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Abstract

The electric field on the_axis of a symmetrical parallel plate dipole

consisting of two perfectly conducting, circular, coaxial di”sksis calculated

when the incident field is a plane wave. Two quantities have special interest,

namely, (1) the electric field at the center of the dipole and (2) the integral

of the electric field along the axis between the two plates. Analytical

expressions for the low-frequency behavior of these two quantities are derived

in the case where the distance between the two disks is large. For other

frequencies and for separations of the two disks not too large these two

quantities of interest are calculated numerically.

-i-- ----:
,“ ,

~,
,.,-, --.7 -=, .-,.. l.~-...~.’.-, . ------ . .,.’:...’.R.:-,..-.A --,.- ,., --::’.“.%>=.L—-- _&-,= . .. . , , — -

-—. .— — .— .—. ———



u

.

A COIIUIIOil

parallel plate

1.

type of EMP sensor

dipole (PPD). The

Introduction

fo’rmeasuring the electric field is the

PPD consists of two thin, perfectly conducting,

parallel plates with some device which picks up the electric field or voltage

between the two plates.

In previous notes
(1,2)

some of the characteristicsof a symmetricalPPD

consisting of two perfectly conducting circular‘diskshave been investigated.

In this note we will continue these investigationsand obtain quantitative

informationon ,thebehavior of this dipole for a wide range of frequencies.

To begin with, the two disks are assumed to have the same radius, to be of

zero thickness,and to be exposed to an incident plane wave. Specificallywe

will calculate,pro prime, the electric field at the center of the dipole and,

pro secundo, the integral of the electric field between the two plates along the

axis of the dipole. Because of the symmetry of the problem these two quantities

can be calculated,provided the appropriate factor of two is accounted for, by

considering the problem of one disk above a perfectly conducting plane in the

presence of one incident plane wave or, by considering the equivalent problem
o )

of two parallel disks in the presence of two symmetricallyincident plane waves.

In section 11 we first scalarize the problem of two parallel,eoaxial

disks of different radii by expressing the scattered electromagneticfield in

terms of suitable componentsof theHertzpotentials. From the boundary

conditions on the disks we then derive differentialequations for the

different componentsof theHertzpotentials. Making use of the solutions

of these differentialequations,Green’s theorem, some suitable transformation,

and the edge conditions,we formulate in section 111 pairs of simultaneous

Fredholm integral equations of the second kind. From a knowledge of the

solution of these integral equations the scattered electromagneticfield can

be calculated everywhereby performing simple integrations.

In section IV we express both the axial component of the scattered electric

field on the axis of the two diski and the integral of this field along the

,axisbetween the two plates in Cerms of single integralswhich involve the

solution of the integral equations formulated in section 111. In the special

case of two equal disks each pair of simultaneousFredholm integral equations
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reduces to one Fredholm integral equation of the second kind, This equation

is solved iteratively for low frequencies and for large separation between

the disks. These iterations are used to derive analytical expressions for

both the electric field at the center of the dipole and the integral of the

electric field along the axis between the two plates. For other frequencies

and separations not large these two quantities are calculated numerically

and graphed as a function of frequency for different size of the sensor and

angles of the incident field.

Finally, in an appendix, we consider the electrostaticproblem of

two circular, coaxial, conducting disks immersed in a homogeneous incident

field as the limit when the frequency in the dynamic problem treated in

sections II and 11 tends to zero. A,pair of two

equations for the electrostaticpotential of the

These integral equations resemble very much that

electrostaticpotential of two, equal, circular,

equally charged or oppositely charged.

simultaneousFredholm integral

scattered field is derived.

derived by Love
(5)’for the

coaxial, conducting disks

,;
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11. Formulation of the Boundary Conditions in Terms of DifferentialEquations

In this section we will formulateboundary conditions in terms of a set

of differentialequations for the following problem. Consider two perfectly

conducting, infinitelythin, coaxial, circular disks, S+ and S , with radius

a+
and a_, respectively. The distance between the two disks is 2d (see figure

la) . The two disks, S+ and S-, are located at

z = -d , Osp~a , 0SI$<2Tf,,..

where (P,$,z)are cylindricalcoordinates. We assume that the disks are

immersed in an incident electromagneticfield and the harmonic-timedependence

(e-iut) will be understood throughout the note.

It is convenient to assume that the incident field can be split into

two separate fields, one with the magnetic field parallel to the disks and

the other with the electric field parallel to the disks. The boundary value

problems for these two incident fields can be treated separatelyand the solution

for an arbitrary incident field may then be obtained by superposition.

,:

A. Incident Magnetic Field Parallel to the Disks

In this case we suppose that the incident field consists of two plane

waves (see figure la) such that

inc
ikz cos el-ikx sin e1

ikz cos 02-ikx sin 82
E = %e + ~2e

(1)

ikz cos 61-ikx sin 6
inc -1 L -1

ikz cos 02-ikx sin 0
H

2
— ‘%ZO e ‘3220 e

●

●

o

where k = &I/c,c is the vacuum speed of light and 20 is the free-spacewave

impedance (Z.s 377Q). With El = E2 = E. and 61 = n - 62 - 80 we have



●

b

-ikx sin e. ~
inc

g = 2iEo cos 6~ sin(kz cos eo)e x

-ikx sin 6
+ 2E0 sin 80

0.
cos(kz cos eo)e z (2)

inc
g = 2E Z-l cos(kz

00

inc
In cylindrical coordinates~ in

g
inc = 2E0 cos 90 sin(kz cos 90){-

-ikx sin e. ~
cos ‘dO)e Y

equation (2) can be written as

Jl(kp sin eo) + ~ i~Jm-l(kp sin f30)
m=1

- Jm+l(ICPsineo)]cos m$}~ - 2E0 cos $0 sin(kz cos 60)m~l im
=

[Jm+l(kp sin eo) +Jm-l (kp sin eo)]sinm~? + 2E0 sin e. cos(kz cos eo)

{J (kp sine ) +2 ~ imJm(% sineo)cosm+}~ (3)
o 0

m=1

The scattered field can be determined from the magnetic and the electric

Hertz potentials,~
(m)

and m(e):—

,:
gsc = iu curl IT(m)+—

= iu curl ~
(m) +

B
Sc

= curl curl IT
(m)

— —

curl curl IT(e)—

grad div IT(e)+ kz~(e)—

-1
- ikc curl ‘n‘e)—

(4)

(m) + k2n(m) -1
= grad div ~ - ikc curl n‘e)— —

where T(m) and iT(e)satisfy the Helmholtz equation— —

A~+k2~=0 (5)—

In the problem of two parallel circular coaxial disks the Hertzpotentials take

the form
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(m)
= Eo(iw)‘1 ~ gm(p,Z)COS m+

‘Y m. ~

* (Ill)
= E.(iu)‘1 ~ TIm(p,Z)Sinm$

z
m=O

~(e) = Eo$(p,z);

In cylindricalcoordinatesequation (6) becomes
,,.

where gm and qm satisfy the differentialequation

(6)

(7)

(8)

●
(9)

Thus, we have
,,.

