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Abstract

The early time behavior of the fields radiated by two types of EMP
antennasis investigated. The first type is a bicone-cylinder in which each cone
is mated directly to 2 semi-infinite cylinder of constant radius, thereby creating
a ring discontinuity in slope at the junction. The second assumes a continuation
of the bicone which matches the slcpe at the junction with the cone, producing
there a ring discontinuity in curvature. . Using geometrical diffraction theory
techniques and knowing the diffraction matrices for the two forms of surface
singularity, a high frequency asymptotic development of the radiated field is
obtained for each antenna. Application of an inverse Fourier transform then
yields a time domain solution valid for sufficiently early times. The solutions
are computed and their validity investigated. Examples are given showing the
reduction in the perturbation of the early time response associated with the
smoother geometry.
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L, Introduction
. From an electromagnetic viewpoint the inﬁnife hiconical antenna is an
ideal device for radiating an EMP. Since a constant voitage appiied abross the
infinitesimal gap separating the two halves of the bicone produces a puré ffequency—
independent spherical TEM wave, a voltage pulse will create a radiating pulse
which is identical in all respects. UnfortunatelyA, such an antenna is unrealistic
because of its infinite dimensions parallel and perpendicular to the axis of
symmetry. A compromise which seeks to retain some of the electromagnetic
advantages of the bicone whilst making the transverse dimensions finite is to mate
each half of the bicone to some other geometrical structure at a selected distance
from the gap. By choosing this structure to be a semi-infinite circular éylinder,
we arrive at the bicone-cylinder studied by Sancer and Varvatsis (1971) and char-
acterized by a slope discontinuity at the join. Within the spatial region which is
directly illuminated, it is expected that the dominant contribution will still be the
undistorted pulse radiated by the gap, but because of diffraction at the joins and
' the multiple interactions of these diffracted pulses with the rest of the antenna,

the net field will be affected, with the short time perturbations being attributable

to the diffraction of the high frequency components. Any modification in the

cylindrical structure beyond the join will have a dominant effect on the field with~

in the shadowed region which is entirely diffractive in nature, and can also distort

yet further the field in the illuminated region through back reflection. On the semi-

infinite cylinder, however, the surface field is primarily a traveling or surface

wave excited by the join. If this were attenuated by progressive loading of the sur-

face, the cylinder could then be terminated without further affect on the field in the

illuminated region. Only on such a premise would an exact analysis of an infinite

biéone—cylinder be relevant to a realistic antenna, and we must emphasize that the

relevance would not extend to the deep shadowed regions of space.

The right circular cylinder is only one type of continuation structure for
the bicone, and an infinity of other continuations are possible which also serve to

limit the transverse dimension of the resulting antenna. One class of these produces



a smoother transition between the bicone and the continuation by matching the
slope whilst leaving the curvature discontinuous at the join, and still higher order
matching could be entertained. Such smoothing of a surface singularity reduces
the high frequency diffraction, implying that a change from a slope discontinuity
(in the first derivative of the profile} to a curvature discontinuity (in the second
derivative of the profile) will decrease the perturbation of the direct radiated
pulse for at least some span of elapsed time. Since the precise leading term in

a high frequency asymptotic expansion of the diffraction coefficient for a line dis-
continuity in curvature has recently been obtained (Senior, 1971), it is now pos-
sible to quantify this effect. This is the purpose of the present Note.

We here examine the consequences as regards the early time behavior of
the radiated field of replacing a cylindrical continuation of the bicone by a hyper-
bolic continuation so chosen as to remove the discontinuity in slope at the junction.
The procedure that is adopted is to calculate the leading (first order) term in the
high frequency expansion of the diffracted field at any arbitrary point in the {ilu-
minated region for each of the two geometries. The time domain solution for a
step function voltage applied across the gap is then obtained by an inverse Four-
ier transformation. Althbugh the range of elapsed times for which this solution
is valid cannot be sfated with any real certainty, an upper bound is available from
a consideration of those ray interactions which are ignored in the frequency domain
analysis. Not surprisingly, at every point in space there is some range of
elapsed time for which the perturbation of the undistorted pulse is smalier when
the discontinuity is in curvature rather than slope. Data are presented illustra-
ting this effect and some general conclusions are drawn, but whether the improve-
ment is sufficient to outweigh the disadvantagels of this new geometry is a question
beyond the scope of this Note.

These disadvantage.s are two-fold: increased difficulty of construction to
produce the smooth junction and an increase in the overall diametér of the antenna.
For any smooth and monotonic continuation, the maximum radius necessarily ex-
ceeds the radius of the join, and for the hyperbolic profile assumed in the analy-

sis, the discontinuity in radius of curvature is proportional to the fractional




increase in maximum radius on changing from a cylindrical continuation (slope
discontinuity). Indeed, this fractional increase is one of the key parameters in
the final presentation of our results, but in practice it should be possible to ob-
tain the. advantages of the smoother geometry with a smaller increase. The only
portion of the continuation structure which is essential to the analysis is that
which is just beyond the join. The surface field here is basically a creeping
wave whose strength and attenuation are known (Weston, 1965; Hong and Weston,
1966). Because of this attenuation, the requirements on loading to permit ulti-
mate termination will be less stringent than was the case for a cylindrical con-
tinuation, and at some point of the curved surface beyond the join it would be
acceptable to change to another surface profile more nearly approximating that
of a right circular cylinder. The hyperbolic geometry would then apply only to
a transition region between the bicone and the structure further out, and provided
the second surface discontinuity was well within the shadow, its presence should
have no effect on the field within the illuminated region, certainly as regards the
early time behavior. However, these are practical considerations which are

irrelevant to the main thrust of our analysis.



2. Preliminary Considerations

2.1 The Infinite Biconical Antenna

The antennas to be explored are all geometrical modifications of the
infinite biconical antenna and it is therefore appropriate to consider first the
field radiated by such an antenna when excited by a point generator at the apex
of the cones.

The geometry is now as shown in Fig. 1. If (r,0,0) are spherical polar
coordinates referred to an orgin at the apex, the field radiated by a time har-

monic voltage generator of circular frequency w = kc is

E=% A.(w) e1k(r—ct) , q =a YA.(u) elk(r-ct) .
- rsing - T siné

in which

where Z = 1/Y is the intrinsic impedance of free space and I{(w,0) is the total
surface current entering the upper cone from the generator at r = 0.

Knowing the structure of the field, we can integrate E_ along the field

e,
line r = constant, @ = constant from the value 6 = 90 appropriate to the upper

cone to the value 6 = 7 - 60 at the lower cone to obtain

V{w, 1) = I{w, 1)Z
: c

é
Z = ZﬂnQot—O)
c T 2

is the characteristic impedance of the antenna. In particular, at r =0

where

V(w) = Kw, 0) Zc

where V(w) = V(w, 0) is the strength of the voltage source, and if we now write
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90 -1
fo = {221’; Q}Ot —2")} , (2}

Al = V(w)fo . (3)

we have

' The radiation field (1) is independent of § and entirely specified by the &

component of the electric field, viz.

