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Abstract

The electric field on the axis of a symmetrical parallel plate dipole
consisting of two perfectly coné;;ting, circular, coaxial disks is calculated
when the incident field is a plane wave. Two quantities have special interest,
namely, (1) the electric field at the center of the dipole and (2) the integral
of the electric field along the axis between the two plates. Analytical
expressions for the low-frequency behavior of these two quantities are derived

@ in the case where the distance befween the two disks is large. For other
frequencies and for separations of the two disks not too large these two

quantities of interest are calculated numerically.
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I. Introduction

A common type of EMP sensor for measuring the electric field is the
parallel plate dipole (PPD). The PPD consists of two thin, perfectly conducting,
parallel plates with some device which picks up the electric field or voltage
between the two plates.

(1,2)

In previous notes gsome of the characteristics of a symmetfical PPD
consisting of two perfectly conducting circular ‘disks have been investigated.
In this note we will continue these investigations and obtain quantitative
information on the behavior of this dipole for a wide range of frequencies.
To begin with, the two disks are assumed to have the same radius, to be of
zero thickness, and to be exposed to an incident plane wave. Specifically we
will calculate, pro primo, the electric field at the center of the dipole and,
pro secundo, the integral of the electric field between the two plates along the
axis of the dipole. Because of the symmetry of the problem these two quantities
can be calculated, provided the appropriate factor of two is accounted for, by
considering the problem of one disk above a perfectly conducting plane in the
presence of one incident plane wave or, by considering the equivalent problem
of two parallel disks in the presence of two symmetrically incident plane waves.
In section II we first scalarize the problem of two parallel, coaxial
disks of different radii by expressing the scattered electromagnetic field in
terms of suitable components of the Hertz potentials. From the boundary
conditions on thé disks we then derive differential equatlons for the
different components of the Hertz potentials. Making use of the solutions
of these differential equations, Green's theorem, some suitable transformationm,
and the edge conditions, we formulate in section III pairs of simultaneous
Fredholm integral equations of the second kind. From a knowledge of the
solution of these integral equations the scattered electromagnetic field can
be calculated everywhere by performing simple integratioms.
In section IV we express both the axial component of the scattered electric
field on the axis of the two disks and the integral of this field along the
axis between the two plates in terms of single integrals which involve the
solution of the integral equations formulated in section III. 1In the special

case of two equal disks each pair of simultaneous Fredholm integral equations




reduces to one Fredholm integral equation of the second kind. This equation
is solved iteratively for low frequencies and for large separation between
the disks. These iterations are used to derive analytical expressions for
both the electric field at the center of the dipole and the integral of the
electric field along the axig between the two plates. TFor other frequencies
and separations not large these two quantities are calculated numeriéally
and graphed as a function of frequency for different size of the sensor and
angles of the incident field.

Finally, in an appendix, we consider the electrostatic problem of
two circular, coaxial, conducting disks immersed in a homogeneous incident
field as the limit when the frequency in the dynamic problem treated in
sections II and II tends to zero. A pailr of two simultaneous Fredholm integral
equations for the electrostatic potentizl of the scattered field is derived.

(5)

These integral equations resemble very much that derived by Love for the

electrostatic potential of two, equal, circular, coaxial, conducting disks

equally charged or oppositely charged.



IT. Formulation of the Boundary Conditions in Terms of Differential Equaticns

In this section we will formulate boundary conditions in terms of a set
of differential equations for the following problem. Consider two perfectly

conducting, infinitely thin, coaxial, circular disks, S, and S_, with radius

+
a, and a_, respectively. The distance between the two disks is 2d (see figure

la). The two disks, S+ and S_, are located at

o]
]

d , 0sp=<a

T 0<¢ < 2n

z=-d, 0<ps<sa , 0<¢<2n

where (p,$,2) are cylindrical coordinates. We assume that the disks are
immersed in an incident electromagnetic field and the harmonic—time dependence
(eéimt) will be understood throughout the note.

It is convenient to assume that the incident field can be split into
two separate fields, one with the magnétic field parallel to the disks and
the other with the electric field parallel to the disks. The boundary value
problems for these two incident fields can be treated separately and the solution
for an arbitrary incident field may then be obtained by superposition.

'

A. Incident Magnetic Field Parallel to the Disks

In this case we suppose that the incident field consists of two plane
waves (see figure la) such that
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where k = w/c, ¢ is the vacuum speed of light and Zo is the free-space wave

impedance (Zo:s 377Q). With B, = E2 = Eo and 61 =T - 62 - 80 we have
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In cylindrical coordinates gﬁn in equation (2) can be written as
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[Jm+l(kp sin 80) + Jm_l(kp sin 60)]51n moop + ZEO sin QO cos(kz cos eo)
. ,m . -
{Jo(kp sin 6 ) + 2 mzl 173 (ko sin eo)cos mé |z (3)

The scattered field can be determined from the magnetic and the electric

Hertz potentials, E‘m) and_z(e):

N | sc (m)

E 7" =dwecurl + curl curl Efe)
= iwp curl Eﬁm) + grad div Efe) + k%g(e)
(4)
Esc = curl curl Eﬁm) - ikc:—l curl_l(e)
= grad div Efm) + k%1<m) - ikc—l curl E}e)
where Eﬁm) and l(e) satisfy the Helmholtz equation
2
Ar + k'm =0 (5)

In the problem of two parallel circular coaxial disks the Hertz potentials take

the form
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nim) = Eo(iw)—l z nm(O,Z)sin mé

m=0

E(E) = E y(p,2)z (7

In cylindrical coordinates equation (6) becomes

ném) = Eo(im)-l mzl Em_l(p;z)sin mo (
= 8)

ﬂ;m) = Eo(im)'l mzl gm_ICQ,z)COS m¢

where gm and n, satisfy the differential equation
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on S+ and S_.



We notice here that

E-RC = Einc = 0 for z =4d
X y
where
-1
dn = nr(k cos eo> s, 0 integer.,

With a plane, perfectly conducting sheet (S) of arbitrary shape located at

z = dn the boundary conditions
on S

are satisfied by

sC

]
n
o

Thus, the sheet S8 will not give rise to any scattered field. For the particular
case of two coaxial perfectly conducting disks located at z = idn see equations
(30), (37), (42), (51) and (52) in section III.

ww For m = 1l we have the boundary-condition equations on S+ and S_

™MMn agm—l m
iy = 2i" cos 60 sin(kz cos GO)[Jm+l(kp sin GO) - Jm_l(kp sin 90)]
(12)
aam—l anm m
32 "% - 4i” cos 60 sin(kz cos eo)Jm(kp sin 80)
from which it follows that
<0<a . =
sn_mn (Osesa ,z=4d
—ap— - '—p—— + k sin eoAm(z)Jm+l(kp sin 60) =0 , (13)

0<sps=<a_ , z=-=d

where



m. ~-1 . .
Am(z) = 2€ml k 7 cot eo sin(kz cos 60)

and

Solving equation (13) we have

+ _ Lt m + .
n () = nm(o,d) =Bpo + Ame(kp sin 60} , 0=<p<a
(14)
- B N amm _ .
n,(e) =n_(p,~d) Bpo + Ame(kp sin 8)) , O<p<a
where
A = A () AT = A_(=d)
m m ? m m ‘l'

+ -
and the unknown constants of integration, Bm and Bm (m=1, 2, 3, ....), are

to be determined from the edge conditions. Moreover,

3g
+ m . + .
SEE {p,d) = (m + 1)Bm+1p + k sin eoAm+1Jm(kp sin 80) , 0=p=< a,
(15)
agm _ o _
5z (Ps=d) = @+ 1)B .0 + k sin 6 A T (ko sin® ) , O0<p<a_
For m = 0 we have the boundary condition
2 0 =< o] < a+ s & = d
Y . '
5553 2 cos e, sin(kz cos eo)Jl(kp sin 60), (16)

0<p=<a_ , z=-d

with the solution



-g—% (0,d) = B: - AZJO(ko sin 6 )

(17)
S o3y = R o AT
5y (p,y~d) B, AOJO(ko sin eo)

+ - . . .
~here Bo and Bo’ the unknown constants of integration, are to be determined

from the edge conditioms.