(lo)

The boundary conditions are

on S+andS.

(11)
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We notice here that
I

incEx = E;nc = O for z = dn

where

dn =
-1

n~(k cos O.) > n integer.

With a plane, perfectly conducting sheet (S) of arbitrary shape located at

z = dn the boundary conditions

,,

~inc + ~sc
= E~,+ E;c = O

x x
on S

are satisfied by

Thus, the sheet S will not give rise to any scattered field. For the particular

case of two coaxial perfectly conducting disks located at z = td see equations
n

(30), (37), (42), (51) and (52) in section III.

a~m-l a~m
—.
az ‘=ap

from which it

1 we have the boundary-conditionequations on S+ and S_

2im cos f30sin(kz cos ~o)[Jm+l(kp sin @o) - Jm-l(kp sin 6.)]

(12)

4im cos f30sin(kz cos ~o)Jm(kp sin 6.) ,

follows that

anm mnm

{

o~psa+,z=d

F-
—+ k sin 9oAm(z)Jm+l(kpsin eo) = O , (13)

P
O<p<a, z=-d

where



.

Am(z) = 2smimk
-1

cot 60 siri(kzcos 6.)

and

{

1 ,In= o
E =
m

2,m21

Solving equation (13) we have

.,

@P) = nm(p,-d) = B~pm + A~Jm(k@ sin 8.) , OSpSa

where

A+
= Am(d) , A-= Am(-d)

m m

(14)
..

+
and the unknown constants of integration,Bm and B= (m = 1, 2, 3, ....). are

CO be determined from the edge conditions. Moreover,
,:

(15)

For m = O we have the boundary condition

O~p~a+,, z=d
a2$ - 2 ~oS $ sin(kz cos Oo)J1(kp sineo),
apaz o

{
(16)

O~pSa-, z=-d

●.)

with the solution

. .
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here B:

from the

(17)

N (p,-d) = B;
32

- A~Jo(kp sin 6.)

and B:, the unknown constants of integration,are to be determined

edge conditions.

B. Incident Electric Field Parallel to the Disks

With the incident field consisting of two plane waves (see figure lb) we

have

inc -ikx sin eO *
g = 2E0 cos(kz cos Oo)e Y (18)

or in cylindrical coordinates

~inc m-l= 2E0 cos(kz cos 6.) ~ 1— [Jtil(kp sineo) +Jm-l(kp sineo)]sinm$~
m=1

+ 2E0 cos(kz cos 60){iJ1(b sin 6.) + ~ im+lCJm+l(kp sin 6.),;
m=1

- Jm-l(kp sin eo)]cos m$}$

In this case the scattered field can be described as

ESc = iu curl ~(m)—

Sc
g = grad div n(m) + k2~(m)—

(19)

(20)

‘where



~ h} = Eo(iu)
P

‘1 ~ Xm-l(P,Z)COSm+
~=1

(m) =
‘$

- E.(iu)‘1 ~ Xm ~(p,z)sinm+
m=l -

*(m)
m

= Eo(i#
z 1 ~m(P,z)cosm+

Ul=o

‘RR boundary conditionson S+ and S- give

T:(P) = ~m(P>d) = D;pm+ CmJm(kp sin 8.) , O<p~a+

,,.

T;(P) = +,d) = D~pm + CmJm(kp sin 6.) , O<p<a

T;(P) = ~o(p,d) = D;+ CoJo(kp sin 6.) ,

T:(P) = T&-d = D; + CoJo(k9 sin 6.) ,

Here

cm = ‘-l(k sin 6.)-1 cos(kd cos Q2smi

and D; and D; are constants of integrationto be determined

conditions.

from the edge

(21)

(22)

(2.3)

o

(24)
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111. Reduction of the Differential Equations to Integral Equations

In this section we will derive integral equations from the boundary-

value equations formulated in section II. When the solution of these integral

equations is known the

simple integration.

A. Integral Equations

scattered field at any point can be determined from a

for ~m(p,z) and Tm(p,z)

From equation (14) it follows that

lim TIm(p,Z)= Iim rim(p,z)
z+.~d+ z+~d.

Introduce the notations

an“ a%
--Q (p,z) = limaz ~ (P>c)

g+z-

(25)

an”m an’m
Y;(P) =- (p,-d) -~ (p,-d)

It follows from Green’s theorem that

21T
-1

?lm(p,z)= r
~~

G(p,p’,@ - ~’,Z - d)y~(p’)sin m$’ sin m@dSfd$

0s
+

21T

+IT
-1

J\
G(p,p’,$ - +’,z +d)y~(p’) sinm$’ sinm@dS’d@ (26)

0s

11



where

v

-1 ikR
G(P,P’,4,c) = (4TR) e

and

R= dp2 + p’2 - 2pp’ Cos$+ C2

A simple manipulationof equation,(26) gives

2~ a+

nm(Psz) =
JJ

G(P,P’,IJJ,z - d)p’y~(p’)COS m~cip’d$

00

27ra-

+
JJ

G(P,P’,Y,Z + d)p’y~(~’)cosm$d~’d$
00

1
a+*=—

H

-\z-d\YO,y+(pt)dp,dp
~-lJm(pp)Jm(p’p)e , ~200

a-!-“

H -~z+dtYpTy-(pr)dptdp1
py-lJm(Pp).Im(P‘P)e+700 m

where

(

i’p2-k2, p>k

Y= !-,i&2 _ 2P,p<k

(27)

The path of integrationis along the real axis in the complex p-plane with

downward indentationat p = k, as shown in figure 2. Together with equation

(14) we get the following system of integral equations that Y:(P) and Y;(P)

must satisfy

12
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●
a+ a

~
Km(p,p’,@P’y;(p’)dp’ +

J-
Km(p,p’,2d)p’y~(p’)dp’= B~Pm + A~m(kp sin 6.)

o 0

()<p <a+

(28)
a

1- ~

a+
Km(o,p’,@p’y; (p’)dP’+ Km(p,p’,2d)p’y;(p’)dp’= B~pm + A~Jm(kp sin O.)

o 0

()<p<a-

where

m

KJP,P’,z) =$
J

‘Izbf dppy-lJm(pp)Jm(P‘p)e
o

From the analysis in appendix A it follows that this system of integral equations

can be reduced to

where Y:(u)

second kind

\

a+
Y;(u) +

o

a

Y;(u) +
/-0

Here

a+
2 m-1 d

Y:(P) = -;P
J

- cosh(k~u2-p2)$m f
~ Ym(U)du (29)

P JU2-P2

and Y;(u) satisfy the system of Fredholm integral equations of the

a

Lm(u,v)Y~(v)dv+
~-

Mm(u,v,d)Y;(v)dv= F;(u) , ()<U < a+

o

(30)