V(W) fo

_ eik(r -ct)
e T sin@

Moreover, it is a function of frequency only through the phase factor and the
frequency dependence of the excitation voltage. It therefore follows that if the
excitation is the voltage pulse v(t), it will radiate undistorted except for the
amplitude sealing factor fo/ (rsin8), and in particuiar, if v(t) is the unit (or

Heaviside) step function U(t), then

8 rsiné

U(t-f) . (5)

We shall henceforth restrict ourselves to such a voltage pulse.

2.2 Fourier Transform Relations

For the modified antenna geometries discussed in Section 2.3 the pro-
cedure that we shall follow is to develop first a high frequency asymptotic
expansion of the radiated field for a simple harmonic source at the apex of the
cones. In the illuminated region the leading term in the expansion is the field
(4) appropriate to an infinite biconical antenna. The higher order terms are
attributable to diffraction at the surface singularities, and to the accuracy that
this expansion can be found, these terms are of the form

1

3 k(e -ct)
e

Vi{whw



for n = 0,1, where { is some distance. The early time hehavior of the radiated
field is then obtained by applying an inverse Fourier transform to each individual
term with V(w) as the spectrum of the unit step source voltage.

To permit the rigorous Fourier transformation of functions f(t) which do
not tend to zero as t —> o0, it is necessary to assume that w has a small positive

imaginary part €. With this extended definition, the Fourier transform of f(t) is

@
i} =@ =\ e avar (6)
-0
and the inverse transform is
@+i€
3 W) =0 = o e Pludw (7
w 27
-0+ i€

If £(t) is the unit step function U(t), direct integration shows that
Flw) =i/w .

Moreover, 3-1 {F(w)} can now be evaluated unambiguously, implying

QOt+i€
1 i
)y = — -
U 27 W

-+ i€

e Wy (8)

Consider ?-l{w—l/z}, where the cut originating at the branch point
= 0 is assumed to lie along the negative real w axis. If t <0, the path of
integration can be closed by the addition of a semi-circle of large radius in the
upper half w plane aﬁd the transform shown equal to zero. If t> 0, the addition
of a semi-circle in the lower half plane feduces the transform fo the sum of

integrals along both sides of the cut, and these can be evaluated trivially. Hence



3o =@V

Integration by parts now yields the two results which are needed in the sequel,

viz.
3-1 { -3/2 ikz} _ 5 -1/2 -iz/4( £ 1/2 3 g
iw e = 27 e t-c U -3 (9)

and

a2 4<t- "—)3/2 U(- f—) . (0
3 c c

which are special cases of the general formula

1 1

—n-—' — —
-if, T2 ike) | -1/2 (-1 -i7/2 g_Y 2 ¢
> {uu e }‘ =7 ——-—(Zn-l)i {4e Q;,- c) U<t..c)

(11)

3! {iw-s/ 2 eikz}

valid for positive integer n.

2.3 Specific Geometry

In the region adjacent to the gap the antenna is assumed to be a bicone of

half-cone angle 6., extending out to a radius dsinf_ where d is the slant length

0’ 0
of the cone. At this point the profile is changed, and if p,z are cylindrical co-
ordinates with origin at the gap and z axis coincident with the axis of symmetry,
the requirements on the new profile p = p(z) are that it be an analytic, monotonic

function of z with p — finite limit as z —> o0 and

= dsinf
o) i 0
at z =dcosf_ .
do = tanf .- ’ 0
dz 0
Since the entire configuration is symmetrical about the plane z = 0, it is suffi-
cient to consider only the upper cone and its continuation.

The most simple function having the above properties is a hyperbola, and

we therefore choose the hyperbolic profile



B
- i = - )
p dsm@O Btaneo {l z-dcoseo+B } , (i2)

for z>dcos 90. where B is some constant yet to be chosen. At the junction

with the upper cone, p = dsineo and dp/dz = tanGO, as required, and the
(inward) curvature in any plane containing the z axis is

sin 290005 60 .

-
o

This is the quantity which determines the strength of the field diffracted at the
junction of the bicone and its continuation.

It only remains to express B in terms of a conveniént geometrical quantity
natural to the problem. For this purpose, we note that as z —> o,

p—>d sin60+B tan 60. Let us therefore write

lim p= d(l+€)sin90 (13)
z —>

where € is the fractional increase in the overall radius of the antenna on changing

from a circular cylindrical continuation of the bicone to a slope matching one.

Then
B = €dcos 60
and
a = L in 29 | (14)
1 ed st 0

with € = 0 implying a slope discontinuity at the junction.



3. Ray Techniques

The procedure that we shall follow in analyzing the transient radiation
from the antenna is to first develop a high frequency asymptotic expansion for
the field radiated when the voltage across the gap is a simple harmonic one with
time variation e-iwt. The only effective method for doing so is to use the geo-
metrical theory of diffraction (GTD) originated by Keller (1957, 1962). The
theory is basically an extension of geometrical optics to include the concept of
diffracted rays produced by surface singularities, and since we shall re-phrase
slightly the formulae of GTD to emphasize still more the similarity to geometrical
optics, it is convenient {o begin with a general survey of such aspects of ray tech-

niques as are appropriate to a problem such as this.
3.1 An Qverview

In geometrical optics the propagation of energy between two points @ and
- P occurs according to Fermat's principle that the optical distance between @
and P must be stationary with respect to small variations in path. In particular,
therefore, the optical rays in a homogeneous isotropic medium are straight lines.
The variation of intensity of the geometrical optics field along a ray is dictated
by energy conservation: the energy flux in a tube of rays must be the same at all
points along the tube.

Let us consider the vector case, and specifically the electric field E.

~

With reference to Fig. 2 we have that

ds

o] - [zl 52

where dSQ and dSP are the cross sections of the elementary tube of rays at Q
and P respectively, and are inversely proportional to the Gaussian curvature of
the wavefront. Thus, if we denote by s the oriented distance of the observation
point P from a fixed origin Q, and by pl = AQ and p2 = BQ the distances of

the astigmatic lines A and B from Q, then since the polarization is unchanged
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FIG. 2: ASTIGMATIC TUBE OF RAYS.
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along the ray,

E(P) = B(Q e X570 (15)

Py g
" \[<‘31+S> <°2+S> e

is the so-called divergence factor which is a measure of the spreading of the

where

elementary tube of rays from Q to P.

Equation (15) yields an infinite value for the field at the caustics A and
B where either s = -pl or § = Py implying M= oo. This is a universal
failure of any ray technique and a procedure for obtaining a finite, frequency-
depehdent expression for the field in the vicinity of a caustic has been discussed
by Kay and Keller (1954). However, on following a ray through a caustic and
beyond, [ is again finite, and provided we interpret \/-_-I as -i, Eq. (16)
does predict the known phase delay of 7/2 on passing through a line caustic in
a positive direction.

