, 42, $3, and & by the appropriate Equation (55), (56), or

(57). An analytic solution of the electric field can be obtained by finding

the analytic solution of f,, ~~, 43, and & if an analytic solution exists.

Analytic Solution of ~1

The inverse Laplace transform representation of <1 is given by

f. ~ m “+lm eycsce(q

If

- coshu + sinhu cos 6)

4,= —2 sine 27ri dy du
y Ko(y)

-w y’-ico (58)

The quantity $1 represents a distributed source of infinite length

along z s. An observer at point P whose coordinates are given by @, r,

and O first sees the radiated wave generated by the gap located at zs cot O

since the wave f rent must expand radially about the source origin. Since

the spherical wave is symmetrical with time, a break in the above integral

at U1 = sinh-l (cot 0) may result in two symmetrical expressions. If the

integral is broken at U1, ~1 becomes

f. ~
~ y’+iaJ

fj

f. ~
ul Y’+im

4,= 2sin (3 ~ ( . . ..)dydu+— _2sine 27ri
JJ

( ....) dydu (59)

ul y’ -ica -~ Y’-i~

By exchanging the limits of integration and replacing u by -u, the

second integral expression becomes

.

f. ~ m Y’+lmeycsc e(q -

11

coshu - sinhu cos 0)

2sinf3 ~
dy du (60)

y Ko(y)
-ul y’-ioo
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Now make a change of variable v = u - U1and v = u

and second integrals of <l

f

4,= :2sme

respectively. The quantity $1

1
~ “+lmeycsc 6 (q+ 7-J

ZZ
1{ y Ko(y)
O Y’-i@

110-31

+ U1 for the first

now becomes

dy dv

f.
1

~ y’+lmeycsc e (q+ ’rb)
—.

‘ 2sin9 2~i
11

dydv (61)
y Ko(y)

+—

() 1“-ial

where

T= -coshu csc 13-sinhv cot B+sinhv cot O+coshv csc 0COS2O
a

= -cosh v sine

‘b =
-coshvcsc O+sinhvcot (3- sinhvcot (l+coshvcsc (3cos2 6

= -coshvsin 13 .

The integrals over the vari~ble v and v can be expressed as

co

~

a)

Ko(y) =
e-y cosh V dv _

-J

e-ycoshv dv

o 0

as given by Eqn. 9.6.24 in Reference 6.

Substituting Ko(y) into Eqn. (61) gives

f. ~ Y’+ia3

f

eYCSC eq
f,=—— dy

sin (3 27ri Y
y’-i~

f f
= -& U(qcsc 8) ‘ & U(t’k)

.,,
where t-” is retarded time.

(62)

(63)



110-32 AFWL EMP 1-8

The analytic solution of $1renders precisely the expression for

the electric field radiated by a biconical antenna. This is a reasonable

result since & represents a distributed source of infinite length specified

by the electric field as radiated by a biconical antenna.

Analytic Solution of $4 for (3= (3..

Now consider the special case 6 = 60. The quantity ~d becomes

f.
co Y$ial

[J

e-y CSC@oq e-ycoshv
$,= 2 sine dy dv

y Ko(y)
O y’-im

(65)

Y’+icoe-ycsc Ooq
&= ‘Q ~

2 sin 0 27ri
~

dy
Y

. ~’-im

f. f.

= 2sin0
u (qcsc 6.) = &e u (t*)

.-

= 4,/2 . (66)

This interesting result reveals that <d for (3= 130is one-half the

value of f, where 8 > 6.. Since tz and $3 both have delays at all angles

of 0, it can be concluded that the initial value of the electric field as a

function of (3is discontinuous at (3= @o, i. e., there is a discontinuous

jump from $1 to fl /2. This result is shown in Figure 8.

The other electric field components $Z, ~~, and $4 have no easy
.!.

analytic solution. ‘“ At this point, for convenience, define a function that

* The quantity ~d has no easy analytic solution at f3# f30.
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SinO [~

f.
1 <

1

———— ———— ——— ———— —— 4

\
J

I

T2 00 0.

angle O

Figure 8. INITIAL VALUE OF THE ELECTRIC FIELD.

.
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1
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renders a solution for ~z, ~q, and 4Afor parameters (3, 6., and q

such that

f.

&= 2 sin 6
Gb (0, eo, q)

‘ f.

t,= 2 sin 9
Gb( T -0, 0., q)

f.
t,= —2sin0 Gb (m-e, T- eo, q) . (67)

The function Gb is given by

m “+imeycsc e To
Gb(e, eo, q):*

u

dy dv
y Ko(y)

O Y’-ia3

(68)

where

To=q - cosh v Csc e. - sin.hvcot f30+ sinhv csceo cos e

.
-I-coshlj cOt 60 COSo .

For the general case the solution of the fields radiated by an in-

finite cylindrical antenna excited by a distributed source can be repre-

sent ed by G functions. A subscript can be used to denote the source

distribution. Thus, the fields radiated by an infinite cylindrical antenna

excited by a distributed source with a bicone wave distribution can be

written in terms of G
b.



I
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Time Domain Solution of Gb

Equation (68) can be written as

co y’ +ica

{1

eycsc o (q - coshu + sinhu cos 13)
G =~

b 2~i
dy du (69)

y Ko(y)

‘o
yt -i@

where a change of variable u = v +Uo has been used and U. = sinh
-1

()
cOt e

o“
Now make another change of variable v = u - u, where u, = sinh-l cot 6 .

()
Gb becomes

,,
.’.

where v = u -
0 0

Now let x

The expression

~“ Y’+ica

U

eY(q CSC f3 - coshv)
G=~”

b 2ri y Ko(y)
V. Y’ -im

\

u, .

= coshv, then X. = cosh (vo) = csc 00

for GA becomesu

(70)dy dv

csc e - cOt 90 cOt e.

.,

dy dx . (71)

If another change of variable ~ = q csc O + x is made, Gb can be

written as

!

b Y’+ico

lf

ey r
G =~

b 2ri
-~ Y! -i~ (T - qCSCd -1

dy d7 . (72)

.
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From the discus sion of the pulse radiation by an infinite cylindrical

antenna driven by a Dirac delta function gap voltage in Reference 2,

Latham and Lee deduced that

y’+ico .

J

yr
dy=O if ~<-1 .

~l-im YeKo(Y)

Thus, Eqn. (72) can be expressed as

By the use of Eqns. (35) and (36) where q = T, Eqn.

written as

bm
e‘y T Io(y)

‘b =
JJ
-1 0 [

y K02(y)+ n2102(y)l ~~

Now let t = r + 1, Eqn. (75) becomes .

(73)

dy dT . (74)

(74) can be

dy d7 . (75)

where <o = qcsc O - Csceocsc e+coteocote+ 1.

Note that csc (3= csc (7T - 6) and that <0 (6, (3.) = ~o( n- f3,

Thus from Eqn. (76) it may be concluded that

dy d< (76)

m-co).
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Gb((3, (3., q) = Gb(n - O, m- 130,q) . (77)

.

With this result, the analytic solution of the electric field can be

summarized in terms of G as follows:
b

CASE I: tb ‘& ~-Gb(o, O., q) - Gb(~-o, Oo>q~ O.< 6~~/2 (78)

CASE 11 tb=2~n0 ~- Gb(n-Oo, @o, q! 6=eo (79)
o

f“

[ 1
CASE 111: tb = & Gb(8, 130,q) - Gb ( n -0, (3., q) 0<6<60 . (80)

I

i
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VII . Asymptotic Forms of the Radiation Fields

AFWL EMP 1-8

The asymptotic forms of the radiation fields will give an insight

into the behavior of the fields at early and late times. These expres-

sions also will be helpful with the numerical calculations of the radiated

fields.

Larpe Time Behavior

To find the asymptotic for,m of ~~ for q csc f3- a write Eqn. (34) as

where q =csce (q- Coshu + Sillhucos e). By virtue of Eqns. (35) and

(36), Eqn. (81) can be written as

f
‘o m

l!

e ‘Yv Is(y)

‘b=2s?n0
-U. o

dy du
y [K02 (y) + ;2 Ij(y)l

G(q) du

-Uo

The function G(q) for q ~ a has the form

1

‘(q) =ln(2q/~)
+ O on-’ (2)7/~))

(82)

(83)

where O is the order symbol, and r is the exponential of Euler’s constant,
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I

I

I

I
t

I

!’

and

(84)

This result is developed in detail in Appendix A. The substitution

of Eqn. (83) into Eqn. (82) gives

f. ‘o

$—b=2sin0 1{ 1 ‘O@-2(2@l ‘uln(2q/~)
-U.

f.
‘o

1{

1 + O~ln-’ (2 ~ /~))
= 2sin6 Ih[2 csc 13(q- coshu+sinhu cos 0)/~] ‘u

-U. “

f. t ‘o

= 2 sintl ln(2qcsc 13/~) 1

Thus, for q csc O

k =—

-U.

~ + 0(ln-2 (2T m)] -

[

-1
In l-~

l-l}
(coshu - SiIlhU COSo) .du . (85)

1-1-
ln(2qcsc 19/~).

very large, f becomes
b

‘0 [~Odu+O~ln-2(2q/r)J] du
‘b 2sin@ln(2qcsc6/r)

o

1

( )
(86)+ o ~n-2(2qCSCm=)

= 2sin0 ln(2qcsc em

lr

11
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and

4b- 1
2 sine ln(2qcsc (3/~ ) “ (87)

Also, the asymptotic form of Gb for q csc 19+ co can

1

‘b-l- 2fo ln(2qcsc em

Small Time Behavior

be written as

● (88)

The initial radiation fields for 13> (30are exactly the fields that

would be radiated by a .biconical antenna and their small time behavior

is trivial. However, the small time behavior of the radiation fields as so-

ciated with the surface field discontinuities at the ends of the distributed

source is worthy of special consideration.

The small time behavior of ~b can be determined by obtaining the

small time behavior of Gb. Eqn. (80) can be-written as

to

Gb =
lf

F(t) d<

o
(b-1 -qcsce)’-l

(89)

where

(90)
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F( ~) exists for t >0. To obtain the small time behavior of G
b’

let < 40 (but not equal zero). The asymptotic form of F(L) for ~ 40
.

is given in Appendix B as

Now write Eqn. (89) in the form

(0

‘b=[4=?57=“

(91)

:

‘o

f

F(t)= I+(t-to)x>l

~— [ ( )]
+0(~-~o)2 d~

x:-l
(92)

o
0

As ~~ O, Eqn. (92) becomes

(93)

1
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Now it is clear that Gb becomes non-zkro for to >0. This occurs

at time

q. Csc e
01

=Csceocsc e-cot ecote - (94)

and

*

[
to =: csceo-cosecoteo - sin

1e
(95)

;0 can be written in the form

to =csce(q- qo) = Csc e q*

where q* is a normalized retarded time, i. e., q
*

‘q-qn.

In terms of q*, Eqn. (93) becomes
u

(96)

i’- ,o(q~3/2)

The term X. is given by X. = cosh V. and

1
sine sin 13

k
2-1

= sinhv = (Cos e - co: e)
o 0

0

The substitution of Eqn. (98) in (97) gives

U(q::) (97)

(98)

2 sint)o ~2sin6

‘b- “r
q:: u ~q:k)

7r(cos e - Cos e)
o

(99)
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and

‘b r- A( O, 130) q’: U (q::) . (loo)

where

2 sin 6 4 2 sine
A(e, @o) = ~ ~cosoo

Cos e) (101)
o-

Behavior of the Radiation Fields at O. = 7r/2

The asymptotic form of the radiation fields for 130+ n/2 can be ob-

tained from Eqn. (39) where ~b is given by

f. ‘0 m

If

e ‘Yq Io(y)

6b=2sin0
dy du

-u o y ~o’(y) + n’ Io’(y]
o

where ~ =csce (q- coshu + SiIlh U COS0).

Aseo~n/2, UO -O. v can be expanded about u = O as

q=csce(q-l-u2/2- ““” +UCO.Se +U3 cos 6/6 + ““”)

$b can now be written for small u as

@ e-ycsc e(q - 1)

I

Io(y)
4:b=2sm0

dy
~ y ~02(y) + n’ 102(Y)]

-Ycsc O(q - 1)1 (y)
uo3(l-zcos@) ‘e

-f
6 sin 6 f ()

dy + O f. U05
o

0 y ~o’ (y) + n’ Io2~y]

.