J

a+
Lm(u,v)Y;(v)dv+ Mm(u,v,d)Y;(v)dv= F;(u) , O<u<a

o

m

1
Lm(u,v) = ~ y~-2m[(k2+ y2)m-y2m~m-%(uy )Jm%(vy)dy

o

k

/
+iG y1-2m(k2 - Y2)m Im-%(UY)I~_$Vy) dy

o

13
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m

J
Mm(u,v) = ~ p

2m+l -2ul~
Y ~-~~”y)Jm-$vy)e-2dy dp

o

u

F:(u) = 2u-m&
I

cosh(k&2-p2) ~m+l[B~pm+A~Jm(kp sin 60)]dp
o JU2-P2

Defining

one can show that the

give

aT; aT;
t:(P) =x (p,td) -~ (p,fd)

same transformationsas those leading to equation (29)

\

at
2 m-l d

t:(P) = -;P
cosh(kv’u2-p2)l-~ ~

zp—
u Tm(U)du

Ju2-p2

(31)

Here T~(u) and T;(u) satisfy the system of integral equations

a+ a

T;(u) +
~

Lm(u,v)T~(v)dv+
\-

Mm(u,v,d)T;(v)dv= E;(u)
o 0

(32)

a

~- I

a+
T;(u) + Lm(u,v)T;(v)dv+ Mm(u,v,d)T;(v)dv= E;(U)

o 0

where

u-

E~(U) = 2U-m d J cosh(k~u2-g2)Pm+l t m
x— [Dmp + CmJm(kp sin O.)]

+-
0 &’_p ‘

B. Integral Equations for gm(p,z) and Xm(p,z)

.

●

Introduce the notations

14



P&z) = Mm gin(w)
~+z-

Green’s theorem then gives

2Tf a+

\~
&m(P,z) =+ G(p,p’,$,z - d)p’x~(p’)cosmvdp’d~

00

(33)

(34)

From equation (15) we have for m > 1

[

&

1[1

a+
a

+ld-~+k2
Km(p,p’,@p’x;(p’)dp’ + J 1‘-Km(p,p’,2d)p’x&’)dp’

dp2
p dp ~2 o 0

-i-
+ (m + l)B@lP ‘+ksin8A+ om+lJo(kp sineo) = O , 0 < P ~ a+

(35)

[ 1[~

d2 1 d-~+k2 a- K(p,p,,O)p,x-(p,)dp!+ a+~(p,p!,2d)p!x+ (p!)dp,
7+
dp

;T ~2 m m
o ~ m a

o 1

+ (m + l)B~+lPm + k sin 6oA~+lJo(kP sin $.) = O , 0 < P < a.

From the analysis in appendix B it follows that this system of integral equations

can be reduced to

X:(P)
I

= 21T-lpm a
t cosh(k~u2-p2) -m ~t(u)du

u m
P JU2-P2

(36)

15
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where X;(u) and X~(u) satisfy the system of Fredholm integral equations of

the second kind

a+ a

x;(u) +
J

Um(u,v)Xjv)dv +
~-

Pm(u,v,d)X;(v)dv= d(U) , ()<u<a+
o 0

(37)

a

r ~

a+
x;(u) + Um(u,v)X;(v)dv+ Pm(u,v,d)X;(v)dv= G;(u) , O<u<a

o 0

Here

m

J
Um(u,v) = & y1-2mC(k2+ y2)m - y2mlJm%(uy)JmW(vy )dy

o

k

J
+i&y l-2m(k2 -

y2}m Imq4(uy)I&#vy)dy
o

co

JPm(u,v) = G. P
*m-t-l-2m ~ -2dy ~y

Y ~~(uy)J~#vY) e
o

u

G:(u) = U
-m-1 d

~

cosh(k4u2-p2)
x

o #Q 2

With

W:(P) = X;(p,fd) - &(p,fd)

we obtain, in the same way,

W:(P)
I

= 2’K-1 pm a+ c0sh(kJu2-p2) U-m Wk(u)dum
P &o*

(38)

Here W:(u) and W;(u) satisfy the system of integral equations



.

*

a+ a

w:(u) +
I

Um(u,v)W;(v)dv +
1-

Pm(u,v,d)W;(v)dv = H;(u) , 0 ~ u S a+
o 0

(39)

a a+.

w;(u) +
\-

Un(u,v)W;(v)dv +
\

pm(u,v>d)w~(v)dv = H;(u) , O<u<a

o 0

where

U

H~(u) = U
-m-1 d

J

cosh(k~u2-p2)& ~2m+3 dp
zo— m+1

@p 2

c. Integral Equations for 4(P,z)

The Green’s theorem combined with equation (17) gives

[

&
IIJ

a+
a

+ 1 d +k2
Ko(p,p’,O)p’o+(p’)dp’+

J- 1
Ko(md,2d) da-(p’)dp’

dp2
p dp

o 0

i-
+Bo- A>o(kp sin 8.) = O , O<p<a+-

(40)

[

d2

IIJ

a a+
, 1 d +k2 -

Ko(p, #,o)#~-(@)d~’ +
1 1

Ko(p,p ’,2d)i~+(p ’)dP’
‘Tpdp
dp2 0 0

+B;- A~Jo(kp sin eo) = O , ()< p c a-

where

&P) = $“(p,td) -V’(p,fd)

From the analysis in appendix B it follows that

a+
-1

o%) = 27r
J

- cosh(kv&2-p2)St(u)du

P 4U2-P2

(41)

17
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Here S+(u) and S-(u) satisfy the

second kind

J
a+

s+(u) + Uo(u,v)S+(v)dv+
o

a

s-(u) +
~-

Uo(u,v)S-(v)dv+
o

system of Fredholm integral equations of the

a

1- Po(u,v,d)S-(v)dv= F:(u) , 0 < u c a+

(42)

a.

~

+
Po(u,v,d)S+(v)dv= F;(u) , ()<uca-

0

where

kr

J [-1 sinh k(u+v)
Uo(u,v) = i~

- sinh k(u-v)
YI%(UY)I%(vy)dy = i?r Utv u-v 1

0

where

co

J -W @ =,:
J

-2dy ~y
Po(u,v,d) = fi pJ%(uy)J%(vy)e sin uy sin vye

o r

and the path of integration I’is from -ik to +~ as shown in figure 3. Performing

the integrationwe obtain
o

Po(u,vjd) = P:(u,v,d) +P:(u,v,d)

P:(u,v,d) = n
[

-Lei2kd 2d cosh k(u-v) _ 2d cosh k(u+)

4d2+@-v)2 4d2+(u+v)d
P~(u,v,d) = ir

[

-lei2kd (u-v)sinhk(u-v) - (u+v)sinhk(u+v)

4d2+(u-v)2 4d2+(ui-v)2 1
In equation (42) the right hand sides are given by

u

F:(u) = u
-1 d

J

cosh(k$u2-02)&03 _ 2(k sin 60)-1A~p2J1(kpsin eo)]do
K o“

o
V’u2-p2

= 2k-lB~ sinh(ku),,-2(k cos @o)-lA~ sinh(ku cos O.) (44)
. ●
\,,.,
I

\

18
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●
D. Determinationof the Unknown Constants From the Edge Conditions