At the surface of a body or, indeed, at any surface of discontinuity in a
medium, the direction and wavefront curvature associated with any ray change
discontinuously, as do the field strength and polarization. There are now two
distinet cases depending on the principal radii of curvature of the surface at the
point Q@ where the incident ray strikes. If both rédii are non zero then, in the
high frequency limit, the incident ray will produce a single reflected ray whose
orientation is in accordance with Snell's laws of reflection at a plane interface.
This is the geometrical optics situation and the strength of the reflected field at
the surface is specified by the Fresnel reflection coefficients for plane wave
incidence on a plane interface. A general expression for gr(Q) has been derived

by Fock (1965), and can be written most compactly as

E"Q = R-E(Q amn
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where the tensor reflection coefficient 1-—%- is a function of the angle of incidence
and the electromagnetic parameters of the surface. For a perfectly conducting
body, R is such that ARE" = -3, _E_i and R E" = 'r‘l'gi, where T is a unit vector
normal.

To calculate the field on the refleéted ray at a point P which is away from
the surface we can again use Eq. (15) where pl and P, are now the principal
radii of curvature of the reflected wavefront at the point of reflection, Q. In
general, these depend on the angle of incidence, «, measured with respect to
the local normal, the radii of curvature, sl and 52, of the incident wavefront
at Q, measured in and perpendicular to the plane of incidence respectively, and

the corresponding radii, r, and r_, of the surface at Q. As shown by Fock

1 2
(1965) and Senior (1972),

1 g_l_4_25reccz ’ _1=S_1.+2crosa (19)
P L 1 Pa 5 2
Observe that Sl’ 52 and rl, r2 are not necessarily principal radii of curvature.
Indeed, if s'l and s’2 are the principal radii for the incident wavefront at Q@ and 88
is the angle between the plane of s'l and the plane of incidence,
1 COSZB sinzB 1 sinzB cos2{3
= 1 + ) ) - = ] + ¢ s (19)
s ] s s S s

1 1 2 2 1 2

and a similar pair of formulae hold for the surface curvatures.

The second case to be considered is that in which one or both of the
principal radii of‘ curvature are zero at the point @, corresponding to a line or
point (vertex) singularity respectively. Although geometrical optics is no longer
applicable, geémetrical diffraction theory now takes over, and each incident ray
produces an infinity of diffracted rays. For the purposes of the present problem,
only the line singularity is important., This may be produced by a discontinuity
in the first derivative of the surface (wedge-like singularity) or in some higher

derivative, the earlier ones being continuousat Q, but in either case the diffracted

13



rays are confined to the surface of the Keller cone. In the immediate vicinity
of Q the field on any one diffracted ray is entirely a local property of the sur-
face at @, and can be found by solving a canonical problem displaying the
geometry in question. In principal at least, this enables us to relate the
reflected field strength at a point close to Q to the incident field strength via
. an equation similar to (17) in which a tensor diffraction coefficient takes the
place of I-%_- |

Unfortunately we now run into a conceptual difficulty in trying to find the
diffracted field at a remote point P along a diffracted ray. Since the surface
singularity is a caustic for the diffracted ray tubg in a plane perpendicular to
the singularity, we cannot use the divergence factor (16) to proceed outwards
from Q. For this reason, it has become customary (following Keller, 1957)
to omit any explicit statement of a diffraction tensor for pointis close to @, and
to proceed immediately to a "remote'" point P distance s (>>A) from Q, writing

the diffracted field there as

p1 em/4 eik(s ~-ct)
\ pl+s J2ﬂks

e%p) = B ENQ) (20)
where Py is the transverse radius of curvature of the diffracted ray tube at Q.
If B is the angle between the incident unit vector 1 and a tangent unit vector 7
along the singularity or '"edge', the local radius of which is T, T is arclength
along the edge, % is the principal unit vector normal to the edge (i.e. pointing
towards the center of curvature) and S is a unit vector in the direction of the

diffracted ray, then

2
r_sin“B
= ! (21)
f17 @98+ 3 00/a7)
For a wedge-type singularity .
D = -cosecS A (22)

where A is given by Senior and Uslenghi (1971) in terms of a set of surface-

oriented base vectors.
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Even if we grant that the above'procedure is the most rigorously
justifiable one, we can still enhance the similarity of the diffi‘action and reflec-
tion processes by regarding l=3 as a diffraction tensor which relates the field on
a diffracted ray at a distance s A from Q fo the incideﬁt field at Q. If this
displaced point is denoted by Q', Eq. (20) can be decomposed into two equations

analogous to (15) and (L7), viz.

d = i '
E(Q) =D E(Q), (23)
Ed(m _ E_d(Q') Pelk(s -ct) (24)
where the divergence factor [~ has the standard form (186) with
= (25)
Po ™ 97k

and the proviso that \/—i-= em/4. Thus

r= il L (26)
B p s/ \i+2mks

and though Egs. (23), (24) and (26) are no longer equivalent to (20) for ks g 1,

for ks >> 1 (the condition under which the diffraction tensor D was originally

deduced),

(27)

and the equivalence is restored.

In a problem where both diffraction and reflection cccur, the main
advantage of the present interpretation is that we can treat the two processes
similarly and proceed stepwise along all rays using the same general formula
for " . But the advantages are not overwhelming, and one penalty that we do

pay is that 7 can now involve the wave number, k.

15



3.2 Diffraction Tensors

The diffraction tensor for a line discontinuity in slope (wedge-like
singularity) was originally developed by Keller (1957) and was put into a some-
what more general forrh by Senior and Uslenghi (1971). The analogous result for
a line discontinuity in curvature was obtained by Senior (1971), and to present
the tensors in the form implied by our preceding remarks, it is sufficient to
take only a discontinuity in slope since the result for a discontinuity in curvature
differs only in the replacement of one pair of parameters by another.

Consider a wedge-like singularity shown in Fig. 3. Let the interior
half angie of the wedge be 2 and choose a base set of unit vectors f, I(I\, ﬁ with
’I\\I normal to the edge and pointing out, 13 binormal to the edge and pointing

into the shadowed half space, and % = ﬁ ,\ﬁ to make the system right-handed.
" Then if the incident ray direction is
A A FaS A
i=TcosB-~Nsinfsina+BsinBcosa (28)
with -7/2+Q<e < 7/2, 0<B <7 and the diffracted ray direction is
A A
3=’?cosB%—NsinBsin'}l-BsinBcos'y (29)
with -1/2+Q<v<37/2-Q (see Fig. 3), we have

%) = B-Elp) (30)

at any point P of the singularity where E_d(P) and '_Igl(P) are the diffracted and
incident electric fields at P expressed as row and column vectors respectively

A A
in the base T,N,B, and

-{X-Y) 0 0

D=-— (X -Y)cotBsinyY (X+Y)cosvcosa (X+Y)cosysina

-(X -Y)ecotBcosy (X+Y)sinvcosa (X+Y)siny sina

(Senior and Uslenghi, 1971, Appendix, with 6 =0) where

i6



FIG. 3: GEOMETRY FOR A WEDGE~LIKE SINGULARITY.



X = Asin)ur{cos)ar-cos)t(af;'y)}'—l , (32) .