(102)

(103)
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Define a G function for the delta gap source distribution given by

&) ~-ycsco (q- 1)

I

l.( y)
Gd (9, q) = dy

~ Y po2(Y) + ~’ 102(Y)]

Eqn. (102) can now be written for f30+ m/2 as

6J-b=2sm0
Gd (6, q) + O(U02 )

(104)

where 2U f = 1.
00

The value of Gb at 13 = n/2 can be determined from Eqn. (68).
o

At e. = m/2, To becomes

(105)

and

I
T
o

=qcoshv +SiXlh U COSO

~ y’+ioo eycike To’

Gb (e, fl/2, q) = &
11 y Ko(y).
0 Y’-ia

(106)

dy dv (107)

To calculate ~b at (10= 7r/2, Eqn. (78) is applicable

The value of Gb in the general case e = 00 can be obtained

as

only for e =7r/2.

from Eqn. (68)

a “+im eycsc eo(q - SiII eocosh~ )

Gb (eo, eo, q) = *
f~

dy dv
y Ko(y)

() y’-im

.

1

y’+llxleycsc Ooq

‘m J
dy

Y
y’-ia

(108)
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I or

>:

Gb(@o, 130,q) = U(qcsc @o) = U(t ) (109)

Thus, Gb ( 7r/2, n/2, q) = 1 for all q >0. This is a reasonable

result since 2 $b = Gd (7r/2, q) at O = 00 = n/2 and Gd (7r/2, q) is

singular only at q = O. But $b as defined by Eqn. (78) is singular for -1

allqateo= ~/2, therefore the value of 2 - 2Gb ( 7r/2, m/2, q) must

equal zero. For 6 <60 Eqn. (80) is applicable and it can be concluded

that at 00 = n/2

Gb(O, r/2, q) = Gb(n- 0, m/2, q) (110)

is easily verified by Eqn. (76).This result

Behavior of Gb at 60 = O *

The value of Gb (6, O, q) can be determined from Eqn. (76). For

q csc 6 finite, <o~-oo as(?o-O. But for ~0< 0, Gb is identically

equal to zero. Thus, for 6 # O the value of Gb is given by

Gb (f),O, q) s O for O#O (111)

~
The behavior of Gb as both O and 190approach zero at the same rate

I
can be determined by setting 6 = 00 and allow 60 ~ O. For this case Eqn.

(109)applies and Gb can be written for q >0 as

I

;

i Gb (O, O, q) = 1 forq>O (112)
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and

Gb (O, O, O) = O

Behavior of Gk for (3~ O and O~ ~

Equation (70) can be written as

v. Y’-!+o
1

‘b
=2u(qcsce)-—

2Zi JJ
-C6 yi-i~

=l+&

forq SO

AFWL EMP 1-8

ey(q Csc e - coshv)
dy dv

y Ko(y)

-Vo Y’+ifm

11

ey (q csc 0- coshv)
dy dv

y Ko(y)
O Y’-ice

where q > 0 andvo~ -a as 6 40. Now

~ = q - sin O coshv. Eqn. ( 114) becomes

*
q -sin@ y’+ia

make a change of variable

‘b=+ino ~imyK (y,>- ‘Ydq
o

= 1 + 1((?, 190)

ForO~~, Vo+a and Eqn. (70) can be written as

v
O # +j.ca

~J
ey (q Csc e - Coshv)

‘b = U(qcsc@-#ti dy dv

y- im
y Ko(y)

(113)

(114)

.

(115)

=-1 - 1(6, 6.) (116)
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For q >-1, 1(0, O ) can be written as
o

.
qx:-sintl co

,=-~ ~ ~ ‘-ycscev 10(Y) ,,

q-sin 6 0
y K02(y) + T2 102(y] ~-

t
For q >0, the asymptotic form of G(q csc f3) for q csc 6 ~

110-47

(117)

co as

I

I

developed in Appendix A can be used. Thus, as 0~0 or 6+r Eqn. (117)

becomes
>::

q -sine

I =-
{
q-sin 6 *

[

1

( )]+o ~n-2(2q csc O/r) dq
ln(2q csc (3/~)

(118)

[ Now make another change of variable K = q - q , Eqn. (118) becomes

!
a.+sin 6

I ‘u

i I =

I

I
sin 9 Y- [@csc:kl-K)/Fl

I
( ‘2 [2 CSC 6 (q-K)/~])] d~+Oln (119)

I

Eqn. (119) can be rewritten as

\

I

1

I
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qn+sin 13
1

1

u

1 = ln(2csc 6/~)
&

sin O

[( In(q-K)

)]
1 + 0 ~n(2~s~e/~) ‘K

( ]
+ O in-1(2 csc O/~)

Eqn. (120) can be reduced to

.

v

= ln(2c~c f3/~) ( )
1 + O in-1(2cscf3/~)

-.

The substitution of V. = U. - u] in Eqn. (121)gives

[

u
I

U1 1[(=ln(2c~c6/~) - ln(2cscfl/~) ]
1 + O in-1(2csc0/~)

=

where

.
u

1[ (
ln(2c~c 6/~) - ‘1 )]

1 +’0 ~n-1(2csC 0/~)

.

‘1 In(cot tl + csc e)
K, =

ln(2csc O/~) = ln(2cscf3/~)

(120)

(121)

(122)

(123)
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The limit of ~1 as 13-0 is

lim K = 1
g+o

and the limit of K1 as 6 ~ 7r is

lim K, =-1
04T

Eqn. (115) can now be written for O~ O as

[

u

1[(=(1-‘1)‘~n(2CSte/~)
)]

1 + O in-1(2csc0/~)
‘b

and as (3~ r, Eqn. (116) can be written as

[

\
u

‘b 1=(1 + ‘1) - ~n(2cSt0/~)

Thus, Gb+Ofor@~O, tl~m

[( )1
1 + O In-’ (2csc 0/~-)

(124)

(125)

(126)

(127)

as shown in Eqns. (126) and (127).
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VIII . Numerical Solution of Gb

A solution of Gb involves numerical integration of a double integral,

Eqn. (89). Since Gbis zero untilq = qo, the function can be defined in

terms of q’~ = q-qoas

:,:

1
Csc e

‘b (e’‘o’ “k)= F(t)
d{

{(

.,.

0 )
t-q-’’csc x-x 2-10

or

q::csc e

(128)

(129)

o

where H( <) is the integrand of Eqn. (128). H(t) has an integrable singu-

larity at t = O. This singularity caused no numerical problems for numer-

ical integration by Gaussian Quadrature techniques.

The integrand of F(t) has a singularity at y = O. To remove this

singularity write

a
e
-y(t-1) 10(Y)

F(t) =
f

dy

o
y ~02 (y) +m’1; (y~

=11+ 12+Rm (130)



number to truncate the integration. Define a function @(y) as
>

Io(y)
@(y) =

y &o’ (y) + 7r2102(y)l

For y ~ O, @(y) has an asymptotic expansion given by

@(y) =
1

[ 1
[1+Obq

y In’(y 172) + 7r2

Now write 1, in the form

6

rI,= -
1

dv

Ee -y{t - 1) 10(Y)

+ 1{o Ko’(y) + 7r2102(y)

Choose e = 2/~ , then

2[r
r 1

1 Edy

Inz(y ~/2) +7r2 y

o

J J

1
dy = dx

o y~n2(y r/2) +n’] -m X2+ 7r2

= 1/2



110-52 AFWL EMP 1-8

and 11becomes

2/re-YU -01 (y)

.

= 1/2 +
1[

o 1
11

1-

dy

0
K;(y) + 7’r2102(y) ln2(y ~/2) +7r2 y

(135)

Clearly the singularity has been removed from 11. The analytic

part of F(~), 12, can be integrated numerically. The remainder, Rm,

can be approximated for large m. For large m, R can be written as
m

m-

‘%[(+)erfc(~)-j~ (l+O(m-2j
(136)

The results of Eqns. (130), (135), and (136) can be collected to give

.

2 jr
F(t) =l/2+

1
0

em

1—

K02( y) + n2102(y) ln2(y~/2)+7r2

e+ t- 1)
Io(y)

i-J[ dy + Rm

2/r
y Ko2(y) + 7r2102(y)

1

(137)

There was no significant change in the value of F(t) for m greater

than 5.
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I
1

Approximation of Gb

The function Gb can be written exactly as “

>,:

q’csce
y:

Gb(% O., q’)=
1
0

H(t) d< (138)

To reduce the computation time required for Gb, the function F(t)

can be approximated by a series given by

n

F(t) =P(t) = z
m+k

am t (139)
m= O

wherek=Oork=- 1/2 depending on the range of ~ .

The approximation of F( t ) is developed in detail in Appendix C.

H(t) can be approximated by

H(t)= p(t)

d( )

(140)
~-q*CSCe-x 2-1

0

The substitution of Eqn. (140) into Eqn. ( 138) gives an approximation

for Gb for numerical evaluation.

Accuracy of the Numerical Solution

Error can be introduced in the numerical solution of Gb by the nu-

merical calculations, the truncation of F( t ) and the approximation of

F( t). The relative error resulting from the numerical calculations is

i less than 10-4. If the maximum truncation error of F(t) is At and the

maximum approximation error is Am, the Gb function can be expressed as

I
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.!.

q-”Csc o

Gb( 1* Ab) =
J

‘(’) (l* At) P* Am) ,,

d(

.!.

o r
/-qTcsc e-x - 1

0

(141)

where Ab is the maximum relative error of Gb. The maximum relative

error of Gb can be estimated as

‘b (
= At+ Am+ AC+AC

)
(142)

where Ac is the error due to numerical integration.

The maximum truncation error can be approximated by the next

term in the series given in Eqn. (136), thus

m

,<2YF
— erfc (GT)ln

A .
‘J

The truncation error function At(t) was calculated for selected
i

values of ; in the range of OS t s 10, 000.0. The maximum value of
I

AL = 3.6 x 10-4 occurred at ~ = 0.06. The maximum A_ = 3.5x1O
-4

L JJl

is given in Appendix C. From Eqn. (142) it is seen that Ab is in the

order of 10-3. This value of Ab compares favorably with the observed
,,

maximum A
b (

= 1. lx 10-3 for Gb 6., 0., q) compared with the theoreti-
;

4 ( )cal value of Gb O., 0., q = 1.0. .

,i
lb

(
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Ix. Results

Equation (128) was numerically evaluated for a wide range of 6, 0.,

and q’::. The resulting values of Gb are tabulated in TaMes 1 through 12.

Tables 1 through 9 define Gb for O <6 < rand O <0. < m/2. Tables 10,

11, and 12 define Gb for ratios of hs/a with e = T/2, T/3, and m/18,

respectively.

The equivalent bicone voltage Vbo as given in Eqn. (17) is a function

of e The equivalent bicone voltage normalized by the product of the maxi-
0“

mum surface electric field and the radius is shown in Figure 9 for a wide

range of 610.

Figure 10 shows the variation in qo, the normalized retarded time

that the radiated field is distorted by the ends of the distributed source,

as a function of 6 and the parameter 13
o“

Figure 11 shows the relative magnitude of the field deviation from

the initial time-independent field at normalized retarded time just greater

than q.. The relative magnitude A( 6, ~o) is plotted as a function of O and

the parameter 130.

The normalized radiated field sin 13~b is presented in Figures 12

through 20 for a wide range of O and 130. Each figure is divided into small
,.=

time and intermediate time plots for clarity. The small time asymptotes-’-

for the first distortion in the radiated field associated with the source

surf ace field discontinuities are indicated by broken lines except where

the actual field and the asymptotes are indistinguishable. The normalized

radiated field at late time is independent of 00 as seen by Eqn. (87). In

fact, Eqn. (87) is the same asymptotic form developed for the delta gap

source distribution in Reference 2. The plots for sin 13fb at late time

‘: The small time asymptotes were calculated from Eqn. (78), (79), or
(80) with the substitution of Eqn. (100) for Gb.

.

m

I

I
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along with the late time asymptotes indicated by broken lines are present-

ed in Figure 21. The late time asymptotes were calculated from Eqn. (87).

For the application of fb to the un-normalized radiated field, E@,

one must keep in mind that Vbo is a function of f30. For O >0., E~ is

independent of 00 initially whereas the late time E. is dependent on (30

considering the source field and the source radius held fixed. This is

the opposite functional relationship of tb and f30. In order to get a feel

for the behavior of EO, an example problem is considered where E
sm

= one megavolt per meter, a = 5 meters, h = 10 meters, and V = 14.4
s bo

megavolts. The values of rEO are presented in Figure 22 for both small

and late time.
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X. Summary

In this note, the concept of driving aninfinitely long cylindrical

antema with a cylindrical distributed source region” has been considered.

In particular, the finite distributed source for radiating a fast rising

spherical TEM wave was specified by the tangential components of a

spherical wave associated with a biconical antenna with a step-function

applied voltage. The exact expressions for the far zone fields radiated

by an infinitely long cylindrical antenna with the above specified distri-

buted source were developed. It was shown that the time history of the

radiation fields for 00< 6 s n- 130is initially the exact time history of

the fields radiated by the biconical antenna used to specify the distri-

buted source. It was found that the late time behavior of the radiation

fields is inversely proportional to the logarithm of time. Also, it was
I

found that the small time behavior of the radiation fields associated with

the surface field discontinuities at the ends of the distributed source

decays proportionally to the square root of time.