The surface currents,i_+(P,$)on S+ and~-(p,+) on S_, are given by

(45)

where

Thl.xs,

(46)

i;(P,@ = H:sc(p,+,d) - H;sc(p,+,d)

inc
since & is continuous everywhere. The edge conditions are

i~(P,$) = K(a+- P)%

(47)

ij(P,@)= K(a+ - P)-%

as p +a - 0.
+

the

In the case where the incident magnetic field is parallel to the disks,
+

expansion of ip(p,$) in a Fourier series,

$(M) = ~ i+(p)cosm$
nl=o ‘m

(48)

19



combinedwith equations (4)} (6), (8)$ (25)> (33) and (46) 8iVes

(49)

.+ ‘[
dx; ~

= Eo(iupo)‘1 k2x:-1 +:&-
m(m-1) ~+ + m i-

‘pin 2 n-1 ; Ym
P 1

which become from equations (29), (36), (41)

ti kEoS+(a+)
+ O[(a+ - P)%

,imZo/a+(a+-p)

?@ mEo Y~(a+)-l?-~(a+) + or(a

+-
p)%, m> 1

. a (a -p)
=~~oma+~+ +

as p +a - 0. Thus, the edge conditions give
+

S+(a+) = O

Y;(a+) ~-l(a+) , ti> 1= x+

S-(a-) = O

Similarly

(50)

(52)

Y~(a-) = Xi-l(a-) , m>l

from which we can determine B~, m > 0.

In the case where ‘theincident electric field is parallel to the “disks,

we have the edge conditions
.. ..

20



(53)

I

from which we can determine D:, m > 1.

Here we wish to add that the edge condition for i~m is satisfted by the
I

conditions (51) - (53).

21



IV. The Electric Field on the .Axisof the Disks

A. An Integral Exp”;essionfor the Electric Field

The electric field cm the axis of the two disks is given by

Ez = E~c + Eoe (54)

where

a2
e(z) ‘nv(%z) +k2$(0,z)

az

and $(p,z) is given by

V(p,z) = $+(p,z) +TJ-(p,z)

where

I_*-(P,d =+ s G(p,P’,@,z +d)p’~-(p’)dp’d$

We now manipulate $+ (and, similarly,V-) as follows.

iJ+(P,z)“&&
/

p’a+(p1)exp~k~p2tiT2-2pp‘ cos &E(z-d)21
dp‘d+

‘+ Jp2+p’2-2pp’ COS @-(z-d)2

_l 3-”
H

a++
S (u)cosh(k~u2-pf2}o’expfik/p2+p’2-2pp’cos ~+(z-d)~dudp,dd

2T2 22 ~ o
+ /U2-p’2 /p2+p’2-2pp’COS @(z-d)2

a+ m ,21
-1 a

/ \

u p’Jo(p’p)cosh(k~u2-p
S+(u)du py-lJo(pp)e

-Iz-dly= T Z. dp
I

dp‘
o 0

4u2-p‘2

(56)
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Making use of Sonine’s second integral we have

a+
w

++(p,z) = IT-1+
J

S+(u)du
\

py-2Jo(pp)sin(uy)e-\z-d\y ~p

o 0

a+J[ikv’’p2+(\z-dI-iu)2
2

~ sgn(d-z) e
~ik/p2+(\z-dI+iu)

27Ti

1

S+(u)du (57)
o

~p2+(\z-dI-iu)2 ~p2+(Iz-dl+iu)2

and the real part of the square root is positive. For p = O we have

a+
$+(O,Z) = T-l Sgn(d - ~)eiklz--d]

~
u cosh ku-i z-d sinh ku +

2
S (u)du (58)

o u2+(z-d)

Thus, for -d < z c d, we have

a&

14(0,z)= ~-leik(d-z)
J

‘ u cosh ku+i(z-d)sinhku +
S (u)du

o u2+(z-d)2

a
-1 ~ik(d+z)-IT

J

‘-u cosh ku- i(z+d)sinh ku
2

S-(u)du
o u2+(z+d)

(59)

From the analysis in appendix C it follows that S+(u) = O(u) as u + O and

thus the integrals in equation (59) exist for -d s z S d. We also note that

the expression (55) for +(p,z) satisfies the @-independentwave equation off

the disks S+ and S . The electric field on the axis can be obtained by

differentiationof equation (59). In order to obtain expressionsmore suitable

for numerical calculationswe proceed as follows: suppose S+(u) is differentiable

twice. Integratingby parts of equation (57) and keeping in mind that

S+(a+) = S+(0) = O we get
.,,

a+ e

0

ikJfiz-d~-iu) 2
d(p,z) =+ o
az

~p2+(\z-dl-iu)2

ik~pz+(lz-dl+iu)’e

Jp2+(lz-dl+iu)2 .

~+(U)du (60)

and
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[

ikw’pzi-([z-d~-is+)2

1
fki’pz++z-dl+ia+) 2

.?.2 (p,z) “ ~n.fsgn(d-z) e
-.e:.

V+(a+)

az2 4P2+(Iz-dI-ia~)2 ~pz+(Iz-dI+ia+)2

a+
- sgn(d-z)J[

iki’p2+([z-d[‘iU)2
e 1iki’p2+(~z-dli-iu)2

e E+(u)du (61)
2Ti

o ~p2+(~z-dl-iu)2 ~p2+(Iz-dl+iu)z

where

+
v+(u),” * (u)

E+(u)=“g (u)

~u~, for -d c z c d, we have, after substituting (55), (59), (60) and (61)

into (54),

-Ieik(d-z)

\

a+
u cosh ku+i(z-d)sinh #&u) : ~+(u)~du

e(z) = IT 2
0 u2+(z-d)

a
-leik(d+z)

-T
\

- u cosh ku-i(z+d)sinhk~k2S-(u) _ E-(u)~du
2

0 Uz+(z+d)

+ ~-leik(d-z)’a+
cosh ka++i(z-d)sinhka+ ~

V (a+)
a~+(z-d)2

a cosh ka--i(z+d)sinhka
- #eik(d+z) - V-(a-)

a! +(z+d)
2

The next quantity of interest is v(d) given by

d

v(d) = E;l
J

Ez(O,z)dz
-d

(62)

(63)

(64)

.

●

which upon substitutionof equation (54) becomes
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v(d) = vi(d) + v2(d) + v3(d)

where

d

vi(d) = E;l
J

Einc
(O,z)dz = 4k-1 tan 0~ sin(kd cos 6.)