Y = A sinAx {cos Ar+cosAm -« —'*/)} -t (33}

with

A= — . - (34)
9
T

In the present problem the rotational symmetry implies that any ray
A A
incident on the singularity lies in the N, B plane. Hence, B = n/2. Moreover,
the incident electric vector also lies in this plane and, of necessity, is perpen-

dicular to ? We can therefore write

i A A
E(P) = A(Ncosa+Bsing)

where A is some constant, and when this is substituted into Eq. (30) we have

_E_:_d(p) = A(X+Y) {—ﬁ cos'}'—% sin?} '

which is a2 vecfor perpendicular to fi‘ As regards the present problem we can
now suppress entirely the vector characteristics of the diffraction process by
adopting as a convention that the orientation of the electric vectors are as shown
in Fig. 3. This allows us to replace the diffraction tensor D by the scalar

factor D where
D=X+Y (35)

The situation is directly analogou's to reflection at a metallic surface for which

R reduces to the scalar R = 1 for the electric vector orientations shown in Fig. 3.

If the surface singularity is a line discontinuity in curvature rather than

+

ATA A
slope the definitions of the base vectors T,N,B and the angles ¢,3,v are iden-

tical to those given above, and the diffraction tensor differs from that in Eq. (31)

only in having X and Y replaced by

18



2 ¢~y 2 o+
al-a2 sec —-—2 all a2 sec 5

2ik cosa+cosy 2ik COS @+ CoSs Y

where atl and a2 are the curvatures of the upper and lower surfaces, respec-

tively, at the singularity. If the lower surface is planar, a, = 0.
For both the siope and curvature discontinuities, a case of particular
interest to us is that in which the incident ray direction is along the lower planar

face, i.e. o= -%+Q We then have

Asin AT

COSAT+ COSA (‘3'5' - 2= ’Y)

X=Y=

and for a slope discontinuity the scalar diffraction coefficient for diffraction in

a direction + is

DS = 22 sm3).ﬂ7r . : (36)
cosl7r+cosk(? -Q-’Y>
The analogous result for a curvature discontinuity with 8y = 0 is
2a
.
DC = - 1 l+sinQcos?y . (37)

(sin 2+ cos 7)3

With the approach that we have adopted, a factor proportional to k—l/ 2
has been absorbed into the divergence coefficient for a line singularity, leaving
p* independent of frequency. By comparison D° is smaller by a factor k-l,
showing the reduced influence of a curvature discontinuity at high frequencies.
In both cases, how)ever, the expression given is only the leading term in a high
frequency asymptotic expansion, with the next term being smaller by a factor k-l,
and since these higher order terms cannot be obtained by a purely local analysis,

their inclusion is beyond the scope of any analysis such as this.

3.3 Limitations

Let us now examine the implications of ray techniques as regards the

derivation of a valid estimate for the field radiated by the antenna. Although we
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shall obtain the time domain solution hy inverse Fourier transformation of the
high frequency response, quite different factors influence the accuracies in the .
two domains.

In the frequency domain, the relative importance of individual contributions
to the field is determined by the k dependence of their amplitudes. If the ampli~
tude of a direct ray contribution from the source is A, where A is independent
of k, that for a contribution singly diffracted at a slope discontinuity is
Ak-l/z {l+0(k-l)} . If a diffracted ray is subsequently reflected at a surface
whose radii are large, the k dependence is unaffected, though it should be noted
that the reflection coefficient is independent of k only to the leading order. On
the other har{d, a secondary diffraction at a slope discontinuity will reduce the
amplitade to Ak~ {1+0(k™)} . .

In the present problem it is possible for a ray to be diffracted back to the
source and then re-radiated. It is intuitively obvious that the nature of this re-
radiation (or Te -diffraction) will depend on the impedance of the source as well
as the geometry of the gap, but the factor which quantifies this process is quite
unknown even in its k dependence. It is therefpre necessdry to exclude any such .
ray contribution from our analysis, and the consequences of this are unfortunate.
at least from a rigorous viewpoint. | If, for example, the factor were independent
of k, the contribution of a re-radiated ray would be of the same order as that for
a ray diffracted at a surface singularity, regardless of its nature, and this would
invalidate all terms in the high frequency expansion beyond the first, corresponding
to direct radiation ffom the source; it is not inconceivable that the faétor could be
proportional to kl/ 2, which would invalidate even the leading term!

The validity of even a single term in the high frequency expansion of the
field now rests on an assumption about the frequency dependence of the re-radia-
tion factor. On the premise that é.ny EMP antenna which did not produce an early
time behavior of the radiated field comparable to that of the excitation voltage
would have its gap configuration changed until it did, we shall henceforth assume

that the re-radiation factor is proportional to some negative (perhaps fractional)

=
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power of k, thereby reducing the importance of any such ray contribution below
that of a single diffracted ray, but not below that of a double diffracted ray. * In
consequence, the only contributions which can be entertained are those of the
direct ray from the source and the rays singly diffracted at the surface discon-
tinuities, either directly to the point of observation, or via an intermediate
reflection off the sides of the bicone. The resulting expansion in the frequency

domain is} then
a+Bk Y210}
for a slope discontinuity, or
A+Bk_3/2{1+o(k.€)}

for a curvature discontinuity, where € >0 and we have again omitted the phase
factors produced by the different ray paths.

Let us now turn to the time domain. From a high frequency estimate of
the field we can deduce the early time behavior of the transient response by in-
verse Fourier transformation, but the validity of the result is not without questio-n.
Whereas the lengths of the individual paths by which the ray contributions reach the
field point are no direct concern in the frequency domain, they are vital in the
time domain since these are reflected in time separations. The shortest ray
path whose contribution is omitted now provides an upper bound on the elapsed
time beyond which the time domain response is patently invalid. In the present
problem the bound is provided by either the doubly diffracted ray or the re-radiated
one, whichever is shorter, but even within this bound the accuracy of the solution is
not entirely certain. Take, for example, a singly diffracted ray contributicn. In
the frequency domain, only the leading term in the asymptotic expansion of the
diffraction coefficient was included in estimating the contribution, yet all terms

%K

For a surface discontinuity in curvature it is even less justifiable to include
doubly diffracted rays since their contribut%o/n2 is O(k"3) whereas the correction to
a singly diffracted ray contribution is O(k™ "~/ “).
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would yield some contribution in the time domain. Unfortunately, it is almost
impossible to estimate the error resulting from the omission of these terms, .
and on a strictly mathematical basis there are difficulties in justifying the Fourier

transformation of an asymptotic expansion in the first place.
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4, Analysis

4.1 Frequency Domain

We shall now use the geometrical theory of diffraction to develop a high
frequency expansion of the field radiated by the antenna. The contributions
which will be included are those for rays singly diffracted at the surface singu-
larities and which then reach the field point either directly or by reflection off
the sides of the cone, plus the direct contribution from the source. Subject to
the assumption about the re-radiation properties of the source referred to in
the previous section, the resulting asymptotic expansion is accurate to the first-
two orders in k.