B. Incident Electric Field Parallel to the Disks

With the incident field consisting of two plane waves (see figure 1b) we

have

1ne -ikx sin eo R '
E = 2E_ cos(kz cos eo)e y (18)

or in cylindrical coordinates

[=-]

inc : ,m=1 , , , ~
E = ZEO cos(kz cos eo) mZ]_ i EJm—i—l(kp sin eo) + Jm__l(kp sin eo)]su1 méo
, s .m+1 )
+ 2Eo cos(kz cos GO){iJl(kp sin 60) + mzl i [Jm+l(kp sin 60)
- Jm_l(kp sin 60)]cos mo }o (19)

In this case the scattered field can be described as

()

=1a)

]
]
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(20)
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ki)
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ff
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Gm) _ -1 ¢
ﬂp = Eo(iw) m£1 xm_l(p,z)cos juls)

(m) _ _ -1 ¢
Ty = Eo(iw) mzl xm_l(p,z)sin mé (21}
ﬁém) = Eo(im)-l z Tm(p,z)cos mé

m=0

The boundary conditions on S+ and S5_ give

rm(p) =t,(,d) =D o + Cme(kp sin eo) , 0<psSa

(22)
- -m )
Tm(p) = Tm(p,d) = Dmp + Cme(kp sin eo) . 0<p<a_
me : ‘
+ m .
(23)
axm _ o
30 (p,=~d) =.(m + l)Dm+lp s, O0=<p<a_
for m > 1 and
T () = 1 (0,d) =D +C.J (ko sin 6 ) 0sp<a
o o2 o 00 +*P ) ’ . e
(24)

- = - = - 5 <
T4() =1 (p,~d) =D +C I (ko sine) , O0=p<a
Here
C = 2¢ imrl(k sin 8 )-1 cos(kd cos 6 )
m o o]

m

and D; and D; are constants of integration to be determined from the edge

conditions.
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III. Reduction of the Differential Equations to Integral Equations

In this section we will derive integral equations from the boundary-
value equations formulated in section II. When the solution of these integral
equations is known the scattered field at any point can be determined from a

simple integration.

A. Integral Equations for nm(p,z) and Tm(p,z)

From equation (14) it follows that

lim nm(p,Z) = lim n_(p,2)
zvrd+ zrtd= O

Introduce the notations

Bn'm an_
5z (Ps2) = lim T (p>2)
g>z+
an" anIn
m .
57 (P»2) = lim = (p>2)
grz-
(25)
3n" 3n'
+ _ i} m
ym(p) = 3z (O,d) - 3z (D,d)
an!l snt
- m m
v () = 52 (o,-d) - =z (P,=d)
It follows from Green's theorem that
27
n (p,z) = ﬁ~l Glpsp'¢ = ¢',2 = d) +( "VYai vy t
ntP Ps0 sd = ¢ ,2 V,(0')sin m¢' sin m¢dS'dy
0 S+
2n
-1 -
| + 7 J J Glosp'yd - ¢',2z + d)ym(o') sin mé¢' sin médS'de (26)
oS
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where

-1 1
G(p,p',lb,?;) = (4TR) elkR

and

R = /bz + p'2 - 2pp" cos W + Ez

A simple manipulation of equation (26) gives

2t a

+
+
n,(p,2) = J J Glo,p"s0s2 = d)p'y (p')cos mpdp'dY
c 0

2r a_
+ J j Gloso's0,2 + d)p'Y;(p')cos mpdp *dy
(o Re]

a o
+
=1 -1 1 'iz"dl"{ ot (ot t
5 L Lpfy J_(ep)J_(o'ple o'y, (p')dp "dp
a [>-]

4
J J o I_(op)d_(o pyelzaly p'y_(o")do"dp (27)
o "0

+

pof e

where
/pz‘kzs P>k
- 1A% =%, b <k

The path of integration is along the real axis In the complex p=-plane with

downward indentation at p = k, as shown in figure 2. Together with equation
+ ~—

(14) we get the following system of integral equations that ym(p) and ym(p)

must satisfy

12



a a

+ L - . —
Jo Km(o,o',o)o'y;(p‘)dp’ + jo Km(p,p',Zd)p'Ym(p')do'

+ m + :
Bmp + Ame(kp sin 60)

]

0 <p < 2,

a a (28)

- +
- +
jo K (psp"50)0'y (p")dp" + Jo R (p,p',2d)p"y (p")do'

]

- m - .
Bmp + Ame(kp sin eo)

0 <p <a_

where

@

' __1_ -1 1 "ZiY
Km(o,o »2) = jo PY Jm(op)Jm(o ple dp

[\

From the analysis in appendix A it follows that this system of integral equations
can be reduced to

a
* - 2 m-1 d * cosh(k/hz-pz) 1-
Ym(o) ==->=0 P u
0l 2 2
Yu -0

o Y;(u)du (29)

where Y;(u) and Y;(u) satisfy the system of Fredholm integral equations of the
second kind

a a

. + -
Y;(u) + jo Lm(u,v)YZ(v)dv + jo Mm(u,v,d)Y;(v)dv = F;(u) , O0<uc< a,
(30)
a_ a,
Y;(u) + JO Lm(u,v)Y;(v)dv + J; Mm(u,v,d)Y;(v)dv = F;(u) » 0 <u<a_

Here

=]

1-2 2 m
Lm(u,v) = yuv f y TR Lk + Yz) - yzm]J L(uy)J_  (vy)dy
o m=k m~>

k

1-2m,, 2 2.m
+ ivuv Jo Y k"™ - v Im_%(uY)Im_%(vY)dY

13



5]

: 2m+l -2 -2
M (u,v) = /@J R SRR CORPC T 4 gp

(o]
u
Fi(u) - 2 -m d cosh(k/uz-pz) m—i—lEBi m AiJ (ko sin 68 )]d
m u du o 53 e n” mm o P
Yu“p
Defining
3! 3’