-d z

v2(d) = ~ (O,d) -~ (0,-d)

d

v3(d) = k2
J

$(O,z)di;
-d

For Izl # d we have

~ (0,2)
az

s# (0,2) +*(0, Z)

~-leiklz-dI

\

a+~z-d\coshku+iu sinh kuV+(u)du=
o (z-d)2+u2

a

P

+T-leiklz-t-dl‘- z+d cosh ku+iu sinh ku V-(U)du
o (z+d)2+u2

and

w (o,+) = ‘+(0);V-(O)W (O,d) - ~zv2(d) = ~z

a+ a

+~
I

‘in: ‘tlV+(u)du -$
J-

sinh ku
T

V-(U)du
o

u
o

2ikd

~

a+
e 2d cosh ku+iu sinh ku-—
T

0
4d2+u2

2ikd a-
+~

1

2d cosh ku+iu sinh ku
T ~d2ti2

o

V+(u)du

V-(U)du

(65)

(66)

(67)
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From the theory of the exponentialintegral
(11)

it follows that

d a+
a

v3(d) = k2
I

$(O,z)dz = (2@-1k2
[[

K(u)S+(u)du-
1- 1

K(u)S-(u)du (68)
-d 0’ 0

where

K(u) = El(ku - 2ikd) - El(ku) + El(- ku - iO) - El(- ku - Zikd)

and El(g) is the exponentialintegral,

w

El(c) =
I

~-le-tdt
, Iarg Cl < IT

c

B. Low Frequency Approximationfor Two’EqualDisks

In the special case of two equal disks it follows from the system of

integral equations (42) that

s+(u) = - s-(u) = s(u) (69)

and S(u) satisfies the Fredholm integral equation

a

s(u) +
J

[U.(U,v) - Po(u,v,d)]S(v)dv= Fe(u) , 0 < u< a (70)
o

where

Fe(u) = 2k-~Bo sinh ku - 2(k cos 60)-lA~ sinh (ku cos 6.)

The edge condition[cf. equation (51)3 gives

s(a) = o

which enables us to determine the unknown constant Bo.

(71)
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The kernel of equation (70) is small when the normalizedwave number of

the incidentwave is small and the distance between the two plates is sufficiently

large, i.e., when a = ka << 1 and ~ = kd is of the order of unity. Thus, an

iterative solution of equation (70) c,anbe obtained in this case. This iterative

solution gives

S(u) = sin 290 sin(v cos 00)a2aG(<2-1){1-a2[l/6-(G2+l)(l+COS2eo)/20]/3}i@(a5) (72)

v(u) = sin zeo sin(n cos 60)aa{3~2-l%2[(l+cos2eo)~4/4-~2/2+7/6o-cos2eo/2O]}/3i-o(a5)

E(U) = 2 sin 200 sin(rlcosf30)a{lti2[(l+cos200)~3-;]/6}w(a5)

EZ(O,O) = 2EoEsin eo+z sin 2eo sin(rlcos go)eiqa5(~4+in3-~2-2)/(45n~6)]+o(a7)

-1 “
v(d) = dq sin 20

0 sin(n cos 6.)[2 cos-200-a2/3ti4(11+6cos260)/180]+0(a6)

where

< = u/a

c. Numerical Results

(73)

(74)

(75)

(76)

The integral equation (70) was solved numerically for O ~ ka ~ 10,

d/a = .1, .05, .02 and f30= 18°, 36°, 54°, 72°. With this solution available

we then, by simple integrations,calculated e(0) and v(d) from equations (64)

and (65), respectively. The results of these calculationsare shown in figures

4-11. In the graphs we have used the normalized quantities
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et = 1 + e(0)/(2 sin eo)

Vt = v(d)/(4d sin 6.)

Figures 4-7 show le’1 and arg{e’} as a function of ka with d/a as a parameter

for differentvalues of 8.. We found that the curves for \v’[ and arg{v’}

are very similar to those of le’~ and arg{e’1. Therefore,we have decided to

plot let - v’! and arg{e’ - v’] in figures 8-11 as a function of ka with

d/a= ,1, .05. For d/a = .02 the differencebetween et and v’ is negligible

and hence the correspondingcurves are omitted in the figures. It is found

empiricallythat for ka ~ 1 we have

Ie’1*1 - k2a2 cos2do/6

To conclude this section we want to point out that er = v’ = 1 for 60 = 90°

and EZ(O,Z) = O for 60 = 0°, as expected.
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The geometry of the problem
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Figure la. Incident magnetic field parallel to the disks.
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Figure lb. ‘r?~cidentelectric field parallel to the disks.
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OP.

Figure 2. Path of integrationin equation (27) of section 111.

0-Y

Re

Figure 3. Path of integrationin equation (42) of section III.
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first

kind.

In this appendix we will

kind (28) in section 111

Appendix A

transform the singular integral equation of the

to a Fredholm integral equation of the second

Consider the integral equation

a+ a

I Km(P,o’,O)p’y;(p’)dp’+
1

Km(p,p’,2d)p’y;(p’)dp’=

o 0

B~pm+ A~m(kp sin 6.) , O<p<a+ (Al)

where

w

Km(p,p’,z) =$
1
py-lJm(pp)Jm(p‘p)e-zydp

o

and Km(p,p’,O) has a singularityat p = p’. We now split Km(p,p’,O) into three

parts

Km(P,P’,O) = Km‘l)(P,P’) +Kf)(P,P’) +K~3)(P, P’)

where

m y2mJm(p~k2+y2)Jm(p’~k2+y2)
Ky(P,P’) =;

I
o

(k2+y2)m
dy

k

J
K(3)(p,p’) =; Jm(pi’k2‘y2)Jm(P’k2
m - y2)dy

(A2)

o

‘l)(p,p’) iS singular at p = p’.Note that Km From Sonine’s second in~egral
(lo)

and Hankel’s inversion formula it follows that
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●

Imin P$p’) ~m

K(l)(P,p’) = T-%l’)-m
r cos(k~02-r2)cos(k~p’2-r2)

m dr (A3)——
0 4p2-r2 4p’2-r2

Thus, equation (Al) can be transformedinto

p 2m
a+ -i- (l-m)

J

,2-r2)
-1 -m r cos(k/pz-rz)

f

Ym(PvP’ COS(k~p
~P dp’dr

o lp2-r2 r ~pt2_r2

a+

+ J [K(2)(P,P’)+K~3)(p,p’)]p’y;(p’)do’
m

o
a

+ J Km(p,p’,2d)p’y;(p’)dp’= f;(p)

o

where

But this integral equation can be written in the form

P
ao

hi(p)
J
N(p,r)h2(r)

I
N(p’,r)no(p’)go(p’)dp’dr

o r

a
P –p

+1
/

Np(p,p’)gp(p’ldp’= f(p)
p=o *

where P is a nonnegativeinteger

h-Jp(P,P’)ll

and

<al, O<p<p

Moreover

P.