As an extension to this note, one could consider near zone fields,

antenna current, an approximation of the radiated fields for a finite length

antenna, and the effects of a distributed source consisting of an array of

capacitors and switches. Also, the distributed source driving a cylindri-

cal antenna cone ept could be extended to include other source field distri-

butions in magnitude and time.

.

I
1
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Table la. Values of Gb for 260/7r= 0.1.

1

Ay

1,. .1 .2 .3 .4 .5

.00010 .0213 .0060 .0032 .0020 .0014

.00015 .0261 .0074 .0039 .0025 .0017

.00020 .0302 “ .0085 .0045 .0029 .0020

.00030 .0369 .0105 .0055 .0035 .0025

.00050 .0476 .0135 .0071 .0045 .0032

.00070 .0563 .0160 .0084 .0053 .0038
.00100 .0672 .0191 .0100 .0064 .0045
.00150 .0822 .0234 .0123 .0078 .0055
.00200 .0947 .0270 .0142 .0090 .0064
.00300 .1154 .0330 .0173 .0111 .0078
.00500 .1478 .0426 .0224 .0143 .0101
.00700 .1734 .0503 .0265 .0169 .0119
.01000 .2048 .0601 .0316 .0202 .0142
.01500 .2459 .0734 .0387 .0247 .0174
.02000 .2787 .0845 .0446 .0286 .0201
● 03000 .3296 “ .1030 .0546 .0350 .0247
.05000 .3999 .1317 .0702 .0451 .0318
.07000 .4481 .1544 .0828 .0533 .0376
.10000 .4992 .1820 .0985 .0635 .0450
.15000 .5550 .2180 .1196 .0775 .0550
.20000 .5921 .2465 .1370 .0892 .0634
.30000 .6396 .2905 .1653 .1085 .0775
.50000 .6909 .3504 .2073 .1383 .0995
.70000 .7195 .3913 .2389 .1615 .1170
1.0000 .7458 .4346 .2752 .1894 .1386
1.5000 .7714 .4821 .3193 .2252 .1673
2.0000 .7872 .5140 .3516 .2530 .1902
3.0000 .8066 .5558 .3974 .2947 .2262
5.0000 .8272 .6027 .4534 .3498 .2763
7.0000 .8388 .6300 .4882 .3861 .3111
10.000 .8496 .6561 .5227 .4237 .3486
15.000 .8606 .6825 .5585 .4644 .3907
20.000 .8674 .6993 .5818 .4915 .4195
30.000 .8762 .7206 .6117 .5269 .4581
50.000 .8858 .7438 .6447 .5668 .5025
70.000 .8914 .7574 .6641 .5904 .5291
100.00 .8968 .7704 .6827 .6132 .5550
150.00 . .9024 .7837 .7016 .6366 .5818
200.00 .9060 .7923 .7139 .6518 .5992
300.00 .9106 .8034 .7297 .6713 .6216
500.00 .9159 .8159 .7475 .6932 .6469
700.00 .9191 .8233 .7580 .7062 .6619
1000.0- .9222 .8306 .7683 .7189 .6766
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!

Table lb. Values of Gb for 2 @o/~ = 0.1.

1
@ .5 .6 .7 .8 .9 I

.00010 .0014 .0011 .0008 .0006 .0004

.00015 .0017 .0013 .0010 .0007 .0005

.00020 .0020 .0015 .0011 .0008 .0006

.00030 .0025 .0018 .0014 .0010 .0007

.00050 .0032 .0024 .0018 .0013 .0009

.00070 .0038 .0028 .0021 .0016 .0011

.00100 .0045 . 0033 .0025 .0019 .0013

.00150 .0055 .0041 .0031 .0023 .0016

.00200 .0064 .0047 .0036 .0027 .0018

.00300 .0078 .0058 .0044 .0033 .0022

.00500 .0101 .0075 .0057 .0042 .0029

.00700 .0119 .0089 .0067 .0050 .0034

.01000 .0142 .0106 .0080 .0060 .0040

.01500 .0174 .0130 .0098 .0074 .0050

.02000 .0201 .0150
● 0114 .0085 .0057

.03000 .0247 .0183 .0139 .0104 .0070

.05000 .0318 .0237 .0180 .0135 .0091

.07000 .0376 .0280 .0213 .0160 .0108

.10000 .0450 . 03 35, .0255 .0191 .0130

.15000 .0550 .0410 .0313 .0235 .0161

.20000 .0634 .0474 .0362 .0273 .0187

.30000 .0775 .0580 .0444 .0336 .0233

.50000 .0995 .0749 .0576 .0439 .0308

.70000 .1170 .0886 .0684 .0524 .0373
1.0000 .1386 1056 .0821 .0634 ● 0457
1.5000 .1673 :1287 .1009 .0787 .0577
2.0000 .1902 .1477 .1167 .0917 .0681
3.0000 .2262 .1782 .1425 .1135 .0859
5.0000 .2763 .2225 .1813 .1472 .1142
7.0000 .3111 .2547 .2104 .1730 .1364
10.000 .3486 .2903 .2435 .2032 .1630
15.000 .3907 .3317 .2830 .2400 .1961
20.000 .4195 .3608 .3115 .2672 .2211
30.000 .4581 .4007 .3512 .3058 .2572
50.000 .5025 .4476 .3991 .3533 .3027
70.000 .5291 .4762 .4288 .3832 .3317
100.00 .5550 ● 5043 .4582 .4131 .3613
150.00 .5818 .5335 .4891 .4449 .3930
200.00 .5992 .5526 .5094 .4659 .4141
300.00 .6216 .5774 .5358 .4935 .4420
500.00 .6469 .6053 .5658 .5249 .4742
700.00 .6619 .6220 .5838 .5438 .4937
1000.0 .6766 .6382 .6013 .5624 .5129

L

.



110-60 AFWL EMP 1-8

Table 2a. Values of Gb for 2 80/m = 0.2.

1* .1 .2 .3 .4 .5

.00010 1.0000 .0150 .0069 .0042 .0029

.00015 1.0000 ..0184 .0084 .0052 .0036

.00020 1.0000 .0212 .0097 .0060 .0041

.00030 1.0000 .0260 .0119 .0073 .0051

.00050 1.0000 .0335 .0154 .0094 .0065

.00070 1.0000 .0396 .0182 .0112 .0077

.00100 1.0000 .0473 .0218 .0133 .0092

.00150 1.0000 .0579 .0266 .0163 .0113

.00200 1.OOOO .0668 .0307 .0189 .0131

.00300 1.0000 .0816 ..0376 .0231 .0160

.00500 1.0000 .1050 .0485 .0298 .0207

.00700 1.0000 .1237 .0574 .0353 .0244

.01000 1.0000 .1469 .0684 .0421 .0292

.01500 1.0000 .1780 .0836 .0515 .0357

.02000 1.0000 “ .2035 .0962 .0594 .0412

.03000 1.0000 .2444 .1172 .0726 .0504

.05000 1.0000 .3043 .1496 .0932 .0649

.07000 1.0000 .3482 .1752 .1097 .0766

.10000 1.0000 I .3975 .2061 I .1302 I .0911

.15000 1.0000 .4555 .2463 .1575 .1109

.20000 1.OOOO .4964 .2778 .1797 .1272

.30000 1.0000 .5521 .3259 .2152 ● 1537

.50000 1.0000 .6158 .3904” .2665 .1935

.70000 I 1.0000 I .6528 .4337 .3037 .2237
1.0000 1.0000 .6875 .4786 I .3452 I .2588

1.5000 - 1.0000 .7216 .5269 .3935 .3020
2.0000 1.0000 .7425 .5589 .4277 .3340
3.0000 1.0000 .7682 .6000 .4743 .3800
5.0000 1.0000 .7952 .6453 .5288 .4371
7.0000 1.0000 .8103 .6713 .5616 .4729
10.000 1.0000 .8243 .6960 .5933 .5087
15.000 1.0000 .8383 .7205 .6256 .5461
20.000 1.0000 .8470 .7361 .6463 .5704
30.000 1.0000 .8580 .7557 .6727 .6018
50.000 1.0000 .8700 .7770 .7015 .6365
70.000 1.0000 I .8769 I .7894 .7182 .6567
100.00 I 1.0000 .8835 .8012 I .7342 I .6762
150.00 1.0000 .8903 .8132 .7505 .6961
200.00 1.0000 .8947 .8209 .7610 .7089
300.00 1.0000 .9004 .8308 .7745
500.00

.7254
1.0000 .9067 .8420 .7896 .7439

700.00 1.0000 .9105 .8486 .7986 .7548
1000.0 1.0000 .9141 .8551 .8073 .7655

—
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Table 2b. Values of ~ for 2 00/7r= 0.2.

@ .7 * .8 .9

.00010 .0029 .0022 .0016 .0012 .0008

.00015 .0036 .0026 .0020 .0015 .0010

.00020 .0041 .0030 .0023 .0017 .0011

.00030 .0051 .0037 .0028 .0021 .0014

.00050 .0065 .0048 .0036 .0027 .0018

.00070 .0077 .0057 .0043 .0032 .0021

.00100 .0092 .0068 .0051 .0038 .0026

.00150 .0113 .0083 .0063 .0047 ● 0031
● 00200 .0131 .0096 .0073 .0054 .0036
.00300 .0160 .0118 .0089 .0066 .0045
.00500 .0207 .0152 .0115 .0086 .0057
.00700 .0244 .0180 .0136 .0101 .0068
.01000 .0292 .0215 .0162 .0121 .0081
.01500 .0357 .0263 .0199 .0148 .0100
.02000 .0412 .0304 .0230 .0171 .0115
.03000 .0504 .0372 :0281 .0210 .0141
.05000 .0649 .0479 .0363 .0271 .0183
.07000 .0766 .0566 .0429 .0321 .0217
.10000 .0911 .0675* .0512 .0384 .0261
.15000 .1109 .0824 .0626 .0470 .0321
.20000 .1272 .0947 .0722 .0544 .0373
.30000 .1537 .1151 .0881 .0666 .0462
.50000 .1935 .1464 .1129 .0861 .0606
.70000 .2237 .1707 .1325 .1018 .0725
1.0000 .2588 .1999 .1565 .1214 .0878
1.5000 .3020 .2370 .1880 .1477 .1088
2.0000 .3340 .2655 .2129 ● 1690 .1263
3.0000 .3800 .3081 .2512 .2026 .1546
5.0000 .4371 .3637 .3032 .25CI .1961
7.0000 .4729 .4002 .3387 .2834 .2261
10.000 .5087 .4376 .3760 .3194 .2594
15.000 .5461 .4778 .4172 .3601 .2979
20.000 .5704 ,5045 .4451 .3882 .3250
30.000 .6018 .5392 .4820 .4259 .3622
50.000 .6365 .5783 .5241 .4697 .4061
70.000 .6567 .6014 .5491 .4961 .4330
100.00 .6762 .6236 .5735 .5220 .4596
150.00 .6961 .6464 .5987 .5489 .4876
200.00 .7089 .6612 .6150 .5665 .5060
300.00 .7254 .6802 .6361 .5893 .5301
500.00 .7439 .7015 .6599 .6151 .5575
700.00 .7548 .7142 .6740 .6305 .5741
1000.0 .7655 .7265 .6879 .6457 .5904
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Table 3a. Values of Gb for 2 60/7r= 0.3.