*
a0) = 577 (0,5 = 5= (o, %)

one can show that the same transformations as those leading to equation (29)

give

a

+ 2
cosh(k%ﬁz—p ) ul-mTt(u)du (31)
i

* 2 m-1 d
tm(p) ==~ Y [ ——
P Yu“=p

Here T:(u) and T;(u) satisfy the system of integral equations

a_ a_
T;:(u) + L Lm(u,v)T;(v)dv + Jo M_(0,v,d)T (Vv = E:(u)
(32)
a_ a,
T;(u) + Jo Lm(u,v)T;(v)dv + Jo Mm(u,v,d)T;(v)dv = E;(u)

where

v 2 2
cosh(kv¥u“=0“) pm+1[Di

m
o %ﬁz-pz

E;(u) =0 L J

m ,
e o+ Cme(kp sin 60)]

B. Integral Equations for gm(p,z) and x_(p,2)

Introduce the notations

14



£'(p,z) = Lim £ (p,z)
m ozt

Eg(p,Z) = lim Em(o,?;) (33)
gz~

* " '
xm(p) = gm(p,id) - im(p,id)

Green's theorem then gives

2T a
s [ (7 \ e :
Sm(o,Z) =37 jo Jo G(p,p's¥,2z = d)p xm(o Yeos mypdp 'dy

2T a

+ -5§z- J J G(p,'p',ﬁi,z + d)o‘x;(p')cos mydp *dy (34)
o ‘0 ‘

From equation (15) we have form> 1

a a

a2 1a =2, ot + © - -
;";'2'+5'3;-;‘2'+k L Km<p,p',0)o'xm(o')dp'+jo R (o,0",2d)0 "% (p")do’

m . + -
o + k sin eoAm+lJo(kp sin eo) =0 , 0<p<a,
(35)

a a
2 14 w2 .2(” - * +
5ts 5 - 3tk [ K (0sp"000'x (0)do" + L K (p,0",2d)0"x (p')dp!

- m . -
+ (m + l)Bm+lp + k sin eoAm+lJo(kp sin eo) =0 , 0<p<a_

From the analysis in appendix B it follows that this system of integral equatioms

can be reduced to

a

= cosh(k/ﬁz—pz) o

B ¥ (w)du (36)
0 2 2 o
Yu“-p

ORI
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where X:(u) and X;(u) satisfy the system of Fredholm integral equations of
the second kind

a a

+ -
+ . + ' - +
Xm(u) + {o Um(u,v)xm(v)dv + jo Pm(u,v,d)xm(v)dv = Gm(u) , 0<ucx a,
(37)
. a a
- - - + + -
Xm(u) + JO Um(u,v)Xm(v)dv + Jo Pm(u,v,d)Xm(v)dv = Gm(u) » 0 <uc<a_
Here
1-2m 2 2. 2m
Um(u,v) = Yuv Jo Y ™+ -« 33m+%(uy)Jm+%(vY)dy
k
. 1-2m,. 2 2.
+ iy L YU =y T T () ey
_ 2mtl _-2m ~2dy
Pm(u,v) = Vuv.Jo P Y Jm+%(uy)Jm+%va)e dy
v 22
® _ -m-1 d_ cosh(kv¥u ™= ™) ~_ % 2m+3 + m+2
Gm(u) =u ™ J [Bm+1 0 + 24 00 Jm+l(kp sin eo)jdp
o /. 2 2
u -p
With

(o) = x(p,2d) = x!(0,2d)

we obtain, in the same way,

a .
+ 2 2 ;
cosh(kV/u=o“) o B Wi(u)du (38)

o /u 2"'9 2

W;(p) = ont o™ J

Here W;(u) and W;(u) satisfy the system of integral equations

16



a a

‘
-+~

+
+ + - _
Wm(u) + f Um(u,v)wm(v)dv + [O Pm(g,v,d)wm(v)dv = Hm(u) , 0sus a,
)
. (39)
a_ ‘ a,
- - + -
= 0= <
Wm(u) + I Um(u,v)Wm(v)dv + JO Pm(u,v,d)Wm(v)dv Hm(u) , u < a_
0
where
Hi( y = -m-1 d_ ¢ cosh(k/uz—pz) Di 2m+3 do
' T du R m+l P
°© Yu“-p :
C. Integral Equations for ¥(p,z)
The Green's theorem combined with equation (17) gives
2 o 1a. + - - v
~—+—-=—+k K (p,0"50)p'c (p")dp" + K (p,0',2d)p'c (p")dp
2 o dp o] o]
do o) o
+ , _ :
+ Bo - AoJo(kp sin 60) =0 , 0<pc<« a,
(40)
a a
2 - +
- -+
Ao id oy R (p,0",0)0"0 (p")dp" + R (psp'52d)p'c (p")dp’
4 2 o do o o)
0 o o
+‘Bo - AOJO(kp sin 60) =0 , 0<p<a_
where
o5 () = 0" (p,2d) - ¥'(o,%d)
From the analysis in appendix B it follows that
e 7 2
+ - = -
o) = 2n7t J cosh (kv/u=p") s (w)du (41)

o /uZ-_p 2

17



Here S+(u) and § (u) satisfy the system of Fredholm integral equations of the

second kind

. a, N a_ _ .
S (u) + J Uo(u,v)s (v)dv + J Po(u,v,d)s (v)dv = Fo(u) s, 0O<u<a,
o )
(42)
) a_ ) a, . )
S (u) + [ Uo(u,v)S (vYdv + J Po(u,v,d)S (v)dv = Fo(u) , 0<uc<a_
o 0
where
k
. =1[sinh k(utv) sinh k(u-v)
U_(u,v) = 1/uv L YI;E(UY)I;E(VY)CW = ir [ — - —
==
Po(u,V,d) = Juv J pJ;é(u‘{)J%(VY)e-ZdY dp ='% J sin uy sin vye—ZdY dy
o ' T
and the path of integration T is from -ik to +« as shown in figure 3. Performing .
the integration we obtain
Po(u,v,d) = P;(u,v,d) + Pg(u,v,d) (43)
where
P! (u,v,4) = Ll i2kd [m cgsh k(u;v) _ 24 c;sh k(u-;-v)]
4d"+(u=v) 4d"+(utv)
P" (4,7,d) = iﬁ‘leﬂkd[m-v);inh kluv) _ (o) sion k(gm]
4d"+(u-v) &4d "+ (utv)

In equation (42) the right hand sides are given by

u

2 2
+ . -14d cosh{k/u"=p) - % 3 -1,%
Fo(u) = u EE-JO — [Bop - 2(k sin eo) Aop Jl(kp sin eo)]dp
Yu“=p
-1_% -1 % '
= 2k "B_ sinh(ku). - 2(k cos ec) A sinh(ku cos Go) (44)

N

\\\
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D. Determinatilon of the Unknown Constants From the Edge Conditions

The surface currents, if(p,¢) on S+ and Ef(p,¢) on S_, are given by
k- 5 1 t
i (ps¢) = 2z x E_I'_I_ (0s¢,%d) ~ Jz4 (0,6,2d) ] (43)

where

H'(p,0,2) = lim H(p,9,z)
>z

.}l"(p’qb’z) = lim l{_(p,tb,lj)
g>z-

Thus,

i:(o,cb) nSC () 6,d)

'SC !
HCP (p"b,d) +H¢

(46)

i:;(ps‘b) H;DSC(QQQS:d) - H"SC(qubad)

¢

. inc | .
since H is continuous everywhere. The edge conditions are

+, 3
ip(o,m) = 0l(a, = 0)7]