J
N(p,p’)g(p’)dp’= f(p) , O<p<a

o

(A4)

(A5)
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and

a

~
N(p’,p)g(p’)dp’ = f(P) , O<p<a (A7)

P

have explicit solutions for any differentiablef and any a > 0. Define rip(p)

and Bp(u,v), O < p < P, by

PP’rr
NJP,P’) = ‘nine

)!
N(p,u)N(p’,v)B_(u,v)dudv

00

and we arrive at the integral equation(7)

aP

h2(u)so(u) + f’
I

Bp(u,v)sp(v)dv= f*(u)
p=o ~

P

9 O<u<a
o

(A8)

(A9)

where f*(u) is the solution of

P

hi(p)
I
N(p,u)f*(u)du= f(p)

o

and Sp(u) is defined by

aP

5P(U) =
~

N(p,u)np(p)gp(p)dp

P

It is now easy to show

the following Fredholm

a+
Y:(u) +

J
Lm(u,v)Y~(v)dv+

I
Mm(u,v,d)Y;(v)dv= F;(u)

that the integral equation (Al) can be transformed to

integral equation of the second kind
a

(A1O)

o 0

where
$

a+

Y:(u) = urn
~

cos(k~p2-u2)Pi-m t
ym(p)dp

u dp2-U2

and



.

Here

is

From

F:(u) = 2U
-m d

~

cosh(k/uL-p’)~m+l +
z— fm(p)dp

o &.p 2

we have made use the fact that the solution of
(3)

u

Icos(k~u2-p2) *
f (p)dp = f(u)

o-
0

Sonine’s second integral it follows that

Lm(u,v)
/

.~ /-2~(k2+y2)m-y2m]J,(uy)Jm-@OdY
m-3

o

m

j

Mm(u,v,d) = ~ p2m+ly-2mJm_$(uy)Jm_$vy)e-2dydp

Moreover, the solution of

a

J

cos(k~p2-u2)

u 4p2-u2
is

from which it follows that

Thus, we

Fredholm

(M 1 )

uf(U)du

k

I
+iGy 1-2m(?c2- y2)mIm-%(uy)Im_+(vy)dy

o

and

(A12)

o
/

(A13)

o

the integral equation(3)

f*(p)dp = f(u) ?

a

I

cosh(kv’u2-p2)
uf(u)du , ()<p<a

P @p 2

O<u<a

(A14)

have transformedthe

integral equation of

(A15)

integral equation of the first kind (Al) into the

the second kind (A1O).
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Appendix B

In this,appendix we will transform the differential integral equation

of the first kind (35) in section 111 to a Fredholm integral equation of the

second kind.

Consider the integral equation for m > 0

[

~
a+

+ld2

1[1
‘2 + k2.—. — Km(p,p’,Op’x;(p’)dp’

do2 p dp
P o

a

+
J 1

+
Km(p,p’,2d)o’x~(p’)dp’ + (m+ l)BtilPm

o

+ k sin 8oA~+lJm(kp sin eo) = O (Bl)

where

m

KJP,P’, z) =+
I
py-lJm(pp)Jm(p‘p)e-zydp

o

But from the theory of Bessel functions it follows that

[-

32
+13 m2—— -—

1
+ k2 Km(p,P’,Z) = - (PP’)-”-l + [PP’HJP, P’, z)]

ap2 P ap ~2 (B2)

where

m

HJP,o’,z) I -lJ
=+ (PP’)m Yp m+l(pp)Jm+l(P’P)e-zydp

o

Integrationby parts of equation (Bl) gives
a~ a

-m-l d
P ~p [f

Hm(p,p’,O)p’q;(p’)dp’+
I 1

Hm(p,p’,2d)p’q;(p’)dP’

o 0

+ (m + l)B~lpm +ksin6A+ o m+lJm(kG sin eo) = O (B3)
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where

<(d =$ cP-mx:(P)l

and we assume that x~(a~) = O.

Following the techniqueused in appendix A equaeion (B3) can be trans-

o 0 -1

+ (m+ l)B~lp
2m+l

+ k Sin eoA~lp
msl

Jm(kP sin flo)= O (B4)

where

Ca

H(z)(p,p’) =+ (f)p’)mJ[ 1

J_.2E__ z z ~+1 Jti1(dk2 + Y2)J&l (p‘~kz + y2)dym
o y2+k2 (Y +k )

and

k

I
H;3)’(P,P’)= ~ (Pp’)m ~ Jm+@k2 - y2)J~l(p’~k2 - y2)dy

*y-k

dp’dr

Integratingequation (B4) from O to P we get for m > 0

p r2m+2
a+ +

I

cos(k~p2-r2)J
qm(pt)cos(kdp’2-r2)

22
0, xdp -r r 4P’ 2-r2

a+ a

+p
/

~H(2)
~ (P,P’) +H:3) (p,p’)]p’q#’)dp’ + P

J
~m(~,p’,zd)p’~(p’)dp’

o 0

+&B+ 2m+2 + m+l
2 *1P + ‘*1P ‘m+l

(kp sinOo) = O (B5)

44



Using the method described in appendix A this integral equation can be

transformedinto
a+ a

x:(u) +
I

Um(u,v)X&)dv +
I

Pm(u,v,d)X;(v)dv= G;(u)

o 0

where

a+ -
a

m-i-l
x:(u) = - u

!

cos(k4pL-u’)

u ip2-U2

~(p)dp

u

G:(u) = U
-m-l d

\

~osh(k~u2-p2)
x— ~g;(p)dp

0 &p2

.

~;(p)=B~lp2*2
m+l

+ 2A~+lp Jm+l(kp sin 8.)

From Sonine’s second integral it follows that

m

Um(u,v) = G
I
yl-2~(k2 + ~2)m . y2m]Jm~a(uy)Jm~ti(vy)dy

o

k

~
+iGy 1-2m(k2 - Y2)mImW.(UY)Im%(vy)dy

o

a

Pm(u,v,d)
!

= ~ p2&1y-2mJm~$uy) J~+(vy) e-2dydp

o

(B7)

(B8)

Thus, we have succeeded in transformingthe differential integral equation (Bl)

into the Fredholm integral equation of the second kind (B6).
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Appendix C

In this appendix we will investigateUo(u,v) and Po(u,v,d), defined by

equation (42) in section 111, for small values of u.

Suppose that f(v) is integrableon (O,a) for any given a > 0, and

llf~~= ~ If(v)ldv

o

For u < 6/2 where O < d < a we have

a

(cl)

where

and

I(u) = JU&,v)f(v)dv = Il(u,d) + 12(u,6)

a

6

II(U,6) = JUo(u,v)f(v)dv

o

a

12(u,6) =
J
Uo(u,v)f(v)dv

6

But

(C2)

6

II(u,6) = i~
-1

J[

sinh k(u+v) - sinh k(u-v)

1
f(v)dv = ; bm(k,d)uZlll-1

U* u-v (C3)

o
m=~

where

k2n+l 2n-2m+2
lb (k,d)1 ~ 2~-lllfll~ (2n+l)(2m-1)!(2n-2m+2)!
m

n=m

Thus, 11(U,6) = O(u) as u“+ O. Moreover,

a

12(u,d) = i~
-1

J[

sinh k(u+v} - sinh k(u-v)

1
f(v)dvU+v u-v

6

(C4)

o
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where

a
. ~k2m

sm(k,d) —
\

sinh kv
f(v)dvT(2m)! ~2-v2

6

and

*ik2m+l a v ~osh ~
cm(k,d) = ——

~
f(v)dvTr(2m+l)! 2-V*

.3U

Now

4k2ti1 Ilfl[in 2 sinh ka
Ism(k,d)l ~ Tr13(21n)!