.1 .2 .3 .4 .5

.00010 .0378 .0381 .0121 .0068 .0046

.00015 .0462 .0467 .0148 .0084 .0056
● 00020 .0533 .0539 .0171 .0097 .0065
.00030 .0652 .0659 .0210 .0119 .0079
.00050 .0840 .0849 .0271 .0153 .0102
.00070 .0992 .1002 .0320 .0181 .0121
.00100 .1181 1193 0383 .0216 .0145
.00150 .1438 :1452 :0468 .0265 .0177
.00200 .1650 .1667 .0540 .0306 .0205
● 00300 .1998 .2019 .,0661 .0374 .0251
.00500 .2522 .2549 .0850 .0483 .0324
.00700 .2922 .2954 .1003 .0570 .0383
.01000 .3391 3428 .1194 .0681 .0457
.01500 .3969 :4015 .1452 .0831 .0559
.02000 .4401 .4453 .1666 .0957 .0644
.03000 .5019 “ .5083 .2013 .1166 .0787
.05000 .5780 .5860 .2533 .1490 .1010
.07000 .6248 .6340 .2925 .1744 .1189
.10000 .6702 6808 .3380 .2054 .1409
.15000 .7155 :7279 .3935 .2456 .1702
.20000 .7436 .7571 .4342 .2773 .1940
.30000 .7776 .7926 .4916 .3257 .2317
.50000 .8121 .8286 .5606 .3910 .2858
.70000 .8306 .8477 .6021 .4349 .3245
1.0000 .8472 .8646 .6420 .4805 .3674
1.5000 .8632 .8806 .6817 .5298 .4166
2.0000 .8728 .8901 .7064 .5623 .4510
3.0000 .8846 .9015 .7368 .6042 .4975
5.0000 .8970 .9132 .7687 .6501 .5512
7.0000 .904.0 .9198 .7865 .6765 .5831
10.000 .9105 .9258 .8030 .7012 .6139
15.000 .9170 .9317 .8193 .7260 .6451
20.000 .9211 .9354 .8296 .7417 .6650
30.000 .9263 .9401 .8424 .7613 .6902
50.000 .9320 .9452 .8562 .7826 .7178
70.000 .9354 .9481 .8642 .7949 .7337
100.00 .9386 .9509 .8719 .8066 .7490
150.00 .9419 .9538 .8796 .8185 .7645
200.00 .9441 .9556 .8846 .8262 .7745
300.00 .9468 .9580 .8910 .8360 .7873
500.00 .9500 .9607 .8982 .8471 .8017
700.00 .9519 .9623 .9025 .8536 .8101
1000.0 “ ●9537 .9638 .9066 .8599 .8184



Table 3b. Values of Gb for 2 00/7t= 0.3.

k .5 .6 .7 .8 .9

.00010

.00015

.00020

.00030

.00050

.00070

.00100

.00150

.00200

.00300

.00500

.0046

.0056

.0065

.0079

.0102

.0121

.0145

.0177

.0205

.0251

.0324

.0033

.0041

.0047

.0057

.0074

.0088

.0105

.0129

.0148

.0182

.0234

.0025

.0030

.0035

.0043

.0056

.0066

.0079

.0096

.0111

.0136

.0176

.0018

.0023

.0026

.0032

.0041

.0049

.0058

.0071

.0082

.0101

.0130

.0012

.001.5

.0017

.0021

.0028

.0033

.0039

.0048

.0055

.0068

.0087
.00700 .0383 .0277
.01000 .0457 .0331

.0208 .0154 .0103

.0248 .0184 .0123

.01500

.02000

.03000

.05000

.0559

.0644

.0787

.1010

.0405

.0468

.0572

.0736

.0304

.0351

.0429

.0553

.0225

.0260

.0319

.0411

.0151

.0175

.0214

.0277
.07000 .1189 .0867

.10000 .1409 .1031

.15000 .1702 .1253,

.20000 .1940 .1434

.30000 .2317 .1729

.50000 .2858 .2165

.70000 .3245 .2492

1.0000 .3674 .2866

.0652 I .0486 I .0328

.0777 .0580 .0393

.0947

.1088

.1319

.1670

.0709 .0484

.0817 .0560

.0996 .0690

.1274 .0896
.1940 I .1492 I .1064
.2258 .1757 .1273

1.5000
2.0000
3.0000
5.0000
7.0000
10.000

.4166

.4510

.4975

.5512

.3318 .2656 .2098

.3648 .2958 .2365

.4113 .3398 .2766

.4679 .3958 .3298

.1552

.1776

.2125

.2605

.2935

.3286
.5831
.6139

.5028 .4316 .3650

.5372 . 4680 .4016
15.000
20.000
30.000
50.000

.6451

.6650

.6902

.7178

.5729

.5961

.6256

.6583

.6773

.6955

.7141

.7262

.7416

.7589

.5064

.5317

.5644

.6010

.6225
6433
:6646
.6783
.6961
.7160
.7278
.7394

.4412

.4677

.5025

.5420

.3676

.3942

.4297

.4707
.7337
.7490

.5654

.5881
.4953
.5195

70.000
100.00
150.00
200.00
300.00
500.00

.7645

.7745

.7873

.8017

.6116

.6269

.6467

.6689

.5448

.5613

.5828

.6073
.7691
.7791

700.00
1000.0

.8101

.8184
.6823
.6953

.6221

.6365

.
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Table 4a. Values of Gb for 2 co/m= 0.4.

AFWL EMP1-8

[* .1 .2 .3 .4 .5

.00010 .0207 1.0000 .0215 .0103 .0065

.00015 .0253 1.0000 .0263 .0126 .0080

.00020 .0292 1.0000 .0304 .0146 .0092

.00030 .0358 1.0000 .0372 .0179 .0113

.00050 .0462 1.0000 .0480 .0230 .0146

.00070 .0546 1.0000 .0567 .0273 .0173

.00100 .0652 1.0000 .0677 .0326 .0207
● 00150 .0796 1.0000 .0828 .0399 .0253
.00200 .0918 1.0000 .0954 .0460 .0292
.00300 .1119 1.0000 .1163 .0563 .0357
.00500 ● 1434 1.0000 .1490 .0725 .0461
.00700 .1683 1.0000 .1750 .0856 .0545
.01000 .1988 1.0000 .2068 ● 1020 .0650
.01500 .2390 1.0000 .2487 .1243 .0794
.02000 .2711 . 1.0000 .2822 .1428 .0915
.03000 .3211 1.0000 .3346 .1731 .1115
.05000 .3905 1.0000 .4074 .2192 .1426
.07000 .4384 1.0000 .4580 .2545 .1671
.10000 .4893 1.0000 .5121 .2962 .1969
.15000 .5454 1.0000 .5719 .3482 .2359
.20000 .5827 1.0000 .6120 .3873 .2667
.30000 .6308 1.0000 .6638 .4440 .3141
● 50000 .6829 1.0000 .7197. .5147 .3785
.70000 .7121 1.0000 .7507 .5586 .4222
1.0000 .7391 1.0000 .7789 .6017 .4680
1.5000 .7653 1.0000 .8056 .6454 .5178
2.0000 .7814 1.0000 .8217 .6729 .5509
3.0000 .8014 1.0000 .8410 .7070 .5937
5.0000 .8224 1.0000 .8609 .7430 .6408
7.0000 .834$ 1.0000 .8718 .7631 .6679
10.000 .8455 1.0000 .8819 .7818 .6934
15.000 .8568 1.0000 .8917 .8002 .7190
20.000 .8638 1.0000 .8980 .8118 .7351
30.000 .8728 1.0000 .9056 .8262 .7554
50.000 .8826 1.0000 .9140 .8419 .7774
70.000 .8884 1.0000 .9188 .8509 .7900
100.00 .8940 1.0000 .9234 .8594 .8021
150.00 .8997 1.0000 .9280 .8681 .8144
200.00 .9034 1.0000 .9310 .8737 .8223
300.00 .9082 1.0000 .9348 .8808 .8324
500.00 .9136 1.0000 .9391 .8888 .8437
700.00 .9169 1.0000 .9417 .8936 .8504
1000.0 “ .9201 1.0000 .9442 .8982 .8569

—



AFWL EMP1-8

Table 4b. Values of Gb for 2 Ool?r= 0.4.

=

.00010

.00015

.00020

.00030

.00050

.00070
● 00100
.00150
.00200
.00300
.00500
.00700
.01000
.01500
.02000
.03000
.05000
.07000
.10000
.15000
.20000
.30000
.50000
.70000
1.0000
1.5000 “
2.0000
3.0000
5.0000
7.0000
10.000
15.000
20.000
30.000
50.000
70.000
100.00
150.00
200.00
300.00
500.00
700.00
1000.0

.5

.0065

.0080

.0092

.0113

.0146

.0173

.0207

.0253

.0292

.0357

.0461

.0545

.0650

.0794

.0915

.1115

.1426

.1671

.1969

.2359

.2667

.3141

.3785

.4222

.4680

.5178

.5509

.5937

.6408

.6679

.6934

.7190

.7351

.7554

.7774

.7900

.8021

.8144

.8223

.8324

.8437

.8504

.8569

.6

.0046

.0056

.0065

.0080

.0103

.0122

.0146

.0179

.0206

.0252

.0326

.0385

.0460

.0562

.0648

.0792

.1016

.1195

.1417

.1711‘

.1950

.2328

.2869

.3257

.3684

.4175

.4517

.4980

.5514

.5831

.6136

.6447

.6645

.6895

.7170

.7329

.7480

.7635

.7735

.7863

.8006

.8091

.8174

.7

.0034

.0042

.0048

.0059

.0076

.0090

.0108

.0132

.0152

.0186

.0241

.0284

.0340

.0416

.0480

.0586

.0754

.0889

.1057

.1283

.1468

.1768

.2210

.2539

.2916

.3367

.3695

.4156

.4713

.5055

.5393

.5743

.5969

.6258

.6578

.6764

.6944

.7127

.7245

.7398

.7568

.7670

.7769

.8.

.0025

.0031

.0035

.0043

.0056

.0066

.0079

.0097

.0112

.0137

.0177

.0209

.0250

.0306

.0354

.0433

.0557

.0658

.0784

.0955

.1098

.1331

.1684

.1955

.2274

.2672

.2972

.3407

.3957

.4307

.4660

.5034

.5279

.5597

.5953

.6163

.6366

.6575

.6710

.6885

.7081

.7199

.7314

110-65

.9

.0017

.0020

.0024

.0029

.0037

.0044

.0053

.0065

.0075

.0091

.0118

.0140

.0167

.0205

.0236

.0290

.0374

.0443

.0530

.0650

.0751

.0920

.1184

.1395

.1651

.1982

.2241

.2630

.3143

.3483

.3833

.4214

.4468

.4803

.5185

.5413

.5635

.5866

.6017

.6213

.6436

.6570

.6702



110-66 AFWL EMP 1-8

Table 5a. Values of Gb for 2 60/7r = 0.5.

~k .1 .2 .3 .4 .5

.00010 .0145 .0478

.00015 .0177 . .0584

.00020 .0205 .0674

.00030 .0251 .0824

.00050 .0324 .1060

.00070 .0383 I .1249

.00100 I .0457 .1485

.00150 .0559 .1802

.00200 .0645 .2063

.00300 .0788 .2484

.00500 .1013 .3105
● 00700 .1194 .3565
.01000 .1417 .4091
.01500 .1717 .4717
.02000 .1962- .5168
.03000 .2354 .5792
.05000 .2926 .6526
.07000 .3344 .6961
.10000 I .3812 I .7374
.15000 .4359 .7779
.20000 .4745 .8026
.30000 .5267 .8321
.50000 .5867 .8617
.70000 .6219 .8774
1.0000 I .6553 I .8911
1.5000 .6885 .9040
2.0000 .7093 .9116
3.0000 .7353 .9209
5.0000 .7630 .9303
7.0000 .7788 .9356
10.000 .7936 .9404
15● 000
20.000
30.000
50.000
70.000
100.00
150.00
200.00
300.00
500.00

.8085

.8179

.8299

.8430

.8508

.8581

.8658

.8707

.8772

.8844

.9452

.9481

.9519

.9560

.9584
mm6--
.9629
.9644
.9663
.9684

700.00 .8888 .9697
1000.0 .8931 .9709

.0479

.0586

.0675

.0826

.1062

.1252

.1488

.1806

.2067

.2489

.3111

.3573

.4100

.4728

.5181

.5808

.6546

.6985

.7402

.7812

.8062

.8364

.8666

.8825

.8965

.9095

.9172

.9263

.9357

.9407

.9455

.9500

.9529

.9565

.9603

.9625

.9647

.9668

.9682

.9700

.9719

.9731

.9743

.0156

.0191

.0220

.0270

.0348

.0412

.0492

.0601

.0694

.0848

.1090

.1284

.1525

.1848

.2112

.2537

.3157

.3612

.4124

.4724

.5148

.5725

.6384

.6766

.7122

.7467

.7678

.7932

.8194

.8339

.8471

.8602

.8684

.8785

.8895

.8958

.9018

.9078

.9118

.9168

.9224

.9257

.9289

.0090

.0110

.0127

.0156

.0201

.0238

.0284

.0348

.0402

.0491

.0633

.0748

.0892

.1088

.1251

.1520

.1931

.2251

.2632

.3115

.3485

.4033

.4735

.5183

.5632

.6095

.6391

.6762

.7157

.7379

.7586

.7790

.7919

.8079

.8253

.8353

.8447

.8544

.8606

.8686

.8775

.8827

.8878



i
AFWL EMP 1-8 110-67

Table 5b. Values of ~ for 2 Oo/7r= 0.5.