(47)

-+

1,(050) ol(a, - p)‘%]

-> - .
as p a, 0

In the case where the incident magnetic field is parallel to the disks,

the expansion of i:(p,¢) in a Fourier series,

+ s L+
i(e,9) = mzo 1 a(P)cos mg (48)
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combined with equations (4), (6), (8), (25), (33) and (46) gives

+
it o gty 4o
o o o dp
+
.+ =E (i : )-1 k2+ +dem—l_m(m—l) X+ L B +
1pm o wuo -1 o dp p2 m-1 s} I

which become from equations (29), (36), (41)

+
+ V2 kEOS (a+)
i (p)

s + 0C(a, - p)%]
e ,inzo\/a+(a+—p)

It

+ +
V2 mE_ Y (a)-X _,(a)

i ) = +ole, - 0%, m=1
1wu01ra+¢a+(a+—p)

as p *ra, - 0. Thus, the edge conditions give
+
s (a) =0
+ ot ,
Ym(a+) = Xm—l(a-!-) , m=>1

Similarly
S_(a_) =0
Y;(a_) = ;_l(a_) , mXx 1

: +
from which we can determine BD—J.’ m == 0.

(49)

(50)

(51)

(52)

In the case where the incident electric field is parallel to the 'disks,

we have the edge conditions

20




x *
T(a) =W (@) , axl (53)

-
from which we can determine D;, m= 1.
-+
Here we wish to add that the edge condition for i;m is satisfied by the
1

conditions (51) - (53).
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IV. The Electric Field on the Axis of the Disks

A. An Integral Exp%ession for the Electric Field

The electric field on the axis of the two disks is given by

E =5 45 e (54)
z z o
where
"82 2
e(z) = ——E ¢(0,Z) + k ¢<0,2)
. 9z
and w(g,z) is given by
0(p,2) = ¥ (0,2) + ¥ (p,2) (55)

where

1£:+(p,2) = 5?; J Glosp'sdsz = d‘)p'c+(p‘)dp‘d¢
S
+

v (p,z) = % j Glp,0",d,2z + d)p'c (p')dp"dd
S

We now manipulate ¢+ (and, similarly, ¢ ) as follows.

D'G+(D')eXp[ik/b2+p'2-29p' cos é+(z-d)23

+ =L 2
¢ (D,Z) = 4ﬁ 3z J

dp 'd¢
% Voot 2200 cos ¢H(z-d)>
ar + 2 .2 2. .2
S N J [ 8" (u)cosh(kvu“=p Vo Yexp[ ikvp “+o ' “=20p ' cos ¢+(Z-d)21dudp‘d¢
2 32 ;
2
m Sy /ﬁz—p'z Vb2+p'2—2pp' cos ¢+(z-d)2
a © u 2 2
+ 'J (p'p)eosh(kvVu“=p ')
-1 + - dradla p Pk p
= é% J S (u)du f PY 1Jo(pp)e |z=d]y dp J o do' (56)
o o

(o] /uz_p,z
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Making use of Sonine's second infegral we have
a o0

+
¢+(p,z) = ﬂ-l é% J S+(u)du J py-ZJO(pp)sin(uy)e-[Z-d{Y dp
o o

fa+ eik/b2+(lz-dl-iu)2 eik/b2+([z-d[+iu)2
o]

- sgn(d-z)

27 - S ' (wdu  (57)

/b2+(!z—d]—iu)2 /b2+(]z—d]+iu)2

and the real part of the square root is positive. For p = 0 we have

v 0,2) = ks sgn(d - z)e s*(u)du (58)

a
ik|z~d] J +u cosh ku-ilz-d|sinh ku
0

u2+(z—d)2
Thus, for -d < z < d, we have
a, .
v(0,2) = w~1e1k(d—z) j u cosh §u+1(z—§)31nh ku S+(u)du

o u +(z~d)

al-
_ “—1 eik(d+z) J u cosh gu' 1(z;d)51nh ku s (w)du (59)

o u“+(z+d)

From the analysis in appendix C it follows that S+(u) = 0(u) as u »+ 0 and

thus the integrals in equation (59) exist for -d < z < d. We also note that

the expression (55) for y(p,z) satisfies the ¢-independent wave equation off

the disks S+ and S_. The electric field on the axis can be bbtained by
differentiation of equation (59). 1In order to obtain expressions more suitable
for numerical calculations we proceed as follows: suppose S+(u) is differentiable

twice. Integrating by parts of equation (57) and keeping in mind that
+ T .
S (a+) = S+(0) = 0 we get

+ L[ ik (zed]~in)? /o2 (| 2-d | +1u) 2
W (6,2) == e + 8 Viwan  (60)

92 27
¢b2+(lz-d1-iu)2 /b2+([z—d]+iu)2

[¢)

and
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2+ e . T T T
2L .2 = Sgg(d'Z) = - & vi(a,)
9z /p2+(]z—d|—ia+)2 /p2+(|z—d|+ia+)2
2 ) 2 2
C enticn) Ja+ ko H([zmd[-10) T _ik/o " (| zmd]+u) Feode 6
T omi - u)du
° /b2+([z—d[—iu)2 /b2+(|z—d|+iu)2
where
3
v = £ @ (62)
Lt
E ) = £ @ (63)

Thus, for -d < z < d, we have, after substituting (55), (59), (60) and (61)
into (54),

a
+
olz) = “-leik(d—z) u cosh kuti(z-d)sinh kgﬂk23+(u) - E+(u)]du
2 2
o) u +(z-d)
a-
_ ﬁ—lelk(d+z) J u cosh gu—i(z+§)sinh kEEkZSf(u) - £ () Jdu
o u +{(z+d)
-1 1k(d-z) ¢ cosh ka +i(z-d)sinh ka
+ 7 e Vi(a))
a2+(z-d)2 +
+
_ a_ cosh ka_—i(z+d)sinh ka_  _
- ol ik(ar2) v (a) (66)

aE +(z+d)2

The next quantity of interest is v(d) given by
d
v@d) = E. J E_(0,2)dz
° J_q ¢

which upon substitution of equation (54) becomes
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v(d) = vl(d) + vz(d) + v3(d) (65)

where

d

vl(d) = E-l j Einc(O,z)dz = 4k—1 tan 8 sin(kd cos 6 )

o J_4 2 0 )
1) LT

Vz(d) - 3z (Osd) 32 (09 d)
d

v3(d) = k2 J v (0,z)dz
-d

For |z| # d we have

, + -
k1] =30 Y
5 (0,2) = === (0,2) + 77— (0,2)
4
_ -1 ik|z=d| | z=d|cosh ku+iu sinh ku _+
=T e 55 V (u)du
o (z=d) "+u
a--
+ n—lelk!z+d|J | z+d | cosh k§+1§ sinh ku v (u)du (66)
) (z+4d) "+u
and
3u 30 v’ (0)-v"(0)
vy = 2 (0,0) - & (0,-0) = 5
a a

; + . . -
+1 j sinh ku o yay - &.J sinh ku y=cvq,
Tl u T ), u

a

e2:Lkd T 2d cosh kutiu sinh ku _+
- 5 V (u)du
‘0 4d"4+u”