*k2m+l
Ilfllln(2a/6)coshka

lcm(k,6)I ~ n(2m+l)!

Thus, 12(u,6) = O(u) as u + O. Moreover,

P’(u,v,d) + P;(u,v,d)Po(u,v,d) =
0

where

e2ikd
P;(u,v,d) = —

[

2d cash k(u-v) _ 2d cosh k(u+v)
‘rr

4d2+(u-v)2 4d2+(u+v)2 1

8dv coe.htie2ikd *m-i-l*m
=

i u *m:
~[4d2+(u+v)2][4d2+(u-v)2] m=O

4d(4d2+u2+v2)sinhkve2ikd w u2m+lk2m+l

I (2m+l)in[4d2+(u+v)2][4d2+(u-v)2] m=O

(C5)

(C6)

(C7)

(C8)

and
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[

‘ ‘ikd (u-v)sinh k(u-v) _ (u+v)sinhk(u+v)
P“(u,v,d) =-

4d2+(u-v)2 4d2+(u+v)2 1

~ 2v(4d2-u2+v2)coshkve
2ikd ~ 2m+lk2m+l

~ ‘(2m+L)!
im~4d2+(u+v)2]~4d2+(u-v)23 IU=O

+ 2(4d2+u2-v2)sinhkve
2ikd w 2m+lk2m

1 ‘Zmf
in[4d2+(u+v)2~[4d2-t-(u-v)2]m=() “

From this it follows that

a

13(U) =
~
P(u,v,d)f(v)dv= ()(u) asu+O

o

Thus, we have shown that as u + O

(C9)

In(u) = o(u) , n= 1,2,3
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Appendix D

In this appendix we will derive integral equations for the quantities

Vi(u) and Et(u) defined in equations (62) and (63) of section IV.
.

Defining S;(u) as

{

St(u) , O~uSa+
s;(u) =

- St(-u) , - a+ <U<(I

we have from equation (42) in section 111

a+ a

s:(u) +
J

N1(u - v)S;(v)dv +
J

N2(u - v)S;(v)dv = F;(u)

-a + -a

a a+

s;(u) +
~

Ill(u - v)S;(v)dv +
~

N2(u - v)S;(v)dv = F;(u)

(Dl)

, O<u$a+

(D2)

-a -a
+

where

Nl(x) = (i~x)-lsinhkx

N2(x) = T
[ 1

-lei2kd 2d cosh kx + ix sinh kx
- 4d2+x2 ~d2+x2

The left hand side of (D2) is an odd function of u. Thus, by introducing

{

F@ , OSu<a+
F(u) =

- F;(-u) , -a+$u<O
(D3)

we have

a+ a

s;(u) +
I

Nl(u - v)S;(v)dv +
J

N2(U - v)S~(v)dv = F+(u) , -a+ <u<a
+

-a
i- -a

a
(D4)

a+

s;(u) + I NI(U - v)S;(v)dv +
\

N2 (U - v)S;(v)dv = F-(u) , -a- < u z a-
J
-a -a

+
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Suppose S;(u) is twice differentiable.

a+
a

v;(u) + J NI(u - v)V;(v)dv -t-
I

N2(U

-a
i-

-a

a
a+

v;(u) +
J

Nl(u - v)V;(v)dv +
f

N2(U

-a -a
+

where

Then, integrationby parts gives

v)V~(v)dv = R;(u) , -a+ <uS a
+

(D5)

- v)V;(v)dv = R;(u) , ‘a- ~ u $ a-

Moreover,

a+
E;(u) +

\
Nl(u - v)E;(v)dv

-a
+
a

E;(u) +
f

NI(U - v)E;(v)dv

-a

where

●

a

+
\

N2(u - v)E~(v)dv = Q;(u) , -a+ SUsa
+ o

-a
(D6)

a+

+
I

N2(u - v)E~(v)dv = Q~(u) , -a_ ~u~a

-a+

d2Ff

Q:(.) .— (u) +CNI(U+ a+) - Nl(u - a+)]V~(a+)
du2

+ ~N2(u + a-) - N2(u - a )]V~(a-)

The solutions of (D5) and (D6) fulfill the symmetri relations:
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T

v; (-u) = v;(u)

E;(-U) = - E;(U)

Introducing

Ei(u) = E;(u)

R&(u) = R;(u)

(D7)

(D8)

(D9)

(D1O)

(Dll)

~t(u) = Q:(U) (D12)

for O ~ u S a+ we have

a+ a

v+(u) +
I

[Nl(u ‘V) +Nl(u+v)]V+(v)dv +
~

[N2(u - v) + N2(u + v)]V-(v)dv

o 0

3 R+(u) , O$u <a+

(D13)a

I

a+

v-(u) + [Nl(u - V) + Nl(u + v)]V-(v)dv +
J

[N2(u - V) + N2(u + v)]V+(v)dv

o 0

= R-(u) , O~uSa
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a+ a

E+(u) +
I

[Nl(u - v) - N1(U + v)lE+(v)dv+
~

[N2(u -v) - N2(U + v)~E-(v)dv

o 0

= Q+(u) , O< usa+

(D14)
a a+

E-(u) +
I

[Nl(u - V) - NI(U + v)]E-(v)dv +
I

[N2(U - V) - N2(u + v)~E+(v)dv

o 0

= Q-(u) , OSu~a

52

We notice here that the only differencebetween the integral equations for

St(u) and Et(u) is the right hand side.



Appendix E

In this appendix we will derive an integral equation for the potential

around two conductingparallel coaxial disks immersed in a homogeneous

electrostaticfield. The geometry of the problem is described in figure 12.

The incident field,

E
inc

= Eo(; cos 90 -i-; sin O.)—

can be derived from a potential, @lnc, as

(El)

(E2)

where

@
inc

=-x Cos e -zsin90+@o
o

and 40 is a constant.

The scattered field takes the form (cf. equations (4) and (6) in section

II)

~
Sc

= E. grad~~ (o,z)I+ E. _curl 7r

where

‘P = $O(p,z)sin$

‘$ = EO(P,Z)COS 4

‘T
z = nl(p,z)sin @

This electrostaticproblem can be considered as the limit problem when k

tends to zero of the more general problem treated in section 111.

Thus, we have from equations (27), (29), and (30) in section 111
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-)

00

a+.