.00010

.00015

.00020

.00030

.00050

.00070

.00100

.00150

.00200

.00300

.00500

.00700

.01000

.01500

.02000

.03000

.05000

.07000

.10000

.15000

.20000

.30000

.50000
● 70000
1.0000
1.5000
2.0000
3.0000
5.0000
7.0000
10.000
15.000
20.000
30.000
50.000
70.000
100.00
150.00
200.00
300.00
500.00

t-

700.00
1000.0

.5

.0090

.0110

.0127

.0156

.0201

.0238

.0284

.0348

.0402

.0491

.0633

.0748

.0892

.1088

.1251

.1520

.1931

.2251

.2632

.3115

.3485

.4033

.4735

.5183

.5632

.6095

.6391

.6762

.7157

.7379

.7586

.7790

.7919

.8079

.8253

.8353

.8447

.8544

.8606

.8686

.8775

t-

.8827

.8878

.6

.0061

.0075

.0086

.0106

.0136

.0161

.0193

.0236

.0273

.0334

.0431

.0509

.0608

.0743

.0855

.1043

.1335

.1565

.1847~

.2217

.2510

.2964

.3589
● 4017
.4470
.4968
.5302
.5737
.6221
.6501
.6766
.7033
.7201
.7413
.7643
.7776
.7903
.8032
.8116
.8222
.8341

t

.8412

.8481

.7

.0044

.0054

.0062

.0077

.0099

.0117

.0140

.0171

.0197

.0242

.0312

.0369

.0441

.0539

.0621

.0759

.0974

.1146

.1358

.1641

.1871

.2236

.2759

.3135

.3552

.4033

.4370

.4828

.5360

.5678

.5986

.6300

.6501

.6756

.7036

.7199

.7355

.7514

.7617

.7748

.7896

.8

.0032

.0039

.0045

.0056

.0072

.0085

.0102

.0125

.0144

.0176

.0227

.0269

.0321

.0393

.0453

.0554

.0713

.0841

.1000

.1214

.1390

.1675

.2098

.2414

.2776

.3213

.3532

.3981

.4527

.4865

.5199

.5547

.5773

.6063

.6385

.6574

.6756

.6943

.7064

.7221

.7396

.9

.0021

.0026

.0030

.0037

.0048

.0056

.0067

.0083

.0095

.0117

.0151

.0178

.0213

.0261

.0302

.0369

.0476

.0563

.0673

.0822

.0948

.1155

.1474

.1722 !

.2018

.2390 I

.2672

.3086

.3613 I

.3951

4

.4294

.4660

.4901

.5217

.5573

.5784

.5989

.6203

.6342

.6522

.6727 ,

e’
.6850 1
.6971

I

!
1

.1



110-68 AFWL EMP 1-8

Table 6a. Values of Gb for 2 60/m= 0.6.

1* .1 .2 .3 .4 .5

.00010 .0111 .0252 1.0000 .0254 .0124

.00015 .0136 - .0309 1.0000 .0312 .0152

.00020 .0157 .0356 1.0000 .0360 .0175

.00030 .0193 .0436 1.0000 .0440 .0214

.00050 .0249 .0562 1.0000 .0568 .0277

.00070 .0294 .0665 1.0000 .0671 .0327

.00100 .0352 .0793 1.0000 .0801 .0391

.00150 .0430 .0969 1.0000 .0978 .0478

.00200 .0497 .1115 1.0000 .1126 .0552

.00300 .0607 .1359 1.0000 .1372 .0675

.00500 .0782 .1736 1.0000 .1752 .0869

.00700 .0922 .2032 1.0000 .2052 .1025

.01000 .1097 .2393 1.0000 .2416 .1220
● 01500 .1334 .2861 1.0000 .2890 .1484
.02000 .1529. .3230 1.0000 .3263 .1702
.03000 .1847 .3794 1.0000 .3834 .2056
.05000 .2322 .4554 1.0000 .4606 .2587
.07000 .2680 .5065 1.0000 .5125 .2988
.10000 .3093 .5595 1.0000 .5665 .3452
.15000 .3595 .6163 1.0000 .6246 .4017
.20000 .3964 .6533 1.0000 .6626 .4432
.30000 .4483 .7000 1.0000 .7107 .5016
.50000 .5111 .7493 1.0000 .7616 .5718
.70000 .5494 .7762 1.0000 .7894 .6140
1.0000 .5867 .8004 1.0000 .8143 .6544
1.5000‘ .6248 .8234 1.0000 .8378 .6945
2.0000 .6491 .8372 1.0000 .8518 .7192
3.0000 .6796 .8540 1.0000 .8685 .7496
5.0000 .7127 .8713 1.0000 .8855 .7811
7.0000 .7316 .8809 1.0000 .8948 .7986
10.000 ● 7494 .8898 1.0000 .9033 .8147
15.000 .7674 .8986 1.0000 .9116 .8306
20.000 .7788 .9041 1.0000 .9168 .8405
300000 .7933 .9110 1.0000 .9232 .8529
50.000 .8093 .9185 1.0000 .9302 .8663
70.000 .8186 .9229 1.0000 .9342 .8739
100.00 .8276 .9270 ‘ 1.0000 .9379 .8812
150.00 .8369 .9313 1.0000 .9418 .8886
200.00 .8429 .9340 1.0000 .9443 .8933
300.00 .8507 .9376 1.0000 .9474 .8994
500.00 .8596 .9415 1.0000 .9510
700.00

.9062
.8649 .9439 1.0000 .9531 .9103

1000.0 .8700 .9462 1.0000 .9551 .9141



AFWL EMP 1-8 110-69
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Table 6b. Values of ~ for 2 @o/r= 0.6.

p .5 .6 .7 .8 .9

.00010 .0124 .0079 .0056 .0040 .0026

.00015 .0152 .0097 .0068 .0049 .0032

.00020 .0175 .0112 .0079 .0056 .0037

.00030 .0214 .0137 .0096 .0069 .0046

.00050 .0277 .0177 .0124 .0089 .0059

.00070 .0327 .0209 .0147 .0106 .0070

.00100 .0391 .0250 .0176 .0126 .0083

.00150 .0478 .0306 .0216 .0155 .0102

.00200 .0552 .0353 .0249 .0179 .0118

.00300 .0675 .0433 .0305 .0219 .0144

.00500. .0869 .0558 .0393 .0282 .0186

.00700 .1025 .0659 .0465 .0334 .0220

.01000 .1220 .0786 .0555 .0398 .0263

.01500 .1484 .0959 .0678 .0487 .0322

.02000 .1702 .1104 .0781 .0562 .0371

.03000 .2056 .1343 .0953 .0687 .0454

.05000 .2587 .1711 .1220 .0882 .0585

.07000 .2988 .1999 .1432 .1038 .0691

.10000 .3452 .2346 .1692 .1231 .0824

.15000 .4017 .2790’ .2034 .1490 .1004

.20000 .4432 .3136 .2307 .1700 .1154

.30000 .5016 .3655 .2733 .2036 .1399

.50000 .5718 .4337 .3325 .2522 .1769

.70000 .6140 .4783 .3736 .2875 .2051
1.0000 .6544 .5237 .4177 .3270 .2379
1.5000 .6945 .5716 ~ .4668 .3732 .2782
2.0000 .7192 .6027 .5001 .4059 .3081
3.0000 .7496 .6421 .5441 .4509 .3508
5.0000 .7811 .6846 .5937 .5039 .4036
7.0000 .7986 .7087 .6227 .5359 .4367
10.000 .8147 .7313 .6503 .5671 .4699
15.000 .8306 .7538 .6782 .5993 .5048
20.000 .8405 .7679 .6960 .6199 .5276
30.000 .8529 .7856 .7183 .6464 .5573
50.000 .8663 .8048 .7428 .6755 .5905
70.000 .8739 .8159 .7570 .6926 .6102
100.00 .8812 .8264 .7706 .7090 .6293
150.00 .8886 .8371 .7844 .7258 .6490
200.00 .8933 .8440 .7934 .7367 .6619
300.00 .8994 .8529 .8048 .7507 .6786
500.00 .9062 .8627 .8176 .7665 .6976
700.00 .9103 .8686 .8253 .7759 .7090
1000.0 .9141 .8743 .8327 .7851 .7201

.



110-70 AFWL EMP 1-8

Table 7a. Values of Gb for 2 80/7r= 0.7.

I* .1 .2 .3 .4 .5

.00010 .0090 .0173 .0538 .0538 .0176

.00015 .0110 .0212 .0658 .0658 .0216

.00020 .0127 .0245 .0758 .0759 .0250

.00030 .0155 .0300 .0927 .0927 .0306

.00050 ● 0200 .0386 .1191 .1191 .0394

.00070 .0237 .0457 .1402 .1403 .0466

.00100 .0283 .0546 .1664 .1665 .0557

.00150 .0347 .0668 .2016 .2017 .0681

.00200 .0400 .0770 .2302 .2304 .0785

.00300 .0489 .0940 .2761 .2763 .0959

.00500 .0630 .1207 .3429 .3431 .1231

.00700 I .0744 .1420 .3916 .3919 I .1449

.01000 .0887 .1684 .4462 .4465 .1719
● 01500 .1080 .2036 .5099 .5103 .2078
.02000 .1241 .2321 .5550 .5554 .2370
.03000 .1505 .2775 .6161 .6167 .2834
.05000 .1904 .3427 .6865 .6872 .3502
.07000 .2211 .3895 .7276 .7284 .3982
.10000 .2574 .4411 .7661 .7671 .4513
.15000 .3026 .5002 .8036 .8048 .5123
.20000 .3368 .5411 .8264 .8278 .5546
.30000 .3865 .5953 .8537 .8552 .6109
.50000 .4491 .6558 .8808. .8827 .6740
.70000 .4887 .6903 I .8951 I .8971 I .7098
1.0000 .5284 I .7221 .9077 .9097 .7428
1.5000 .5698 .7530 .9193 .9215 .7746
2.0000 .5966 .7719 .9262 .9284 .7937
3.0000 .6308 .7949 .9343 .9366 .8167
5.0000 .6682 .8189 .9246 .9448 .8404
7.0000 .689.7 .8323 .9472 .9494 .8533
10.OOO .7102 .8448 .9514 .9534 .8651
15.000 .7309 .8571 .9554 .9575 .8768
20.000 .7440 .8648 .9581 .9600 .8840
30.000 .7608 .8746 ‘ .9612 .9631 .8931
50.000 .7792 .8852 .9646 .9664 .9028
70.000 .7900 .8913 .9666 .9684 .9084
100.00 .8004 .8971 .9685 .9702 .9137
150.00 .8112 .9032 .9704 .9720 .9191
200.00 .8181 .9070 .9717 .9732 .9225
300.00 .8272 .9120 .9732 ● 9747 .9269
500.00 .8374 .9176 .9750 .9764 ● 9319
700.00 .8435 .9209 .9760 .9775 .9348
1000.0 “ .8495 .9242 .9771 .9784 .9376



AFWL EMP1-8 110-71

Table 7b. Values of Gb for 2 60/7r= 0.7.

X
.00010
.00015
.00020
.00030
.00050
● 00070
.00100
.00150
.00200
.00300
.00500
.00700
.01000
.01500
.02000
.03000
.05000
.07000
.10000
.15000
.20000
.30000
.50000
.70000
1.0000
1.5000
2.0000
3.0000
5.0000
7.0000
10.000
15.000
20.000
30.000
50.000
70.000
100.00
150.00
200i00
300.00
500.00
700.00
1000.0

.5

.0176

.0216

.0250

.0306

.0394

.0466

.0557

.0681

.0785

.0959

.1231

.1449

.1719

.2078

.2370

.2834

.3502

.3982

.4513

.5123

.5546

.6109

.6740

.7098

.7428

.7746

.7937

.8167

.8404

.8533

.8651

.8768

.8840

.8931

.9028

.9084

.9137

.9191

.9225

.9269

.9319

.9348

.9376

.6

● 0102
.0125
.0145
.0177
.0229
.0271
.0324
.0396
.0457
.0559
.0721
.0851
.1014
.1235
.1419
.1720
.2178
.2530
.2945
.3463 ‘
.3854
.4420
.5126
.5566
.5997
.6436
.6712
.7054
.7416
.7618
.7806
.7991
.8108
.8253
.8410
.8500
.8586
.8673
.8730
.8802
.8882
.8930
.8976

.7

.0069

.0085

.0098

.0120

.0155

.0183

.0219

.0268

.0309

.0378

.0488

.0577

.0688

.0840

.0967

.1178

.1504

.1761

.2071

.2474

.2791

.3273

.3920

.4352

.4801

.5285

.5604

.6014

.6466

.6726

.6971

.7216

.7371

.7566

.7779

.7902

.8019

.8139

.8216

.8315

.8426

.8492

.8556

.8.

.0049

.0060

.0069

.0084

.0109

.0129

.0154

.0188

.0217

.0266

.0343

.0406

.0485

.0593

.0683

.0834

.1069

.1256

.1486

.1790

.2035

.2420

.2963

.3346

.3764

.4238

.4566

.5006

.5511

.5811

.6100

.6395

.6583

.6823

.7086

.7240

.7387

.7539

.7636

.7763

.7904

.7989

.8072

.9

.0032

.0039

.0045

.0055

.0071

.0084

.0100

.0123

.0142

.0174

.0224

.0265

.0317

.0388

.0447

.0547

.0704

.0830

.0987
● 1199
.1374
.1656
.2074
.2386
.2741
.3167
.3475
.3907
.4429
.4750
.5068
.5399
.5614
.5892
.6203
.6386
.6563
.6747
.6866
.7022
.7197
.7303
.7407



110-72 AFWL EMP 1-8

Table 8a. Values of Gb for 2 oo/m = 0.8.