The polar coordinates of the field point P, are (r,8) where 8

(90 <6< 7/2) is measured with respect to the syc:'nmetry (z) axis of the antenna.
For simplicity it will be assumed that PO is in the far field of the biconical
portion, which allows us to treat as parallel all rays reaching PO.
The procedure to be followed is the same whether the surface singularities
are discon;tinuities in slope or curvature, and since the only difference between
the formulae is in the expression for the diffraction coefficient D, it is suffi-
cient to describe the analysis in terms of slope discontinuities. The geometry
is now as shown in Fig. 4, where we have included the ray paths to be considered.
Observe that because of the azimuthal symmetry of the problem, all rays reaching
P are confined to a single plane through the z axié.
Let us begin by establishing some of the more important path lengths and

angles associated with the rays shown in Fig. 4. The directray is OP,., and

OI
[OPO] = r by definition. The two simple diffracted rays are OP1PO and OP2PO.
Since the interior half wedge angle Qis ' '

Q= (r-9) | (39)

20 °

and ZPlOPO =0- 90, the diffraction angle v (see Fig. 3) for the upper path is

6
_ am 5 _ 9
Y= 5 -2-6=7-6+ = . (39)
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RAYS.

24




Also,

[PLPOJ =7r- [OPl]cos ZPlOPO =r —dcos(@-eov) (40)

where d is the slant length of the cone. For the lower path OPZPO’ the cor-

responding results can be obtained by i'eplacing 8 by 7-9,
The two diffracted-reflected rays are OPiP D and OP.P,P For the

40 2°370°
former, ZOP4Pl =7-6_-6 and hence [OPlP = 390+9 -m. If this path is to

0 4

exist, it is necessary that

; 0<360+8—7z’<60

where we hawe excluded the extremes for which the reflection point coincides with

either the ‘;iource O or the surface singularity P_, and thus

2’
7r-390<9<7r-260 (41)
showing that,'/GO must exceed 7/4. The diffraction angle v for this path is
P 56
¢ 0
J‘ Y = 5 +6-~-7 . (42)
Moreover, from triangle OP.P,,
d sin 26 dsin(36 + 6-7)
SR ) - g
', ERARST B [or,] - Sin(7-6-8,) (49)
;:I
and hence
[p,p,] = r-dsin@+36)) cot(§+6) (44)
implying

. [OP1]+ @1PAJ+[P4PD] = r+d{l-—cos(9+390)} . (45)
. For the other path the corresponding results can again be obtained by replacing 8

by 7-6. In particular, the criterion for existence of this path is

290<e <390 . (46)
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The next task is to determine the divergence factors associated with the
various rays. For a ray OP L incident on the surface singularity P | and dif-
fracted in a direction ¥ (see Fig. 3), the diffracted wavefront at Pi has a ~
radius of curvature in a plane perpendicular to the plane of incidence given by

Eq. (21). In this formula,

A A A n BG 1
. - v A ou 1
un——smeo, ‘n = sm( > T 5y q
from which we obtain
90
pl = dsmeocosec -5 ) - (47

Hence, for the diffracted ray path OP P. for which ¥ is given by Eq. (39},

1”0

P = dsmeocosece
and )
dsin® .
_ i 0 in/4

= T0~ 7\ sekeme © ’ (48)
in which the far field approximation has been made. For the ray diffracted
towards P 4 the diffraction angle v is given by (42). Thus

= -dsin@ _cosec(@+28 ) . (49)

py = 0 0

At a distance s along this ray,

-1/2 177/4
{ 1=-= sm(6+ 26 )cosec 60)

and the astigmatic nature of this tube of rays is obvious. Indeed, in a plane
perpendicular {o the plane of incidence at P & the radius of curvature of the
incident wavefront is given by (49), corresponding to a caustic at P5, whereas

in the plane of incidence the caustic is at P K At the point P 4
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dsin 260

s = [P1P4 = sin(9+60)

and
s1n(9+90) in/4

14~ VZrkdsin 28 s1a(36,76- 7 (50)

r=r

To find the principal radii of curvature Py and Py of the reflected wave-

front at P4, we need also the radii of curvature of the surface. In the plane of

incidence the radius is clearly infinite. In the perpendicular plane through P4,

the (slant) section of ‘the cone is an ellipse of major axis [OP4]tan 290. Since
the minor axis is [OP;_)tan Zeocos 60, the radius of curvature is
1 2
T, = 3 [()P4]tan2eocos %
. . 3
sin(@+36 _-msinb_cos 8
_ 0 0 0 51)
s1n(6+60)cos 290
and hence, from the Egs. (18),
A 1 N 2seca
oy [P1P4) @
1 - 1 N 2cosc
. "[PaBs] T
with
T
Q= 9+90 -5
implying
sin 26
0 (52)

s

pl =d sin(6+90)
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sin26 00529 sin(36 . +6-7)

d 0 0 0

Pe™ % N “ (53)

sin(@ +80) {sm(8+60)cos 290— 5 cos eosm(9+ 290)}

. The divergence factor for the reflected tube of rays is therefore
f _r o d sin 26000590 sm(360+9-7r)
~ 140 2r  sin(6+6 ) . r 3, .
0 sm(8+60)cos 290- 5 €0S 9051n<9+ 260)

(54)

in which the far field approximation has been made.
We can now start assembling the ray contributions to the radiated field

at P,. For the direct ray OP. from the source we have, from Eq. (1),

0 0
_ Al ik(r -ct)
E(PO) " rsin® (55)

where the symbol E will be used throughout to denote the 6 component of the
electric field. For the diffracted ray OP LPO’

ik([PlPO-]-ct)

i
E(PO) =E (Pl)Dr‘ilOe (56)

Since the diffraction angle 7 is given by Eq. (39), the diffraction coefficient D

for a slope discontinuity is, from Eq. (36),

S, _ 2x sinaw
D6 = COSAT+COS A (57)

with 60 ~1
' A= G-ﬁ- —1T—> , (50)

whereas for a curvature discontinuity,
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b=
Zal L“'COSBOCOS 6+ —é)
ik 6 3
cosf _-cosif+ < :
0 2

from Eq. (37). For brevity we shall denote both DS(G) and DC(G) hy the same
symbol D(6). Also,

p%e) =

i _ _AW ik(d - ct)
E(P) = 2dsing, © (80)
where the factor 2 appeé.rs because GTD requires only the incident rather than the
total field arriving at a singularity, and at grazing incidence, the former is one-

half of the latter. On inserting this expression into (56) and using (40) and (43),

the contribution of the diffracted ray OP lPO is found to he

AW 1 T i7r/4 ik {r+d—dcos(9-90) -ct}
E(Py) ~ T5ing 2\/ Srkdsing. D@ ' e '
0o | 1)

The contribution of the diffracted ray OP2PO differs only in having 7 -6 in place
of 6.

For the diffracted-reflected ray OPlP 4P0’

ik[PlP;] ik [P4PO -ct)

i
E(PO) =E (Pl)DI"il4e Rr’l408 . (62)

Comparison of the diffraction angles (39) and (42) shows that

D= D(27r-290-9) .

"Also, for a normal component of the electric field, R = 1. Hence, from Egs.