H
++ Jl(Pp)Jl(p’p)e-Iz+d[p , -

P yl(p’)dpdp’
00

(E4)

where

J’
-V& (,,)

Y;(P) = -:$

P
and Y;(u) and Y;(u) satisfy the system of

= du

&2_p 2

integral equations

a

Y;(u) +:
1[

2d Zd

,4d2+(u-v)2 J
‘~y;(vldv = 4(B; + Cos ea)u
4d2+(u+v)o

a+
(E5)

Y;(u) +$
J[

2d 2d

4d2+(u-v)2 1
~ y;(v)dv = 4(B; i-Cos eo)u

o 4d2+(u+v)

where B; and B; are constantsof integrationto be determined from the edge

conditions. Integrationby parts of equation (E4} gives

a+C71

Tll(lhz) = ; H -lz-d~Pptf@dpdp’PJl(pp)Jo(p~p)e

00

a
-m

1

H
-lz+d~pp,f;(pr)dpdpf

‘z PJl(PP)Jo(P’p)e

00

a
w

+Tr
-1

1
Y;(u)du

J
Jl(pp}sin upe‘lz~ipdp

o 0
(E6)

b

o
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where
a+

J

- Y;(u)
f;(o) =: ,- du

p A12-p2

Moreover, from equations (34), (36) and (37) in section 111 it follows

that

a+w

ZO(P,Z) =++

J~

-lz-d\Pp,x+(p~)dpdp’
Jo(pp)Jo(p’p)e o

00

a-w
la

!~

-lz+dlPp~x-(p,)dPdpl——
‘2az Jo(pp)Jo(p’p)e 0

00

where
a+

~

- x:(u)
— dux:(p) = #

p V42-p2

and X:(u) and

x:(u) +

x;(u) +

The edge condition is, cf. equation (51) in section III,

X~(a~) = Y~(ai)

X;(u) satisfy the system of integral equations

a

1

-~ [

2d 2d
IT

1
z X;(v)dv = 2(B;+ 2 Cos eo)u

4d2+(u-v)2
o 4d2+(u+v)

~

~[

2d 2d-—

1
z X~(v)dv = 2(B; + 2 COS 60)UIT

4d2+(u-v)2 4d2+(utv)o

(E7)

(E8)

(E9)

from which it follows that

(~lo)
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and thus,

x:(u) = Y;(u) (En)

The

the

edge condition,although derived in terms of the current on the disk in

dynamic case, implies that the charge density, in the static case, is

O[(a+ - -k
P) lasp+ a+. We have

a+ m

5$2} = r-l+
I

Y;(u)du
J

- I=dbdpp-lJo(pp)sin upe

o 0

a Co

* # ~

J
Y;(u)du

~
‘Iz+d]pdp

32 p-lJo(pp)sirIupe (EI.2)

o 0

From equations (40), (41}, (42) and (44) it is easy to show that $(P,z) = O.

Introducing

o 0

a
co

+Ir
-1

(20s4 J Y;(U)du
~
Jl(Op)sin upe- Z+d\??dp (E13)

o 0

one can see that

curl n = - grad @ (E14)

Here Eo@ can be interpretedas the electrostaticpotential for the scattered

field. We have

a+
= (2TTip)-1Cos $

J[’

z-d~+iu z-d
Q(p,+,z) -iu

1
Y;(U)du

o ~p2+(lz-dl+iu)2 Jp2+(Iz-dI‘iU)2

a

+ (2?rip)
-1

J[”

z+d +iu )z-dl-iUCos +

1
Y; (u} du

O ~p2+(lz+dl+iu)2 /P2+(lZ+dl-iU)2 (E15)
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Now define

Y;(-u) = - Y;(u)

Then,

(E16)

a+
Q(P,+,Z) = (2Tfip)-1Cos $

[1”

z-d +iu

-a+ ~p2+(lz-dl-t-iu)2

a

+
I

z-t-d+iu

1

Y;(U)du

-a- ~p2+(lz+dl+iu)2

Y;(u)du

and Y+(u) and Y-(u) satisfy the system of integral equations
1 1

a

Y:(u) ++
~

2d
z Y;(v)dv = 4U Cos e -a+$u<a+

4d2+(u-v) o’
-a

a+

Y;(u) ++
f

2d
* Y~(v)dv = 4U Cos e -a ~u<a

4d2+(u-v) o’
-a
+

We have

1. A@(p,@,z) = O except on the disks z = td, p s ak.

2. o(p,’$,z)= O(r-lp-l) as r + m.

3. f3(p,r$l,z) is

normal from

4. *tot = ~inc

continuouswhen approaching along the

either side of S+ or S .

+ @ is constant on S. and S .
+

To prove the continuityon S+ suppose that Iz-dl < d. Then,

a

@-(CI,@,Z)= (27rip)
-1

Cos $ J“”z-l-d“+iu

-a_ Jp2+(lz+d]+iu)2

Y;(U)du

(E17)

(E18)

(E19)
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is continuousfor z = d. For

Ipz+ (lz-d~+iu)2

Thus,

O<p<

>

z-d +iu

i’p2+(lz-d~+iu)2

from which it follows that

@+(P,hz) = (h%)
-1

Cos

a+,we have

22
+p

2
-u22p-u2 ifu<p

lz-d12+u2-p2au2-p2 ifu>p

a+
+

I

Z+d +iu

-a+ ~p2+(Iz-dI+iu)2

:+

as z + d. Here

I
2

iJu2 - p 7 U>p

4p2 - U2 =

(_# -p2
$ U<-p

This proves the continuityof @+(p,~,z) on S+ except at p = 0, 140reover,

o

as p + O (cf. the proof given in appendix C). It is easy to show that

lim @+(p,&z) = o forz#d
p+o

(E20)

(E21)

Thus, we have
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linl liln 0+(0,$,2) = lim lirn0+(0,$,2) = O
pd Z+d 2* p+

which completes the proof of statement 3.

In order to prove statement 4 we notice that

a

Q-(p,$,d) = (2~iP)
-1

\

2d+iu
Cos @ Y;(u)du

-a- ~p2+(2d+iu)2

a
‘R

= (21T2ip)-1
J !

(2d+iu)d6
Cos 4 Y;(U)du

2d+iu+ip cos 0
-a o

a
T

= (2?T2ip)-1 Cos $
J

Y;(u)du
J

(2d+iu)d6
2d+iu-ip cos O

-a o

a

= (21Tpj-1Cos @
JJ’
deTr-l 2d

4d2+(p Cos e-u)2
o -a

Equations (E18), (E20) and (E23) then give

@(p,$,d) = @+(p,$,d)+ Q-(p,+,d) = P cos ~ cos e. = x

for O $ p $ a+. Thus,

~tot
(O,$,d)= @in=(P,4,d) + Q(p,$,d) = @o - d sin

and from this one can easily see the validity of statement 4,

(E22)

Y;(U)du (E23)

Cos e
o

(E24)

(E25)

We wish to point out in passing the similarity between the equations

(5)derived here and those derived by Love in .
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