—

.1 .2 .3 .4 .5

t00010 .0074 .0131 .0276 1.0000
,00015 .0091 .0161 .0338 1.0000
,00020 .0105 .0185 .0390 1.0000
.00030 .0128 .0227 .0477 1.0000
.00050 .0166 .0293 .0615 1.0000
.00070 .0196 .0347 .0727 1.0000
.00100 .0234 .0414 .0867 1.0000
.00150 .0287 .0507 .1059 1.0000
.00200 .0331 .0585 .1219 1.0000
.00300 .0405 .0715 .1483 1.0000
.00500 .0522 .0920 .1891 1.0000
,00700 .0616 .1084 .2211 1.0000
.01000 .0735 .1290 .2598 1.0000
.01500 .0896 .1566 .3096 1.0000
.02000 .1031 .1794 .3485 1.0000
.03000 .1253 “ .2162 .4074 1.0000
.05000 .1594 .2709 .4856 1.0000
.07000 .1859 .3117 .5372
.10000 .2176 I .3583 .5902
:15000 .2580 .4143 .6463
.20000 .2892 .4547 .6826
.30000 .3358 .5107 .7280
.50000 .3966 .5766 .7755

.0277

.0339

.0391

.0479

.0617

.0729

.0870

.1062

.1222

.1488

.1897

.2218

.2606

.3106

.3497

.4088

.4873

%%--wi-
1.0000 .6492
1.0000 .6858
1.0000 .7318
1.0000 .7799

.70000 .4364 .6157 .8013 1.0000 .8061
1.0000 .4771 .6529 .8243 1.0000 .8294
1.5000 .5207 .6898 .8459 1.0000 .8513
2.0000 .5494 .7128 .8589 1.0000 .8643
3.0000 .5864 .7411 .8743 1.0000 .8798
5.0000 .6275 .7710 .8901 1.0000 .8955
7.0000 .6514 .7878 .8988 1.0000 ● 9040
10.000 .6742 .8034 .9068 1.0000 .9118
15.000 .6973 .8190 .9146
20.000 .7120 .8287 ‘ .9195
30.000 .7309 .8410 .9255
50.000 .7515 .8544 .9321
70.000 .7636 .8622 .9359
100.00 .7753 .8696 .9396
150.00 .7874 .8772 .9432
200.00 .7952 .8821 .9456
300.00 .8054 .8884 .9486
500.00 .8169 .8955 .9520
700.00 .8238 .8997 .9540
1000.0 “ .8306 .9038 .9560

1.0000 .9195
1.0000 .9243
1.0000 .9302
1.0000 .9366
1.0000 .9402
1.0000 .9436
1.0000 .9472
1.0000 .9494
1.0000 .9523
1.0000 .9556
1.0000 .9575
1.0000 .9593



AFWL EMP 1-8

Table 8b. Values of Gb for 2 co/m= 0.8.

.00010

.00015

.00020

.00030

.00050

.00070

.00100

.00150

.00200

.00300

.00500

.00700

.01000

.01500

.02000

.03000

.05000

.07000

.10000

.15000

.20000

.30000

.50000

.70000
1.0000
1.5000
2.0000
3.0000
5.0000
7.0000
10.000
15.000
20.000
30.000
50.000
70.000
100.00
150.00
200.00
300.00
500.00
700.00
1000.0

.5

.0277

.0339

.0391

.0479

.0617

.0729

.0870

.1062

.1222

.1488

.1897

.2218

.2606

.3106

.3497

.4088

.4873

.5393

.5926

.6492

.6858

.7318

.7799

.8061

.8294

.8513

.8643

.8798

.8955

.9040

.9118

.9195

.9243

.9302

.9366

.9402

.9436

.9472

.9494

.9523

.9556

.9575

.9593

.6

.0135

.0165

.0191

.0234

.0302

.0357

.0426

.0521

.0602

.0736

.0946

.1116

.1327

.1612

.1847

.2227

.2791

.3213

.3696

.4276

.4696

.5280

.5967

.6374

.6760

.7139

.7372

.7656

.7950

.8113

.8264

.8412

.8504

.8619

.8744

.8816
8883
:8952
.8997
.9054
.9117
.9155
.9191

.7 >

.0086

.0105

.0121

.0149

.0192

.0227

.0271

.0332

.0383

.0469

.0604

.0714

.0851

.1038

.1194

.1451

.1845

.2151

.2517

.2982

.3339

.3869

.4553

.4992

.5434

.5894

.6190

.6563

.6965

.7193

.7407

.7619

.7753

.7920

.8103

.8208

.8309

.8411

.8477

.8561

.8656

.8712

.8767

.8

.0059

.0072

.0083

.0102

.0131

.0155

.0185

.0227

.0262

.0321

.0414

.0489

.0584

.0713

.0822

.1002

.1281

.1502

.1772

.2124

.2404

.2836

.3429

.3835

.4266

.4742

.’5062

.5484

.5958

.6236

.6500

.6768

.6939

.7155

.7392

.7530

.7662

.7798

.7885

.7999

.8125

.8201

.8275

110-73

●9

.0038

.0046

.0053

.0065

.0084

.0100

.0119

.0146

.0169

.0207

.0267

.0315

.0377

.0461

.0531

.0649

.0834

.0982

.1165

.1411

.1611

.1931

.2394

.2732

.3109

.3550

.3863

.4293

.4802

.5111

.5413

.5726

.5928

.6188

.6478

.6648

.6813

.6984

.7095

.7239

.7402

.7500

.7596

.



110-74 AFWL EMP 1-8

Table 9a. Values of Gb for 2 Oo/m = 0.9.

1* .1 .2 .3 .4 .5

.00010 .0062 .0104 .0185 .0566 .0566

.00015 .0076 . .0128 .0227 .0693 .0693

.00020 .0088 .0148 .0262 .0799 .0799

.00030 .0108 .0181 .0321 .0976 .0976

.00050 .0139 .0233 .0414 .1253 .1253

.00070 .0164 .0276 .0489 .1475 .1475

.00100 .0196 .0330 .0584 .1750 .1750

.00150 .0241 .0404 .0714 .2117 .2117

.00200 .0278 .0466 .0823 .2415 .2416

.00300 .0340 .0570 ● 1005 .2891 .2892

.00500 .0438 .0734 .1290 .3578 .3579

.00700 .0518 .0866 .1518 .4076 .4076

.01000 .0618 .1032 .1798 .4628 .4629

.01500 .0754 .1256 .2171 .5268 .5269

.02000 .0869 .1442 .2473 .5716 .5717

.03000 .1057- .1747 .2951 .6319 .6321

.05000 .1350 .2207 .3633 .7007 .7009

.07000 .1579 .2558 .4119 .7406 .7409

.10000 .1857 .2970 .4650 .7779 .7782

.15000 .2217 .3479 .5255 .8141 .8144

.20000 .2499 .3860 .5669 .8361 .8364

.30000 .2930 .4406 .6216 .8623 .8627

.50000 .3509 .5080 .6821 .8884 .8889
● 70000 .3900 .5496 .7163 .9022 .9027
1.0000 .4310 .5903 .7477 .9142 .9148
1.5000 .4758 .6317 .7777 .9254 .9260
2.0000 .5058 .6580 .7959 .9319 .9325
3.0000 .5452 .6908 .8178 .9397 .9403
5.0000 .5894 .7258 .8404 .9476 .9482
7.0000 .6153 .7457 .8529 .9519 .9525
10.000 .6402 .7642 .8645 .9557 .9563
15.000 .6655 .7828 .8758 .9596 .9601
20.000 .6817 .7944 .8829 .9620 .9625
30.000 .7023 .8092 .8917 .9649 .9655
50.000 .7252 .8252 .9012 .9681 .9686
70.000 .7386 .8345 .9067 .9700 .9704
100.00 .7515 .8434 .9120 .9716 .9721
150.00 .7649 .8525 .9173 .9734 .9739
200.00 .7735 .8584 .9208 .9746 .9750
300.00 .7848 .8660 .9252 .9760 .9764
500.00 .7975 .8745 .9301 .9776 .9780
700.00 .8051 .8796 .9330 .9786 .9790
1000.0 .8126 .8845 .9359 .9795 .9799



AFWL EMP 1-8 110-75

Table 9b. Values of Gb for 2 t?o/m = 0.9.

1$’ .5 .6 .7 .8 .9

.00010 .0566

.00015 .0693

.00020 .0799

.00030 .0976

.00050 .1253

.00070 .1475

.00100 .1750

.00150 .2117

.00200 .2416

.00300 .2892

.00500 .3579

.0186

.0228

.0263

.0322

.0416

.0491

.0587

.0107

.0131

.0152

.0186

.0240

.0284

.0339
.0718 .0415
.0827 .0479
.1010 .0586
.1297 .0755

.0071

.0086

.0100

.0122

.0158

.0187

.0223

.0045

.0055

.0063

.0077

.0100

.0118

.0141
.0273 .0173
.0315 .0199
.0386 .0244
.0497 .0315

.00700 .4076 .1525 .0891 .0588 .0372

.01000 .4629 .1807 .1061 .0701 .0444

.01500 .5269

.02000 .5717

.03000 .6321

.05000 .7009

.07000 .7409

.10000 .7782

.15000 .8144

.20000 .8364

.30000 .8627

.50000 .8889

.2182 .1292

.2486 .1484

.2966 .1797

.3652 .2271

.4141 .2633

.4677 .3058

.5286’ .3584

.5704 .3977

.6257 .4542

.6870 .5238

.0856 .0543

.0985 .0626

.1199 .0765

.1529 .0981

.1788 .1153

.2101 .1365

.2504 .1645

.2818 .1872

.3295 .2229

.3928 .2735
.70000 .9027 .7215 .5666 .4349 .3094
1.0000 .9148 .7532 .6084 .4783 .3488
1.5000 .9260
2.0000 .9325
3.0000 .9403
5.0000 .9482

.7836 .6506

.8019 .6771

.8238 .7100

.8464 .7448

.5250 .3938

.5557 .4251

.5954 .4675

.6392 .5165
7.0000 .9525 .8587 .7642 .6645 I .5460
10.000 I .9563 I .8701 I .7824 I .6885 .5745
15.000 .9601
20.000 .9625
30.000 .9655
50.000 .9686

.8812 .8004 .7126 .6039

.8882 .8117 .7279 .6228

.8968 .8258 .7472 .6470

.9061 .8411 .7683 .6740
70.000 .9704 .9115 .8499 .7806 .6898
100.00 I .9721 I .9166 I .8584 I .7924 I .7051
150.00 .9739
200.00 .9750
300.00 .9764
500.00 .9780

.9217 .8669 .8045 .7209

.9251 .8725 .8122 .7312

.9293 .8795 .8223 .7445

.9341 .8875 .8335 .7596
700.00 .9790 .9369 .8922 .8403 .7687
1000.0 .9799 .9396 .8968 .8468 .7776

.



110-76 AFWL EMP 1-8

Table 10a. Values of Gb for 0= ~/2.

* .1 .2 .3 .4 .5

.00010 .0180 .0090 .0060 .0045 .0036

.00015 .0220 “.0110 .0073 .0055 .0044

.00020 .0254 .0127 .0085 .0064 .0051
● 00030 .0311 .0156 .0104 .0078 .0062
.00050 .0402 .0201 .0134 .0101 .0080
.00070 .0475 .0238 .0159 .0119 .0095
.00100 .0567 .0284 .0190 .0142 .0114
.00150 .0694 .0348 .0232 .0174 .0139
.00200 .0800 .0402 .0268 .0201 .0161
.00300 .0977 .0491 .0328 .0246 .0197
.00500 .1254 .0633 .0423 .0318 .0254
.00700 .1476 .0748 .0500 .0376 .0301
.01000 .1750 .0892 .0597 .0449 .0359
.01500 .2115 .1088 .0730 .0549 .0439
.02000 .2411 “ .1251 .0841 .0633 .0507
.03000 .2881 .1520 .1025 .0772 .0620
.05000 .3555 .1931 .1312 .0992 .0797
.07000 .4039 .2251 .1539 .1167 .0939
.10000 .4573 .2632 .1817 .1383 .1116
.15000 .5183 .3115 .2182 .1672 .1354
.20000 .5605 .3485 .2473 .1906 .1548
.30000 .6165 .4033 .2924 .2278 .1863
.50000 .6790 .4735 .354-5 .2813 .2326
.70000 .7145 .5183 .3973 .3198 .2668
1.0000. .7471 .5632 .4428 .3623 .3058
1.5000 .7783 .6095 .4929 .4115 .3524 “
2.0000 .7972 .6391 .5265 .4458 .3860
3.0000 .8199 .6762 .5705 .4924 .4330
5.0000 .8431 .7157 .6195 .5464 .4893
7.0000 .8558 .7379 .6479 .5785 .5237
10.000 .8675 .7586 .6747 .6095 .5574
15.000 .8789 .7790 .7017 .6410 .5922
20.000 .8860 .7919 .7187 .6611 .6146
30.000 .8949 .8079 .7401 .6866 .6432
50.000 .9045 .8253 .7634 .7145 .6746
70.000 .9100 .8353 .7769 .7306 .6929
100.00 .9152 .8447 .7897 .7460 .7104
150.00 .9205 .8544 .8027 .7617 .7282
200.00 .9239 .8606 .8111 .7718 .7397
300.00 .9282 .8686 .8219 .7848 .7545
500.00 .9331 .8775 .8339 .7993 .7710
700.00 .9359 .8827 .8410 .8079 .7808
1000.0 .9387 .8878 .8479 .8163 .7904



AFWL EMP 1-8

Table 10b. Values of Gb for O = 7r/2.