. a
e.2lkd [T 2d cosh kutiu sinh ku

T g 4d2+u2

vV (u)du (67)
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(11)

From the theory of the exponential integral it follows that

d a, ~
v, (@) = K2 J $(0,2)dz = (zfri)‘lsz R(u)sT (u)du - J K(u)S-(u)du] (68)
-d o ' o

where
K(u) = El(ku - 21kd) - E (ku) + E; (- ku - 10) - E, (- ku = 21kd)

and El(;) is the exponential integral,
Q

E(c:)=j t
L z

1e_tdt s larg z| < =

B. Low Frequency Approximation for Two "Equal Disks

In the special case of two equal disks it follows from the system of
integral equations (42) that

st () = - s() = S(u) (69)

and S{u) satisfies the Fredholm integral equation
a

S(u) + j [Uo(u,v) - Po(u,v,d)]S(V)dv = Fo(u) , 0<u<a (70}
o

where

3

F (u) = 2k "B sinh ku - 2(k cos 8 )-1A+ sinh (ku cos 6 )
(o] Q [ o (o]

The edge condition [c.f. equation (51)] gives
s(a) = 0 (71)

which enables us to determine the unknown constant Bo'
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the

The kernel of equation (70) is small when the normalized wave number of

incident wave is small and the distance between the two plates is sufficiently

large, i.e., when ¢ = ka << 1 and n = kd is of the order of unity. Thus, an

iterative solution of equation (70) can be obtained in this case. This iterative

solution gives

S(u)

Viu)

E(u)

- ‘ , in 5, 4
EZ(O,O) 2Eo[sin 8 +2 sin 26 sin(n cos eo)e a”(n +in

v (d

1]

sin 20 sin(n cos 8 )a’ag(t7=1){1-a’[1/6=(s%1) (I+cos’e )/20]/3}+0(”)  (72)

sin 260 sin(n cos eo)aa{3§2—1+a2[(1+coszeo);4/4—;2/2+7/60—c05260/20]}/3+0(a5)
(73)

2 sin 20  sin(ncos eo)a{1+a2[(l+coszeo)§3-c]/6}+0(a5) (74)

3022/ st Ty (75)

2

) = dn_l sin 260 sin(n cos GO)CZ cos 60-a2/3+a4(11+6 coszeo)/1803+0(a6) (76)

where

c.

d/a

z = u/a

Numerical Results

The integral equation (70) was solved numerically for 0 < ka < 10,

= .1, .05, .02 and 8_ 18°, 36°, 54°, 72°. With this solution available

we then, by simple integrations, calculated e(0) and v(d) from equations (64)

and

(65), respectively. The results of these calculations are shown in figures

4-11. 1In the graphs we have used the normalized quantities
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e = 1 + a(0)/(2 sin Bo)

v' = v(d)/ (44 sin 80)

Figures 4-7 show |e'| and arg{e'} as a function of ka with d/a as a parameter
for different values of 8 . We found that the curves for |v'| and arg{v'}
are very similar to those of |e'| and arg{e'}. Therefore, we have decided to
plot |e' = v'| and arg{e' - v'} in figures 8-11 as a function of ka with

d/a = .1, .05. For d/a = ,02 the difference between e' and v' is negligable
and hence the corresponding curves are omitted in the figures. It is found

empirically that for ka < 1 we have
et ~ 1 - kzaz c0526°/6

To conclude this section we want to point out that e' = v' = 1 for 60 = 90°

and Ez(O,z) = (0 for 90 = O°, as expected.
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The geometry of the problem
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Figure la. Incident magnetic field parallel to the disks.
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Figure 1b. “\gglcident electric field parallel to the disks.
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Figure 2. Path of integration in equation (27) of section III.
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Figure 3. Path of integration in equation (42) of section III.
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Figure 4. Normalized electric field at the center of two disks for 9, = 18~.
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Figure 6,

Normalized electric field at the center
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of two disks for 60 = 547,
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Appendix A

In this appendix we will transform the singular integral equation of the
first kind (28) in section III to a Fredholm integral equation of the second

kind.
Consider the integral equation

a, a_
t vt ' 1 Yo (! LI
j K (psp",0)0 Yo 'ldo’ + J Km(o,o »2d)p 'y (p")dp
[o] [e]
+ m +
Bmp + Ame(kp sin 60) , 0<pc« a, (AD)

where
K (p,0',2) = + -1 (' )3 _(p'ple Zd
SLCH AP 3 py nPP)I (o'p P
[s]

and Km(p,p',O) has a singularity at p = p'. We now split Km(p,p',O) into three

parts
R (psp',0) = Kél)(p,p') + Kéz)(p,p') + K£3)(o,p') (A2)
where
(1)( y -l T Yszm(o/k2+Y2)Jm(p'/k2+yz)
p’p' == dY
n 2 ! (k2+72)m
* 2m —_— S
Kéz)(o,o') = % I f1 - z;§f;§;;3Jm(p/k2 + yz)Jm(p-¢k2 + v2)dy
(o]

k
K600 =3 [ 3,647 - A1 64E - YDy
o}

(10)

Note that Kél)(p,p') is singular at p = p'. From Sonine's second integral

and Hankel's inversion formula it follows that
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min(p,o") 2
m 2 2 2 2
Kél)(p,p‘) - w-l(pp,)—m I ™" cos(kvp“-r Yeos(kvp ' “-r“) dr (43)
' 0 v/pz-r2 i/p'z--r2
Thus, equation (Al) can be transformed into
a -
o) —— Y+ (1-m) 2 2
-1 = 2m 2_2 vy (pt)e! cos(kvp ' =)
“ 1p m J " cos(kvp -r”) J m dp tdr
o Yo 2--r2 T Vp! 2-1:'2
a4
2 3 +
+ J EKéx )(p,p‘) + KEE )(p,o‘)]o'ym(p')do'
o
a-
- +
+J’ K (p,07,2d)o"y _(p')dp' = £.() (A4)
o
where
+ + m +
£.60) =B o + A J (ko sin 8,)
But this integral equation can be written in the form
p a0
LC) J N(p,r)h, (r) J N(p',r)no(p')go(p')do'dr
o T ‘
a
P D
+ 7 j N (osp")g _(p")do' = £(p) (A5)
S B P
P
o
where P is a nonnegative integer and
IINp(p,p')II <o , 0<p<P
Moreover
) X
j N(p,p')glp")dp' = £(p) , 0 <p <a (a6)
o
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and

a
j N(p',0)glp")de" = £(0) , 0<p<a (A7)
0

have explicit solutions for any differentiable £ and any a > 0. Define np(p)

and Bp(u,v), 0<ps<P, by

1

po
Np(o,o') = hl(p)np(p‘) JJ N(p,u)N(p',V)Bp(u,V)dudv (A8)
00
and we arrive at the integral equation(7)
a
p /P .
hz(u)so(u) + Z f Bp(u,v)sp(v)dv = £ (u) , 0 <u< a_ (A9)
p=0

%
where £ (u) is the solution of

hl(p) N(p,u)f*(u)du = £(p)

O 0T

and sp(u) is defined by

a
P

J N(p,u)np(p)gp(o)do
0

It is now easy to show that the integral equation (Al) can be transformed to

1]

sp(u)

the following Fredholm integral equation of the second kind

a, a_
Y+(u) + L (u v)Y+(v)dv + M (u,v,d)Y (v)dv = F+(u) (ALO)
m m m m-*? m m
o o
where
= 7 2
<4 - - +
Y;(u) = 0 J cos (kvp “-u®) pl my&(p)dp
/ 2 2
u 0 T=u
and
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-=m

F;(u) = 2u (p)dp

4
du

¢ 2 2
J cosh(kvu“-p“) m+l _+
p £
ul
0

/uz—p2

Here we have made use the fact that the solution of

(3)

[ cos(falp?)
cos u s} f (p)dp = f(u)
i 2 2
o u -p

is (A11)

f*(p) = %- uf (u)du

o)
4 cosh(k/bz-uz)
dp —

o

Volou?