(45) , (50), and (54), the contribution of this ray is
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A(w)cose0 cotGO
4r

kd {sin(e + Bo)cos 20 -

E(P.) ~ .
0 L 3.
0" 3 cos eosm(6+ 260)}
. ik{r+d-dcos(9+ 36 ) —ct}
-D(27r—260-9)em/4e 0 . (63)

Since the contfibution of the ray OP2P3PO again differs only in having #-6 in

place of 6, the far zone radiated field at PO correct to the first two orders of

k is
. - i—Tr-i-'kd -ikd cos{6-8 )
E(p) ~ AL tkr-ct) | L sind__ 4 e 0
0 rsiné 2 27rkdsin60
ikd cos(9+6 0) -ikd cos(6 + 36 0)
+D{1-B)e + ylF(e)D(Z‘n' -260-6)9,
ikd cos(36,,-6) |
+ y2F(7r-6)D(7r-260+6)e : (64)
where
siné cosBGO
F(O) = 3 - . (65)
2 sin(6 +60)cc?s 290- cos Bosm(6+ 260)

In Eq. (64), v, = 0 unless

ﬂ-360<,9 < 7-260

when vy =1, and Vg = 0 unless

260 <6< 390

when v, = 1, with the additional restriction that 6, <6 < 7/2. When normalized
relative to the direct radiated field of the source, the perturbation field is there-

fore
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ir . -ikd cos(6-6) ikd cos(6+6 )
_ L |__sing 7 +ikd 0 i 0
SE(Py) = 3 Zrid sing, © [D(G)e +D(r-6)e
-ikd cos(6+ 36 ) ikdcos(Beo—e)
+ylF(6)D(27r-290—6)e +y2F(7r-8)D(7r—290+9)e
(66)

- -3/2
which is O(k l/2) for a slope discontinuity, but O(k / ) for a discontinuity in
curvature.

The diffracted-reflected rays can only exist for restricted ranges of 6
and to better appreciate when either or both of the last two terms in (64) and (66)

are present, Fig. 5 shows the situations in which v, = 1 or Vo= L for 60< 7/ 4.

Observe that neither reflected ray can occur if 36 <8 < 7/2 and that v, = 0 for
all 0 if % < /8.

0

4,2 Time Domain

For a voltage pulse applied across the gap, the early time behavior of
the radiated field can be obtained by the inverse Fourier transformation of the
asymptotic expansion (64) for E(PO). The particular source voltage that we

shall consider is the unit step function U(t) for which (see Eq. 3)

Alw) = (67)

fO’

€ |-

and the contribution to the field produced by direct radiation from the gap is

f
_ -l i dwr/fe _0
E(PO) =3 {w € rsine}

i

The diffracted and diffracted-reflected contributions then appear at times which
are delayed by amounts proportional to the increase in path'length.
To simplify the subsequent presentation of the data, it is convenient to

take the origin of time at the instant at which the direct contribution arrives at
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DIFFRACTED ONE,
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the field point PO’ and to measure time in nanoseconds. Since the velocity of
light is, in MKS units, 3x lO8m/ sec = 0.3 m/nsec approximately, it follows
that in all formulae from now on, ¢ must be given the value 0.3 with distances
measured in meters (of course). The time delays associated with the various

diffraction contrihutions are now

_d - 51_{
tl = 3 {l cos(6 60)} ) ty = . l+cos(67t-90)},

o+
]

d d
3 5 {1 —cos(6+390)} , t4 = 7 {l-i—cos(e -390)}

Observe that if tl = tl(e), we have

t. =t (7-6)

9 ! , t3 = tl(27r-3_60-6) , =t (7-36 +9). .

=t 0

It is also convenient to normalize the fields by suppressing the factor fo/r sin g,
Using now the inverse Fourier transform (9), the time domain expression

for the normalized electric field at the point Powhen Pl and P_ are slope dis-

2
continuities is

_ L [c sin® s o2 S avee p \ 20
= U(t)+ ~\/ %3 ————smeo [D (B)(t tl) U(t tl)+D {m-0)(t t2) U(t t2)

+ F(6)D(27-20,-6)(t -t.) Y200 -t)

s 1/2
+y2F(7r—6)D (7r-260+9)(t—t4) U(t-t4):] (69)
where DS(G) is given in Eq. (57). Similarly, for a discontinuity in curvature,

1320t - 1)

L 1 smG ~c
E=U()+ - [D (6)(t - t (t-tl)+D (m-0)(t -t 9

2
fard ™ 3/2
+ylF(6)D (27r-260-e)(t-t3) U(t-t3)

+y2F(7r—9)'f)C(7r-260+6)(t~t4)3/2U(t—t4):] (70)
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where

and hence, from Eq. (59),

60
403.1 1-cos@ cos<9+ —)

0 2
3 60 3 ’
{cos 80 - cosé—:— —2->

As we have previously remarked, the criteria for validity of an approximate

(71)

B5%e) = -

solution in the frequency and time domains are somewhat different, and just be-
cause all four diffracted and diffracted-reflected contributions are of the same
order in k does not imply that it is legitimate to inciude them in the time domain
solution. An upper bound on the time duration for which our solution could be
valid is provided by the shortest ray path whose contribution is omitted, and
since we have not included any double diffraction or re-radiation contribution, a

necessary condition for validity is

t<T (72)
where
T = %min. {2, 1+2cost90-cos(6—60)} . (73)
The angle 6 for which
2 = l+2cos@0—cos(6—60) (74)

is plotted as a function of 60, 60 < 450, as a broken line in Fig. 5. Above this
line

2<1+2 coseofcos(e—eo)

so that the omission of any re-radiated contribution is now the more restrictive,

whereas below the line

2> 142 COSGO-COS(?—QO) ,
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making double diffraction the basis for our criterion. For 60 > 36. 90, Eq. (74)

has no solution for 8 < 90°.

For the contribution produced by diffraction at the lower surface singularity
P2 and then reflection off the upper surface of the cone, the associated time delay
is t4, and it can be verified that

t, < T

for all 6 for which the path exists. At the lower boundary of the vertically shaded

region in Fig. 5,

d 2d
t4— . {l+200s90-005(9-90)} < -
and at the upper boundary
2d d
t4- 5 < c {1+200s60-cos(6—60)} ,

and since t 4 < T throughout the interior of the region, it is legitimate to include
this contribution in our time domain solution.

The situation is rather different for the contribution which results from
; 3 >t 4 with
equality only for' 6 =90, and t3 < 2d/c. with equality on the lower boundary

reflection off the lower surface of the cone. It is obvious that ¢

of the horizontally shaded region in Fig. 5. Throughout most of this region, how-

ever, T isdetermined by the doubly diffracted ray, and t_ < T only at those

3
points of the region lying above the dotted line in Fig. 5. For most practical

purposes, therefore, this reflected ray contribution is of no interest in the time

domain.
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5. Data and Conclusions.

Expressions for the normalized transverse electric field E at a point

{r,0) in the far zone of the biconical portion of the antenna are given as functions

of the elapsed time t in Egs. (69) and (70). The first of these applies to the case

of a cylindrical confinuation which produces a slope discontinuity at the junction,

and the second to a hyperbolic continuation for which the discontinuity is in cur-

vature. Both are valid for only a short range of times, and a necessary (but not

sufficient) condition for validity is that given in Eq. (72). In particular, itis

required that

¢ < -2-39-d (75)

where t is measured in nanoseconds and d in meters.