F
hS/5a@

.00010

.00015

.00020

.00030

.00050

.00150

.00200

.00300

.00500

.01500

.02000

.03000

.05000

kw-

E
.15000
.20000
.30000
.50000
.70000
1.0000
1.5000
2.0000
3.0000
5.0000
7.0000
10.000
15.000
20.000
30.000
50.000
70.000
100.00
150.00
200.00
300.00
500.00

w

I

.5

.0036

.0044

.0051

.0062

.0080

.0095

.0114

.0139

.0161

.0197

.0254

.0301

.0359

.0439

.0507

.0620

.0797

.0939

.1116

.1354

.1548

.1863

.2326

.2668

.3058

.3524

.3860

.4330

.4893

.5237

.5574

.5922

.6146

.6432

.6746

.6929

.7104

.7282

.7397

.7545

.7710

.7808

.7904

.6

.0030

.0037

.0042

.0052

.0067

.0079

.0095

.0116

.0134”

.0164

.0212

.0251

.0299

.0366

.0423

.0517

.0666

.0785

.09341

.1136

.1303

.1574

.1980

.2287

.2643

.3079

.3402

.3864

.4434

.4791

.5146

.5518

.5759

.6069

.6412

.6612

.6804

.7001

.7127

.7290

.7473

.7581

.7686

.7

.0026

.0031

.0036

.0045

.0057

.0068

.0081

.0100

.0115

.0141

.0182

.0215

.0257

.0314

.0363

.0444

.0572

.0675

.0804

.0979

.1124

.1362

.1723

.2000

.2326

.2733

.3040

.3489

.4057

.4421

.4788

.5176

.5430

.5759

.6126

.6341

.6547

.6759

.6896

.7071

.7268

.7385

.7498

.8

.0022

.0028

.0032

.0039

.0050

.0059

.0071

.0087

.0101

.0123

.0159

.0188

.0225

.0275

.0318

.0389

.0501

.0591

.0705

.0860

.0989

.1201

.1525

.1777

.2076

.2457

.2748

.3181

.3742

.4107

.4481

.4881

.5146

.5491

.5877

.6104

.6323

.6548

.6693

.6880

.7089

.7213

.7334

110-77

.9

.0020

.0024

.0028

.0035

.0045

.0053

.0063

.0077

.0089

.0109

.0141

.0167

.0200

.0245

.0282

.0346

.0446

.0526

.0628

.0767

.0882

.1073

.1368

.1598

.1875

.2231

.2507

.2923

.3474

.3838

.4216

.4624

.4897

.5254

.5657

.5894

.6124

.6360

.6513

.6710

.6930

.7061

.7189



110-78 AFWL EMP1-8

Table Ha. Values of Gb for 0=~/3.

I

q~ .1 .2 .3 .4 .5

.00010 .1396 .0286 .0140 .0095 .0073

.00015 .1696 .0350 .0171 .0116 .0089

.00020 .1943 .0404 .0198 .0134 .0103

.00030 .2344 .0494 .0242 00164 .0126

.00050 .2942 .0637 .0312 .0212 .0162

.00070 .3390 .0753 .0370 .0251 .0192

.00100 .3906 .0898 .0441 .0300 .0229

.00150 .4530 .1096 .0540 .0367 .0281

.00200 .4986 .1261 .0623 .0424 .0324

.00300 .5626 .1534 .0762 .0518 .0397

.00500 .6394 .1954 .0980 .0668 .0512

.00700 .6858 .2283 .1155 .0789 .0604

.01000 .7305 .2680 .1373 .0940 .0721

.01500 .7753 .3189 .1667 .1146 .0881

.02000 .8031 - .3585 .1909 .1317 ● 1014

.03000 .8370 .4182 .2299 .1599 .1234

.05000 .8719 .4969 .2876 .2028 .1575

.07000 .8907 .5486 .3305 .2360 .1842

.10000 .9075 .6013 .3794 .2753 .2165

.15000 .9233 .6568 .4377 .3249 .2583

.20000 .9326 .6926 .4796 .3625 .2910

.30000 .9436 .7372 .5375 .4176 .3406

.50000 .9543 .7838 .6051 .4873 .4066

.70000 .9599 .8090 .6448 .5313 .4505
1.0000 .9648 .8315 .6823 .5749 .4957
1.5000 .9692 .8525 .7191 .6197 .5440
2.0000 .9720 .8651 .7417 .6481 .5757
3.0000 .9751 .8801 .7691 .6837 .6162
5.0000 .9783 .8953 .7978 .7216 .6605
7.0000 .9800 .9037 .8136 .7429 .6859
10.000 .9817 .9114 .8283 .7628 .7097
15.000 .9832 .9189 .8427 .7825 .7335
20.000 .9842 .9236 .8517 .7949 .7486
30.000 .9854 .9294 .8630 .8104 .7674
50.000 .9867 .9357 .8752 .8272 .7880
70.000 .9875 .9393 .8822 .8368 .7998
100.00 .9882 .9428 .8889 .8461 .8111
150.00 .9889 .9463 .8957 .8555 .8226
200.00 .9894 .9486 .9001 .8615 .8301
300.00 .9899 .9514 .9056 .8693 .8395
500.00 .9904 .9546 .9119 .8780 .8502
700.00 .9906 .9566 .9156 .8831 .8565
1000.0 . .9907 .9585 .9193 .8881 . .8627



i

i AFWL EMP 1-8 110-79

I

I

!

Table llb. Values of Gb for 8 = H/3.

H
.00010
.00015
.00020
.00030
.00050
.00070
.00100
.00150
.00200
.00300
.00500
.00700
.01000
.01500
.02000
.03000
.05000
.07000
.10000
.15000
.20000
.30000
.50000
.70000
1.0000
1.5000
2.0000
3.0000
5.0000
7.0000
10.000
15.000
20.000
30.000
50.000
70.000
100.00
150.00
200’.00
300.00
500.00
700.00
1000.0

.5

.0073

.0089

.0103

.0126

.0162

.0192

.0229

.0281

.0324

.0397

.0512

.0604

.0721

.0881

.1014

.1234

.1575

.1842

.2165

.2583

.2910

.3406

.4066

.4505

.4957

.5440

.5757

.6162

.6605

.6859

.7097

.7335

.7486

.7674

.7880

.7998

.8111

.8226

.8301

.8395

.8502

.8565

.8627

.6

.0059

.0072

.0083

.0102

.0132

.0156

.0186

.0228

.0264

.0323

.0416

.0492

.0587

.0718

.0827

.1008

.1291
● 1514
.1788~
.2146
.2432
.2875
.3486
.3906
.4353
.4847
.5180
.5616
.6103
.6386
.6656
.6926
.7098
.7314
.7550
.7687
.7817
.7950
.8036
.8145
.8268
.8341
.8413

.7

.0050

.0061

.0070

.0086

.0111

.0132

.0158

.0193

.0223

.0273

.0352

.0416

.0497

.0607

.0700

.0854

.1096

.1288

.1524

.1838

.2090

.2487

.3050
● 3447
.3880
.4372
.4711
.5164
.5681
.5987
.6280
.6577
.6767
.7006
.7268
.7419
.7565
.7713
.7808
.7930
.8068
.8149
.8229

.8

.0043

.0053

.0061

.0075

.0097

.0114

.0137

.0167

.0193

.0236

.0305

.0361

.0431

.0527

.0607

.0742

.0953

.1121

.1329

.1608

.1833

.2193

.2711

.3085

.3500

.3982

.4321

.4782

.5321

.5643

.5955

.6274

.6478

.6737

.7021

.7186

.7344

.7505

.7609

.7742

.7892

.7980

.8067

.9

.0038

.0047

.0054

.0066

.0085

.0101
● 0121
.0148
.0170
.0209
.0269
.0319
.0381
.0466
.0537
.0656
.0843
.0993
.1180
.1429
.1633
.1961
.2440
.2791
.3188
.3657
.3992
.4456
.5008
.5343
.5670
.6006
.6223
.6498
.6802
.6978
.7147
.7320
.7432
.7575
.7736
.7831
.7924
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Table 12a. Values of Gb for t?= T/13.
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;T
.00010
.00015
.00020
.00030
.00050
.00070
.00100
.00150
.00200
.00300
.00500
.00700
.01000
.01500
.02000
.03000
.05000
.07000
.10000
.15000
.20000
.30000
.50000
.70000
1.0000
1.5000
2.0000
3.0000
5.0000
7.0000
10.000
15.000
20.000
30.000
50.000
70.000
100.00
150.00
200.00
300.00
500.00
700.00
1000.0

.1

.0062

.0076

.00s8

.010s

.0139

.0165

.0197

.0241

.0279

.0341

.0440

.0519

.0620

.0756

.0871 “

.1059

.1351

.1579

.1854

.2209

.2487

.2907

.3469

.3845

.4238

.4666

.4952

.5327

.5750

.5999

.6239

.6484

.6642

.6845

.7070

.7203

.7333

.7467

.7554

.7668

.7798

.7877

.7954

.2

.0095

.0117
,0135
.0165
.0213
.0252
.0301
.0369
.0426
.0521
.0670
.0791
.0942
.1146
.1315
.1590
.2004
.2318
.2685
.3135
.3470
.3951
.4547
.4921
.5292
.5679
.5930
.6250
.6602
.6806
.7001
.7199
.7326
.7488
.7669
.7775
.7878
.7985
.8055
.8145
.8249
.8311
.8372

.3

.0136

.0167

.0192

.0236

.0304

.0360

.0429

.0525

.0606

.0740

.0951

.1121

.1330

.1611

.1841

.2208

.2743

.3133

.3571

.4082

.4444

.4937

.5511-

.5853

.6181

.6514

.6725

.6991

.7279

.7445

.7602

.7762

.7864

.7994

.8138

.8223

.8306

.8391

.8447

.8519

.8602

.8651

.8700

.4

.0185

.0227

.0262

.0321

.0414

.0489

.0584

.0714

.0823

.1004

.1287

.1512

.1788

.2152

.2444

.2901

.3540

.3985

.4463

.4995

.5353

.5822

.6341

.6638

.6918

.7195

.7370

.7587

.7821

.7955

.8081

.8209

.8291

.8395

.8511

.8579

.8645

.8713

.8758

.8816

.8882

.8922

.8961

+

.5

.0247

.0302

.0349

.0427

.0551

.0651

.0777

.0948

.1092

.1329

.1696

.1984

.2333

.2784

.3137

.3672

.4385

.4857

.5341

.5854

.6187

.6606

.7054

.7303

.7535

.7762

.7903

.8078

.8266

.8373

.8474

.8576

.8642

.8724

.8816

.8870

.8923

.8977

.9013

.9059

.9111

.9143

.9174
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Table 12b. Values of Gb for 6 ‘m/18.
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I
!.: .5 .6 .7 - .8 .9

.00010 .0247 .0328 .0442 .0618 .0936

.00015 .0302 .0401 .0540 .0756 .1143
● 00020 .0349 .0463 .0623 .0871 .1315
.00030 .0427 .0567 .0762 .1063 .1599
.00050 .0551 .0730 .0981 .1364 .2035
.00070 .0651 .0862 .1156 .1604 .2376
.00100 .0777 .1027 .1375 .1899 .2786
.00150 .0948 .1252 .1670 .2292 .3311
.00200 .1092 .1439 .1913 .2608 .3717
.00300 .1329 .1746 .2306 .3108 .4327
.00500 .1696 .2212 .2890 .3819 .5126
.00700 .1984 . .2572 .3327 .4323 .5648
.01000 .2333 .2998 .3827 .4872 .6179
.01500 .2784 .3532 .4427 .5495 .6737
.02000 .3137 .3937 .4862 .5921 .7097
.03000 .3672 .4527 .5468 .6483 .7547
.05000 .4385 .5269 .6182 .7105 .8017
.07000 .4857 .5735 .6606 .7456 .8273
.10000 .5341 .6192t .7006 .7777 .8501
.15000 .5854 .6656 .7398 .8083 .8714
.20000 .6187 .6947 .7637 .8266 .8839
.30000 .6606 .7303 .7925 .8483 .8987
.50000 .7054 .7673 .8217 .8701 .9134
.70000 .7303 .7876 .8375 .8817 .9212
1.0000 .7535 .8062 .8520 .8923 .9283
1.5000 .7762 .8243 .8659 .9025 .9351
2.0000 .7903 .8355 .8745 .9088 .9393
3.0000 .8078 .8493 .8851 .9165 .9444
5.0000 .8266 .8641 .8964 .9248 .9500
7.0000 .8373 .8725 .9029 .9294 .9531
10.000 .8474 .8805 .9089 .9338 .9560
15.000 .8576 .8885 .9150 .9383 .9590
20.000 .8642 .8936 .9189 .9411 .9609
30.000 .8724 .9001 .9239 .9447 .9632
50.000 .8816 .9073 .9294 .9487 .9659
70.000 .8870 .9115 .9326 .9511 .9675
100.00 .8923 .9156 .9357 .9533 .9690
150.00 .8977 .9199 .9390 .9557 .9705
200.00 .9013 .9227 .9411 .9573 .9716
300.00 .9059 .9263 .9438 .9592 .9729
500.00 .9111 .9304 .9470 .9615 .9744
700.00 .9143 .9329 .9489 .9629 .9752
1000.0 .9174 .9353 .9507 .9642 .9758

.