From Sonine's second integral it follows that

[=-]

L (u,v) = J{;j e I Yzijm_;imY)Jm_%(vY)dY

(s}

k
1-2m,, 2 2.

+ i/uv J R ¢ Loy (00T (ry)dy (A12)

)

and
2m+l -2m -24
Mm(u,v,d) = Yuv J P Y Jm_%(uy)Jm_%(vy)e de (A13)
0
(3)

Moreover, the solution of the integral equation

F 2 2
- %
J cos (kvp “=u”) £ (0)do = £(u) , 0<uc<a
/ 2 2
u p-u
is (ALS)
a
2 2
# -
£ (o) = —gif cosh(B/u =p) oo gy , O0<p<a
m do —_
S22
g u =p
from which it follows that
2,
+ 2 m-1 d [ cosh(i/u’=?) l-m,:
v = =S T — u Y (u)du (A15)
™ p ] m
J2_2
p u -g

Thus, we have transformed the integral equation of the first kind (Al) into the

Fredholm integral equation of the second kind (A10).
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Appendix B

In this appendix we will transform the differential integral equation
of the first kind (35) in section III to a Fredholm integral equation of the
second kind.

Consider the integral equation for m = 0O

2y
&1 a2 K (p,0",0)0 % (c")dp"
3 o do 7 mp:ps mep 8]
do p
Q
a

' (At [} + m
+ j Km(o,p »2d)p xm(o Ydp } + (m + l)Bm+lp

o
.!.
+ k sin eoAm+1Jm(kp sin eo) = 0 (B1)
where
K (p,0",2) == | oy L3 (op)d_(o'p)e2¥d
mp’p’ 7 Y mDP mpp P
o}
But from the theory of Bessel functions it follows that
2 2 2
3 138 m 2 1Y = rym=1l 37 1 1
[ *3 7+ k ]Km(o,o »2) = = (pp") 50307 Lpo H (0,0 ,2)1  (B2)

1
Hm(o,o',z) = 5-(90')m J YP

o)

-1 'Oy ZY
Jm+l(op)Jm+1(o ple “'dp

Integration by parts of equation (Bl) gives

a+ a_
-m-1 d + , -
P v p[J Hm(p,o',o)o'qm(o')dp' + J Hm(o,p',Zd)p'qm(p’)do']
[s) Q
+ m . + . -
+ (mv+ 1)Bm+1p + k sin SOAm+1Jm(kp sin 80) =0 (B3)
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where
q:(p) = %— Ep-mx:(o)]

4o
and we assume that x;(a+) = 0,
Following the technique used in appendix A equation (E3) can be trans-

formed into

dp'dr

a
o) — + +, ., '2- 2
d Jr2m+z cos (ko 2-r2) f q_ (p")ecos(k/p'“-r%)
dp
o /o er? T /o' 2r?

a +

o
+p j {Hrg?')(o,o') + Hf)(p,p')}o'q:(p')dp' +

o]

H (pyp'2d)p"q_(p')dp"

o~————-.m N

+ (m + I)Bm+1 2ol + k gin @ A+ 1P lJm(kp sin eo) = 0 (B4)
where
(2)(9,9 ) =— (oo™ J[ YZ - Y2m+2 ] (p/k + v %) (p'/k +v )dY
, Y2+k2 v 2+k2)m+l mtl
and
k 2 — —_—
Hf)‘(p,p') =-jz‘ (oo™ J —f:i m+1(o/k 1(p'/k2 - vHdy

o

Integrating equation (B4) from O to p we get for m > 0

a
i r2m+2 cos(k#bz-rz) * q;(p')cos(k/b'z-rz)
J }‘ —_— dp'dr
0. ﬂJbz-rz r Vo' %-r?
a+ a_
+p J [ch)(p o') + HéS)(pspr)]p'qm(p!)dp! +p J Hm(p’p"Zd)p'qm(p')dp'
° 0

1+ 2m#2 | + ml

+ Am+lp Jm+l(kp sin 60) =0 (B5)
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Using the method described in appendix A this integral equation can be

transformed into

a, a_
X+(u) + U (u v)X+(v)dV + P (u,v,d)X (W)dv = G+(u) (B6)
o m n m Vo o o
o o
where
&y
* m1 cos(k/bz—uz) +
@ =-u q_{(p)do
/. 2
u 0 -u
w S22
) = ol JL_J cosh(kvu =p ™) pg+(p)dp
m du m
Y 2 2
o u -p
+ -+ 2m+2 + m+1
g () =3B ;0 + 2Am+;p J q (ko sin 6 )

From Sonine's second integral it follows that

o]

U, (u,v) = Vav f Yl—sz(kz + Yz)m - Yzm]Jm+%(uY)Jm+%CVY)dY

[#]

k
- m
[T AT et ody a7)
[e]
2mtl -2 -2
Pm(u,v,d) = Juv J P Y me+%(uy)Jm+%(vy)e dep (B8)

)
Thus, we have succeeded in transforming the differential integral equation (Bl)

into the Fredholm integral equation of the second kind (B6).
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Ap@endix c

In this appendix we will investigate Uo(u,v) and Po(u,v,d), defined by
equation (42) in section III, for small values of u.

Suppose that f£(v)} is integrable on (0,a) for any given a > 0, and

a
lell = | Izt faw (@)
)
For u < 6/2 where 0 < § < 2 we have
a
I(u) = j Uo(u,v)f(v)dv = Il(u,é) + Iz(u,é) (c2)
o
where
§
Il(u,d) = J Uo(u,v)f(v)dv
o
and
a
I2(u,5) = J Uo(u,v)f(v)dv
8
But
6 0
I,(u,8) = dn " J [%inhuié“+V) - Sinhuﬁéu‘v)} fnav = b (k,80”™ " (c3)
)
where

k2n+1 2n=-2m+2

-1
o) | = 2] | Ty Gy Ty

Thus, Il(u,S) = 0(u) as u + 0. Moreover,

a
et sinh k(utv)  sinh k(u-v)
Iz(u,s) = ig J [ v - — ]f(v)dv
8
= 1 s o™ 7 o ,eyul™ (c4)
m
m=0 m=0
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where

2m g

_ 21k sinh kv
sm(k,é) = T [ f(v)dv
u“-v
S
and
a
2m+1
21ik v cosh kv
cp (ks 8) = Ty J 7 3 L(Vdv
u -y
3
Now
42 gl 1n 2 sinh ka
lsm(k’a)! = 78 (2m)! (c3)
26?1 £l 1n(2a/8)cosh ka
Icm(k’é)l = 7 (2m+1)! (C6)

Thus, Iz(u,G) = 0(u) as u >~ 0. Moreover,

Po(u,v,d) = P;(u,v,d) + Pg(u,v,d) (€7

where

' eZikd 2d cosh k(u~v) 2d cosh k(utv)
Po(u,v,d) . 3 7T ) 2
4d "+ (u-v) 4d "+ (utv)
- 8dv cosh kve2ikd o u2m+lk2m
ks 1
v[4d2+(u+v)A][4d2+(u-v)2] m=0 2m.