Each of the expressions for E(t) is valid for 0

0<0< 7/2 and consists

of a direct contribution from the source and up to four secondary contributions

produced by diffraction and diffraction-reflection. All of the contributions are

entirely real and since DS(G) and ]30(6) are negative for 6

0<6§7r/2, the

secondary contributions subiract from the direct one. These properties are

physically required. With increasing t, each secondary contribution increases

2
as (t -ti)l/2 or (t -ti)g/ according as the discontinuity is in slope or curvature

respectively, where t = ti is the time of onset. Of necessity, there must now

.

exist a time t = t1 at which the secondary contributions are the same for the two

geometries, all other parameters being equal. For 0<t< tI a discontinuity

in curvature produces the smaller perturbation, whereas for t > t1 a slope dis-

continuity is preferable. Each secondary contribution has its own associated

"'erossing time"' 1:l and there is obviously an analogous time t appropriate to

the sum of all of them.

A knowledge of t in relation to the upper limit T of validity of our

treatment is one of the key factors in assessing the relative merits of the two

geometries. Unfortunately, t

b3

can in general be obtained only from an examina-

tion of computed data, but in the particular case where 6 = 7/2 and the reflected

contributions can be ignored,
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N S
oy = A2 (76)

'f)c(w/ 2)

Hence, from Egs. (57), (71) and (14),

6 .\3
Q:ose -sin _Q>
=_3€d 2\ sin\7 0 2

! de coskﬂ+cosM . . 90
2 s1r129O l+coseosm 5

t -t

showing an increase proportional to € and d. By choosing € large enough, we
can ensure that the curvature discontinuity produces the smaller perturbation
throughout the entire range of times t < T for which our analysis is valid, and the
value of € .fo'r which t* = T has been computed from Eq. (77) and is plotted as a

function of 90 in Fig. 6.

For values of 6 other than 7/2 it is necessary to turn to computed values
of E(t) to draw any conclusions about the performance. A computer program has
been written to calculate E(t) from Egs. (69) and (70) for any combination of para-
meters. The program is quite straightforward and needs no comment, and in
analyzing the data, the only complication is that produced by the number of
parameters involved. The variation of the field strength with time is a func tion
of 4, 90 and d and, in the case of a curvature discontinuity, of € as well. For-
tunately, however, the effect of some of these parameters is rather trivial. Thus,
€ affects the perturbation produced by a curvature discontinuity only as a scaling
factor: an incréase in € by a factor 2 decreases the perturbation by the same
amount. The slant length d affects proportionally the times ti at which the
secondary contributions reach the field point (see Egs. (68)) and, in addition,
changes the magnitudes of all perturbations through a factor d-l/z, but the
dependence of E(t) on 6 and 60 is much more involved.

The form of the computer output is illustrated in Tables | and 2 which

show the normalized early time response, E(t), as a function of t for:" 6 ‘-‘-’900,

s

€ = 0 implies a slope discontinuity and, hence, Eq. (89), whereas € #0
corresponds to a curvature discontinuity, i.e. Eq. (70).
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TABLE 1. Individual Contributions to E(t) for 8 = 900 6 = 300

d=1.9m ande =0, ©
LIAE FUldb LUdER LI
oso Y 7 UPPER OI¥ LUweER REF 3 S
g.zo :.g; g.g g‘g 35 UPPLBO.RCE;F SUB TgTSL
.40 1,00 0.0 . 30 o :
0.42 100 g 0.0 0.0 .0 9
%01 100 0 2.0 0.0 . 5es
: 0.0 0.0 0.0
0,81 100 2.2 0.0 2.0 0.0 .
162 1200 9 e 50 0.0 o
162 100 8.0 0.0 0.0 0.0 58
2,02 1.00 20 9.0 a0 ol ols
2.22 ~ oo 0.0 0.0 %9 o 0.0
. : 0. o . .0
2064 0.90 o 0% 9 584 3107
AT 0.40 0.0 -0.10 0.0 0.0 -0.10
3 0,47 00 -0.13 0.0 0.0 -0.13
3 075 -0.03 -0.17 00 o -0:20
e s.73 -0.03 0. ! 0.0 ) -0.25
e 0.73 2.1 -0.18 0.0 0.0 -0.29
s 308 -0.1¢ =020 0.0 0.0 -0.32
et e s0.1¢ 2641 9.0 0.0 -0.35
> T -0.13 -0.22 3.9 0.0 -0.38
il R 4 o:d s
Lss 0.55 2019 -0.20 0.0 50 Toies
588 0.5 z0:40 20.47 2.0 0.0 -0, 47
s 0.51 -0.21 -0.48 3.0 0.0 0,49
Sias 69 -0.42 -0-29 0.0 0.0 -0.51
et 0,47 20 -0.30 2.0 0.0 -0.53
fae oudt 2023 -0.31 2.0 0.0 -0.54
iios e 94 -0.32 2.0 0.0 -0.56
6.28 . -0.26 -0.33 : 33 -9.38
iras a3 20.a8 -0.33 9.0 0.0 -0.59
e .3 20.27 -0.34 2.0 0.0 -0.561
Lo B z9.27 -0.35 0.0 0.0 ~0.53
557 -3 =0.43 -0.36 2.0 0.0 -0.68
1.21 0,43 -0.39 -0, 33 9.0 -0.
. 0.32 -0.3) I 3 9.0 67
70:3 336 R _O.Ja 0.0 0.0 -0.67
8.08 oo 39 RNt ) -0.39 0.9 0.0 ~0.68
.08 0.28 -0.32 e 3:9 3.0 071
o M 0.20 “0.33 8.0 3.0 0.0 2012
3. 48 0425 ~0.33 oouz 3 0:0 Sl7
b 0.4 -0. 34 AP 39 9.9 50175
a3 9: 44 29-34 -0c43 0.0 9.2 -0.75
509 0.21 -0.35 AP 33 0.0 So7s
o T n 58 B
370 3. 18 208 oas 3. 05 Zoted
10'23 e 16 e :g.uo 0.0 0‘0 -0.81
m°3° MR 20 -oeus 0.0 0‘0 -0.82
10,51 N A ol 10003 0.0 a4
. ‘o 3 . -0,03 "
S A A T o
: : - -0, -0.05 . o,
1) 9,03 2040 =050 Zol05 9.9 ~0.95
11.72 T3.09 -0e4t 4] o307 0.0 R
1109 29.04 ~0.42 o3 s2.08 0. 10
ey 19.04 20.42 -0.51 3o 0.0 -1.00
Ak 29.03 2042 -0.52 -0.09 0 -1.02
12.53 -3.06 -0.43 o T9.09 °.° T
12,73 0.07 ~0.4d 053l ;.10 20 T1i0s
12.93 -0.09 ~0.44 S -3.10 °.° 11007
13,13 -0. 10 -0.45 .38 . -d.30 0 8s
13.3 -0, 11 “0.43 N T 020 g
13.33 0013 -0.u4s i S N Y
197 2.1 -0.ub ol 2o.12 N D13
h R S0l T3 29.12 0.0 -1.13
e -3.17 -0.47 5 T2 070 s
34 -7 0. .57 - 0.0 -
14, 34 3.7 205 213 : i
14,55 <0, 19 ~0.43 228 =0.13 "0 RISH
14,75 “G.20 -0.48 I 20.13 2% 105
4o 95 =0.21 =0.43 I 313 0:0 eH
15013 0,23 -0.43 I 2914 0%0 T
-93 : x -0.60 : 99 .
15, 35 5.4 20.49 Zoi 1l
: z3. 28 - <0150 - 9.9 -1
15,56 - 9.3¢ -0 s ; T
1530 oS 28,30 .61 NIOH .0 -1.24
15. 96 “v.27 -9.51 o 2915 N i
. -0.28 - el : 820 o
031 o) 0.15 0.0 -28
: 018 0.0 -1.27
. -1.28
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TABLE 2: Individual Contributions to E(t) for 8 = 80°, 6 = 30°,
d=1.5m and € =1, ‘