I
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Appendix A. Asymptotic Expansion of G(q) for q ~ aJ

The function G(q) can be written in the form
.

I
co

~

G(n) = e‘Yq # (y) dy (Al)

o

\

where

I

l.( y)
@(y) =

[ 1
y Ko2(y) +n2 102(y)

(A2)

The function @(y) has an asymptotic expansion for very small y

given by

t

@ (y) =
1

[ 1
(1 + O(yz)) (A3)

y ln2 (y ~/2) + n2

where r= 1.7810 ● “ ‘, the exponential of Euler!s constant.

Define the first term of Eqn. ( A 3) as

o(y) =
1

[ 1
(A4)

y ln2(y r/2) + 7r2

Then, there exist a d and an c >0 such that

I o(y) - O(y)l < E O<y<d (A5)

Choose 6 such that o<a <2/r.
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Also, O(y) and@(y) are bounded for y> d, thus,

where f‘ is a finite constant.

To obtain the asymptotic form of G(q) for q ~a, write7

m

1
e-yq@(y) dy +

[[
‘e-y~ @(y) - +(y)l dYG(q) =

o

By condition (A6), the second integral can be bounded.

u)

[ ‘-Y’W)-@(4‘y ‘o(n-’)
o

The first integral can be written as

00

o 0 (3

The function @(y) is bounded for y > d, thus

dy

al

1
e-y~$(y)

13

The first integral on the right side of Eqn. (A9) can be written as

(A6)

(A?)

(A8)

(A9)

(A1O)
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v

6

J
~–Yn=
[ 7r2

dy

o
yln2(y ~/2) 1 +

1ln2(y r/2)

and

b d

~
e-yq@(y) dy=

I

e-Y~
~+ O(tn-2(yr/2))1 dy

o 0. yln2(y~/2)

110-97

(All)

(A12)

I

I
I Integration by parts gives

! a
(

J

e-l$q 6
e-y~$(y) dy = -~

J
e-yq[,+O(h-2(yr,2)l W

+ “ -’
0 0

()-lJq+?)+o e+O(e
~ (A13)

\
Now let u = yq, Eqn. (A13) becomes

(i

J

( -d,)-j;
-u

e -Yv$(y) dy = o e
4n(2ql~ ) - Inu]

[1 + o(~n-2(u r/2q))]du

o 0

67J -u .
-1

I

e
= ln(2q/r)

[ 1
[1+o(h-2(ur/2q)] du

o 1- -*)

+O(e -f5q,
(A14)

.



AFWL EMP 1-8

Evaluating the integrals gives

d

J

1‘y~@(y) dY = In(2q /r )

()

1
e

‘0 ln2(2q m
o

(A15)

. .

The results of conditions (A8), (A1O), and (A15) show that the

main contribution to G(q) for q - m comes from Eqn. (A15). Thus, *

1
G(n) ‘-) + O~ln-2(2q m))

and

I

(A16)

,’

i

I

‘1

i

,1

,,

*

.

This development is an extension of the asymptotic form for G(q)

developed in Reference 2.
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f Appendix B. Asymptotic Expansion of F(/) for <+0
I

The Laplace transform of F(t) is given by
.

I

e-Y
f(y) = (Bl)

y Ko(y)

where y is the normalized transform variable. For large y with
I

Iarg YI < 3~/2, the aswptotic expansion of f(Y) is

i . .

‘(y)=@e-yLz+l:8y2‘“(y-31
c12 ( )/L+oy

-2=
v 1+8y

(B2)

where the asymptotic expansion o; Ko(y) for large y with arg yl < 3 n/2

has been used.

To get a solution of F({) for small t, F(t) can be written down

by the term by term inverse Laplace transformation of f(y) as given in

Eqn. (B2). This procedure for obtaining the asymptotic expansion for

small argument is justified by the theorem developed on the following

pages. Thus, as ~ ~ O,

(B3)

THEOREM: If f($), the Laplace transformation of F(q), has the asymptotic

expansion for $- m with Re( ~ ) > \a where ~a’ is some real number

f(f) = g(g) +O(f-p) (B4)
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where y >0 and there exists G(q) the inverse Laplace transform of g(t),

then as q ~ O

()F(q) = G(q) +0 q
p- 1

(B5)

To prove the theorem, write f(~) as

where r(~) is bounded for ~ > $0 > ~a by

(B6)

and C is a constant. F(q) can be writter

Y+ioo

(B7)

Y-ico

y+ioo
1=—

27ri 1

g(~)e<q - & ‘+’mr(~)efqd$
‘t + 2*i

1
Y-ioo Y-ica

= G(q) + R(q) (B8)

Now let ~ = Y + i~, R(q) can be written as

00
R(q) = ~

J
( +iA)q d~r(y+iA) e y (B9)

-a)

For all y 2 y. >0 where y. is a real number chosen to the right

of all singularities in r( (), R(q) can be evaluated. Now let y = d/q where

CY>o. Then for all q such that O < q s q. where q. = ~
o
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I

I

R(q)

8
where condition (B7) has been used. Therefore,

= C,q
~-l

(B1O)

(Bll)

where p = q~/cf and Cl is a constant. Thus

R(q) ()
. ~ qp-l

(B12)

This is the required result and the proof is complete. Theorems

and derivations similar to this theorem can be found in the following refer-

ences: Doetsch, G., Theorie und Anwendung der Laplac e-Transformation;

Kap. 13, (Berlin, 1937); and Carslaw, H. S ., and Jaeger, J. C., Opera-1

tional Methods in Applied Mathematics, Chapter 13, Dciver Edition, 1963.

.

I
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) has the asymptotic power series expansion fo

AFWL EMP 1

~+ m with

(B13)

where O <PI< pz<” “ O, thenit follows from the theorem, as q 40,

where q <

expansion

q. “ This result, Eqn. (B14), was used to calculate the

of F(t) for<~O.

-8

(B14)

—

asymptotic
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Appendix C. Series Approximation for F(t)

A regular function F(t) can be approximated-by a least squares

polynomial fit to give a polynomial approximation P(;) given by

P(<)=~ bm /m
m=O

The relative error of approximation A(t) is given by

A(t) =
P(t) -F(<)

F(t)

and

(cl)

(C2)

(C3)

To measure the accuracy of the approximation, define the maximum

relative error in the range of approximation as A
m“

To remove the singularity in F(t) at t = O, define a new function

Fl(t)as . .

F(;)
Fl (t) = ~ (C4)

I
I

where f( t ) is the asymptotic form of F( t ) for t 40 given by

(C5)

“For05<~/1, Fl (;) Ls regular and can be approximated by a

polynomial. The approximation for F(<) can now be written as

1



I
1.—ift~tl

where k= 2

0 if{~(l

The series approximation of F(t) was calculated by a least squares

polynomial fit with tl = 1.0 and n = 10. The coefficients am are tabu-

lated in Table lC for six ranges of t. The values of F(<), P(t), and

the asymptotic form for large and small < are tabulated in Table 2C.
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Table lCa. Values of bm for O. Os; <l. O.

c
Range () <(<.01 .01 <<<1.0

of (

m 5.4312 E - 07 6.6312 E -06

0 1.0000 E+OO 1.0001 E+OO

1 3.5554 E -01 2.5745 E- 01

2 -9.7015 E + 01 -1.9527 E -01

3 7.2158 E + 04 1.0017 E+OO

141 -3.4541 E+07 I -4.6672 E+OO I

I 5 I 1.0601 E+1O I 1.4199 E+O1 I
6 -2.1050 E+12 -2.8027 E+O1

7 2.6856 E+14 3.5595 E+O1

8 -2.1220 E+ 16 -2.8028 ‘E+O1

9 9.4404 E+17 1.2437 E+O1

10 -1.8066 E+19 -2.3750 E+OO

The values ofbm above are given in the E-format, i.e.,

(Y) 10X = YE + Ox.
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Table 1Cb. Values ofamforl. OS / <10,000.0.

10

F(t) ‘~ amtm
n=O

Range 1.0<< 10.0<{ 100.0<; 1000.0<<
of t <10.0 ~ 100.0 <1000.0 <10, 000.0

& .3.5485 E-0~ -~.7943 -E-04 -~.0808 13-04 -7.3~4fJ ~-OS
m

o 9.8379 E-fll 4.1086 E-01 2.3447 E-01 1.5806 E-01

1 -8.7481 E-01 -2.5827 E-02 -1.0873 E-03 -5.6405 E-05

2 6.8449 E-01 1.9382 E-03 7.8962 E-06 3.9949 E-08

3 -3.4999 E-01 -9.7520 E-05 -3.9193 E-08 -1.9609 E-n

4 1.1955 E-Oi 3.3041 E-06 1.3183 E-10 6.5521 E-15

5 -2.7728 E-02 -7.6275 E-08 -3.0297 E-13 -1.4992 E-18

6 4.3736 E-03 1.1995 E-09 4.7504 E-16 2.3434 E-22

7 -4.6122 E-04 -1.2623 E-n -4.9887 E-19 -2.4556 E-26

8. 3.1082 E-05 8.4935 E-14 ‘-3.3517 E-22 1.6472 E-30

9 -1.2090 E-06 -3.3000 E-16 -1.3007 E-25 -6.3852 E-35

10 2.0633 E-08 5.6267 E-19 2.2156 E-29 1.0868 E-39

.—
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Table 2C. Values of F(<), P(t), and Asymptotic Forms

● 00010
.00015
.00020
.00030
.00050
.00070
.00100
.00150
.00200
.00300
.00500
● 00700
.01000
.01500
.02000
.03000
.05000
.07000
.10000
.15000
.20000
.30000
.50000
.70000
1.0000
1.5000
2.0000
3.0000
5.0000
7.0000
10.000
15.000
20.000
30.000
50.000
70.000
100.00
150.00
200.00
300.00
500.00
700.00

45.01791
36.75761
31.83355
25.99281
20.13517
17.01832
14.23977
11.62834
10.07182
8.22582
6.37506
5.39071
4.51367
3.69007
3.19971
2.61903
2.03857
1.73113
1.45852
1.20437
1.05440
.87882
.70661
.61729
.53941
.46785
.42589
.37653
.32689
.30000
.27543
.25149
.23663
.21816
.19831
.18693
.17612
.16515
.15811
.14909
.13902
.13307

P(<)

45.01794
36.75761
31.83354
25.99281
20.13517
17.01832
14.23977
11.62834
10.07182
8.22582
6.37506
5.39071
4.51367
3.69007
3.19970
2.61902
2.03858
1.73113
1.4%852
1.20437
1.05440
.87882
.70662
.61729
.53941
.46779
.42590
.37650
.32690
.30006
.27548
.25148
.23664
.21816
.19831
.18695
.17613
.16514
.15811
.14909
.13903
.13308

Asymptotj
Small ;

45.01582
“36.75526
31.83099
25.98989
20.13168
17.01438
14.23525
11.62303
10.06584
8.21873
6.36620
5.38042
4.50158
3.67553
3.18310
2.59899
2.01317
1.70144
1.42353
1.16230
1.00658
.82187
.63662
.53804
.45016

110-107
.

Form
Large ~

.21181

.19506

.18470

.17183

.15796

.14999
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Table 2C. Valuesof F(z), P(t), and Asmptotic Forms (Continued

I I I

1000.0
1500.0
2000.0
3000.0
5000.0
7000.0
10000.

F(f)

.12727

.12123

.11728

.11210

.10618
;10260
.09905

Asp Ptotic Form
P(<) Small / Large <

.12727 .14238

.12123 .13460
..11728 .12959

.11211 .12312

.10619 .11583

.10261 .11149

.09907 .10722
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