_ 4d(4d2+u2+v2)sinh kve21kd o u2m+1k2m+l

L4d %+ (utv) 2T ba%+ (u=v) 2] meo  (2mHL)!

(C8)

and
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iEZikd [(u_v)sinh k(.u-v) - (u+v)sinh k(u‘PV)]

P"(u,v,d)
° " 4%+ (umv) 2 b2 (i) 2

2ikd 2mtl. 2wl
u k
(Pmt1) !

- 2v(4d2—u2+v2)cosh kve
11T 4d 24 (utv) 2 I06d 2+ (u~v) 2T w=0

2ikd = 2mt+l, Zm
u k

2m!

2(4d2+u2—v2)sinh kve
iﬂ[4d2+(u+v)2][4d2+(u-v)2] m=0

-+

From this it follows that
a
13(u) = J Plu,v,d)f(v)dv = O0(u) as u -+ 0
o

Thus, we have shown that as u = 0

In(u) = 0(u) s n=1,2,3
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Appendix D

In this appendix we will derive integral equations for the quantities
Vi(u) and Et(u) defined in equations (62) and (63) of section IV.

Defining Si(u) as

. s*w) ,  Osusa,
SI(u) = + - (oL
-~ S$7(~u) s -—a,susx0
we have from equation (42) in sectiom III
a a
+ -
S+(u) + N, (u - v)S+(v)dv + N.(u = v)S, (v)dv = F+(u) 0Lus<a
1 1 1 2 1 o] ? +
-a -a
* ) (p2)
a_ a,
SI(u) + J N, (u - v)SI(v)dv + J N,(u - v)s*l'(v)dv = F;(u) , 0susa,
-a_ -a,
where
N () = (im) 'sinh kx
5, = ﬁ-leideI- 24 cosh lex , ix s:;nhzkx]
- 4d74x 447 +x
The left hand side of (D2) is an odd function of u. Thus, by introducing
Fi( ) 0<us=
u s u a
F) =0 ° * (03)
-F (uw) , -3, <usx0
we have
a, a_
sTaw) + | Nw-wstoar+ | ¥ w-wsi@av =1 , -2, susa
1 1 1 2 1 ’ + +
-a -a
7 - (D4)
SI(u) + j Nl(u - V)Sz(v)dv + j Nz(u - V)Si(v)dv =F (u) , -a_<u<a_
-a_ ~a,
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+
Suppose Sz(u) is twice differentiable. Then, integration by parts gives

a, a_
V+(u) + j N, (u - v)V+(v)dv + j N.(u - v)V, (v)dv = R+(u) -a, < u<a
i1 1 1 2 1 1 ’ + +
-a -a
N y (D5)
Vz(u) + f Nl(u - V)Vz(v)dv + J Nz(u - V)Vi(v)dv = RZ(u) s —a_ < usa_
-a_ =
where
+
x dsy
Vl(u) = (w)
s "
Rl(u) = Ta (u)
Moreover,
a, a_
EN) + | N (u - vE (v)d N ( E(v)dv = QF ( <usx
(@) 4 1o -v 1(v) v + olu - v) 1(v v = Q1 u) , -a, Susa,
-a -3
N B (D6)
EZ(u) + J Nl(u - v)E;(v)dv + J Nz(u - V)Ei(v)dv = Qz(u) , —a_ S u<a_
-a_ | -a,
where
+
dv>

Bj(w) = 2= (a)

4?5t

du2

Q@) = S=— (@) + [N @ + a) - N (u - 2 )T} (a)

+ [Nz(u +a) - Nz(u - a_)]VI(a_)

The solutions of (D5) and (D6) fulfill the symmetri relations:
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Vi) = Vi) (07)

* *
El(-u) = - El(u) (D8)
Introducing
Vi) = Vi (09)
X (u) = Ef(u) (D10)
+ +
R™(u) = Ri(u) (D11)
+ +
Q (u) = QI(u) (D12)
for 0 < u s a_ we have
a - a

+ a
V+(u) + J [Nl(u -v) + Nl(u + v)]V+(v)dv + J [Nz(u -v) + Nz(u + v)JV (v)dv
) o

o

+
= R (u) , OSuSa+

(D13)
a_ a,

VvV (u) + J ENl(u -v) + Nl(u + V)W (v)dv + j [Nz(u -v) + Nz(u + v)]V+(v)dv
o .

e}

= R (u) , 0<u<a
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a
a+ -

: E+(u) + J [Nl(u -v) - Nl(u + v)]E+(v)dv + J [Nz(u -v) - Nz(u + v)JE (v)dv
)

a

= Q+(u) s 0=su<a

(D14)
a_ a.;.

E (u) + J [Nl(u -v) - Nl(u + v)IE (v)dv + J [Nz(u -v) - Nz(u + v)]E+(v)dv
o

o
=Q(u , 0su<a_

We notice here that the only difference between the integral equations for

Si(u) and Ei(u) is the right hand side.
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Appendix E

In this appendix we will derive an integral equation for the potential
around two conducting parallel coaxial disks immersed in a homogeneous
electrostatic field. The geometry of the problem is described in figure 12.
The incident field,

E'"C = E (X cos 8+ z sin 6 ) (E1)
- 0 (o] Q

can be derived from a potential, anc’ as

ETC = - E, grad g me (E2)

where

®1nc=_x cos § = 2zsin 6 + ¢
o] o] 0

and ®o is a constant.
The scattered field takes the form (c.f. equations (4) and (6) in section
1I)
sc

- Y
E = EO grad[az (p,z)] + Eo curl m (E3)

where

E
]

go(p,z)sin oy

=)
it

5 So(o,Z)cos é

3
i

= n;(p,2)sin ¢
This electrostatic problem can be considered as the limit problem when k

tends to zero of the more general problem treated in section III.

Thus, we have from equations (27), (29), and (30) in section III
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~+
n(es2) = 2 j ] 3 60)3; e F Rt oy g
[o 3N ]

+ o
1 -l zd -
+ 5 J J I, (ep)3; (o"ple |2 lpo'yl(p'>dpdo'
Q0

where
& &
d J> Yl (U)

s du

EXTN)

Yf(p) = -

o ulp?

and Y (u) and Y (u) satisfy the system of integral equations

1

Yi(u) + = 2d

[4d +(u—v) 4d2+(u+v)

=]
O‘—-——'—x

m

2d

=

Yz(u) +

conditions. Integration by parts of equation (E4) gives

I
+
8

L ~lz=d|p , .+
112 =5 | | 23,6e)3 6 pre T F B 1t pgg

Q
O fD o

+'% j pI (pp)I (o 'ple” = fp £ 1 (o Ndpdp”
Q

i)
+

= w_l j YI(u)du J Jl(pp)sin upe—]z—dlpdp
(s o]

a

+ w—l [ Yz(u)du f Jl(pp)sin upe
o )

-]z+d[pdp
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- 2]Yz(v)dv = 4(3; + cos eo)u

+ -
- Y, (v)dv = 4(B. + cos 6 )u
i [Ad +(u—v) lx-ci2+(u+v)2:l 1 i °

+ - . .
where B1 and B1 are comstants of integration to be determined from the edge

(E4)

(E5)

(E6)



where
a

* 2
fl(o) == J .
o Yu-p

+
vl
du

2

Moreover, from equations (34), (36) and (37) in section III it follows

that
(' 2]
= _1.1 t -12-d P 1.ty .
£y (002) = 3 22 J j 3 (ep)I_(o'p)e o5 (0" aneo
o 0
a—ce
E.JL ' ‘lz+le 1At 1
T2 %2 j [ Jo(ep) I (o'p)e o'x_(o")dpdp (E7)
[e e
where
+ _t
+ 2 XO(U-)
x (p) == | ———du
o T
/i 2 2
p u ~-p

and X:(u) and X;(u) satisfy the system of integral equations

a
X:(u) +-% [ 5 2d 5 = 5 2d 5 X;(v)dv = 2(BT + 2 cos eo)u
‘ L4d "+ (u~-v) 48"+ (utv) “
a, ) (E8)
X;(u) + %-J 5 2d 5 - 3 2d 5 X:(v)dv = 2(BI + 2 cos B Du
o Lad®r(u-n)® hd%H(utv) “ °
The edge condition is, c.f. equation (51) in section III,
+ +
X (a,) =¥ (a) (E9)
from which it follows that
EN
BI =0 (E10)
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and thus,
o0 % '
Xo(u) = Yl(u) (E11)

The edge condition, although derived in terms of the current on the disk in
the dynamic case, implies that the charge density, in the static case, is

=l
oC(a, - p) ] as p > a,. We have
- - a

+ *S]
_ .-l 3 + -1 . -Iz—d]p
£ lpyz) = m 7 = J Y, (w)du [ P Jo(pp)31n upe dp
o )
a— @
+ ﬂ-l é% J YI(u)du j p-lJo(pp)sin upe‘|z+dlpdp (E12)
o o

From equations (40), (41}, (42) and (44) it is easy to show that ¢(p,z) = 0.

Introducing
: a
-+ o
3 an
8(p,0,2) = ple = ——lﬁcos ¢ = 1 cos ¢ Y+(u)du J. (op)sin upe Iz‘dlpdp
3z 3p 1 1
a 0
a- [+
+ s cos ¢ J YZ(u)du j Jl(pp)sin upe-‘z+d]pdp (E13)
) o
one can see that
curl m = - grad ¢ (E14)

Here EO® can be interpreted as the electrostatic potential for the scattered

field. We have

+
2(p,8,2) = (2ri0) " cos ¢ [ ety landlose ]er(u)du
o /p2+(|z-d|+iu)2 /p2+(|z—dl—iu)2
a—
+ (2wip)_l cos ¢ J [ [z+d]+iu _ lz—d]—iu ]Yz(u)du
o /p2+(!z+d|+iu)2 /p2+(lz+d|-iu)2 (E15)
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Now define

vi(-u) = - ¥ () (E16)
Then,
a
2(p,0,2) = (21rip)-l cos qb[ f |2-d | +iu Y';(u)du
-a, /b2+(|z-d[+iu)2
a—
+ |2+d | +iu Yz(u)du] (E17)
-a_ /pz+({z+dl+iu)2

and Yi(u) and YI(u) satisfy the system of integral equations

a-
Y+(u) +-£ 2d Y. (v)dv = 4u cos 8 y -2, S u<a
1 il 2 271 0 + +
- 447+ (u-v)
(E18)
a_
+
Y (u) + - f D Yl(v)dv = 4u cos 60 s ~a_<us<a_
4d +(u-v)
-a,
We have
1. A2(p,9,2) = O except on the disks z = #d, p < a,.
-1 -1
2. 3(p,4,2) =0(r p ") as r » o,
3. ¢(p,b,2) is continuous when approaching along the
normal from either side of S+ or S_.
4, @tOt = ®inc + ¢ is constant on S+ and S_.
To prove the continuity on S+ suppose that [z—d[ < d. Then,
a—
0" (0,6,2) = (21i0) "t cos ¢ J E G Y;(u)du (E19)

-a_ /b2+([z+d[+iu)2
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is continuous for z = d. For 0 < g = a, we have

iDz + dz-dl+iu)2] > ]z—dlz + p2 - u2 > pz - u2 if v <

102 + (z-d| +10)?| > |2=d|? + u® - 2

Thus,
| z=d | +1iu T = lYY(u)[ ¢ |z=d+iu]
lealrim? No2=a2|
from which it follows that
&
®+(p,¢,z) = (2wip)-l cos ¢ [z4d[+1u Y?(u)du

~a, /b2+(lz—dl+iu)2

a

+
-1 + +
+ (2mp) ~ cos ¢ J —E Yl(u)du =% (p,6,d)
-2, VpZmu?
L
as z - d. Here
iﬂg —p2 . u > p
/o2 - u? =
—i/u2 - pz s u < =-p

This proves the continuity of ®+(p,¢,z) on S+ except at p = 0. Moreover,

T
¢+(ﬂ,¢,d) = (2Tr)—l cos ¢ J cos © Yt(p cos 8)ds » O

Q

as p + 0 (c.f. the proof given in appendix C). It is easy to show that

lim ¢ (p,0,2) = 0 for z # &
o0

Thus, we have
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C > u2 - 92 if u > p

(E20)

(E21)



lim lim 67 (0,0,2) = lim 1im ¢ (p,6,2) = 0 (E22)
p~>0 z~d z--d p-0

which completes the proof of statement 3.

In order to prove statement 4 we notice that

a-
3 (p,4,d) = (Zﬂip)_l cos ¢ __ZELYI(u)du
-a_ Vo %+ (2d+1u)
a
- T
_ 2, -1 - (2d+1iu)ds
= (2r71p) cos ¢ j Yl(u)du j 2d+iu+ip cos 8
-a_ o
a
- T
- 2, =1 - (2d+iu)ds
(2r™1p) cos ¢ J Yl(u)du J 2d+iu~ip cos 6
-a_ o
a
ﬂ’ -
= (2npfl cos ¢ J deﬂ-l J 5 2d 5 YI(u)du (E23)
5 4d"+(p cos 6-u)

Equations (E18), (E20) and (E23) then give
¢(p,0,d) = ®+(p,¢,d) + ¢ (p,6,d) = p cos ¢ cos 8, = % cos 8 (E24)

for 0 <p < a.. Thus,

QtOt(pa¢’d) = Qinc

(D’¢sd) + Q(D,¢,d) = ®O - d sin eO (E25)
and from this one can easily see the validity of statement 4.
We wish to point out in passing the similarity between the equations

(5)

derived here and those derived by Love in
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Two parallel coaxial disks immersed in a homogeneous electrostatic field.
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