IIls kOlalL Ludha uaif¢ UkwSad JIF LusZs #£2°F UPPER AKY SUB TUTAL
2.0 1400 3.0 . 3.0 0.0 0.0
8. 0 1.00 0.3 0.0 2.0 0.0 .0
2,49 1.03 £.2 0.0 3.0 5.0 0.0
2.6 1.30 ¢.3 -0.00 3.0 0.0 -G.0a
0.8t ae 83 0.0 -0.01 3.0 9.0 -0.01
1.01 0.97 0.0 -0.03 2.0 8.0 -0.03
1.21 0. 54 G620 -0.06 3.0 0.9 -0.0%
1,41 031 0.0 -6.09 2.0 0.0 -0.09
ebd .87 0.0 -2.13 30 .0 ~0.13
1,82 0.u3 0.0 -G. 47 0.0 0.0 ~0.17
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e =0 and 92-“’600, € =1, the other parameters Seing the same (d =1.5m,
00 = 300). The total field is broken down into its various components and the
last column (labelled "sub-total') is just the sum of the four previous columns,
i.e. the net perturbation. Although T = 10 nsec for both Tables, we have in-
cluded data for times up to 16 nanoseconds to demonstrate the increasingly neg-
ative value of the field amplitude as t increases. Indeed, as t—> o, E(t)—>-o,
- but this is jusf a consequence of the failure of the initial time approximation.
As noted earlier and evident in Table 1, the reflected field for 8 = 90° comes
in just before the limit of allowable times and only achieves a significant mag-
nitude at times which are greater than those that can be entertained. For values
of 6 markedly les-s than 900, the same conclusion holds for the diffracted con-
tribution of the lower discontinuity (see Table 2). Thus, for most practical pur-
poses, it is sufficient to ignore any contribution due to reflection, i.e. put
vV, = Vy= 0 in Eqgs. (69) and (70) for all 6 and 90, and, in addition, include only
one diffracted contribution when 8 differs markedly from 90°.

The effect of changing from the slope to a curvature discontinuity is
illustrated in Fig. 7 for the case in which d=1.5m, 60 = 290, 6=90° and
€ = 1. The crossing time t* is 8.3 nsec, which is not far short of the limit
T = 10 nsec for which the solutions are admissible. As judged by the magnitude
of the field perturbation, this particular curvature discontinuity is superior to
the slope discontinuity over most of the admissible time span, and to increase
€ or d ‘ enhances this superiority, When 6 = 900, the contributions from the
upper and lower bicones and discontinuities come in at the same time, but this
is not true for 6 # 900. This is illustrated in Figs, 8 and 9. In both cases
d=3.0m and the curves are for a slope discontinuity (€ = 0) and a curvature
discontinuity having € = 1. In Fig. 8, 6 =75  and 5 = 35° for which the
maximum allowable time is T = 18,7 nsec. | The breakpoints associated with
the two diffracted contributions are clearly differentiated and even the contribution
due to ?eﬂection off the lower bicone enters within the allowable time span, as
predicted by Fig. 5. The curve for the curvature discontinuity has these same

breakpoints, though they are not so immediately apparent,
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The effect of decreasing 6 and 0° to 57° and 29° respectively is
illustrated in Fig, 9, Observe that the crossing time t* is now 7.5 nsec
which is less than half of the allowable time span T = 18.7 nsec, whereas

in Fig. 8, t™= 13, 9 nsec. By and large, t* varies little with 6 but decreases

0
uniformly with decreasing 6. This is evident from Table 3 where crossing

times are listed ford = 1,5m, € =1 and a variety of 6 and 6 Since T

does not differ drastically from 10 nsec for all of these 6 and 090, it is
apparent that for 8 < 66° the curvature discontinuity is better for less than
50 percent of the allowable times; and we note that when it is worse, it is much,
much worse, because of the slope of the time domain curves (see Figs. 7-9).

So far we have compared the performance of antennas whose bicones

are identical in size and shape, but which differ in the form of the continuation

TABLE 3:

t* AS A FUNCTION OF 6 AND 6, FOR d = 1,5m AND € =

8y 15 20 25 30 35 40
)
90 8.27 8.13 8.05 8.02 8.08 8.28
87 7.83 7.70 7,62 7.60 7.68 | 7.88
84 7.39 7.27 7.19 7.18 7,27 7.49
81 6.95 6.84 6.77 6.77 6. 86 7.09
78 8.52 6.41 6.35 6.35 6. 46 6.70
75 6.09 2.99 5.93 5.94 6.06 | 6.32
72 5.66 5.57 5.52 5.52 5.87 5.85
66 4,84 4.75 4,72 4.76 4.91 5.25
60 4.05 3.98 3.96 4,02 4,21 4,64
54 3.32 3.25 3.25 3.34 3.61 4.21
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structure. This is not the only possible comparison. When the cone is mated
to a cylinder of constant radius, creating a slope discontinuity at the junction,
the final radius of the antenna is simply the radius of the ring discontinuity, i.e.
dsin 60. On the other hand, to match the slopes, leaving a discontinuity in cur-
vature, necessarily increases the maximum radius of the antenna, and in the
particular case where the continuation has the hyperbolic profile (12}, the final
radius is the maximum radius, namely (1+€)dsin 80. It can now be argtied that
practical considerations limit the maximum radius of the antenna, and that a
legitimate comparison between the two types of antenna should be based on this
radius rather than the radius of the ring discontinuity. When this is done, the
superiority of the hyperbolic continuation is far from overwhelming.

Such a comparison is illustrated in Table 4 for antennas having a half-cone

angle 60 o 290. For antennas with a slope discbntinuity, three different values

TABLE 4

) Final Time (nsec)

d a € | Radius 4 6 8 10
1.0 90° { o .5 | .43 .22 | -.04 | -.23
5 90° | 1| .5 |-.69|-2.7 [-5.2 |-8.1
331 90° | 2| .5 |-.88|-2.87 |-5.3 |-8.1
2.0 90° | ol 1.0 | .81 | .57 | .43} .31
1.0 90 1} 1.0 | .63| .06 | -.69 |-1.62
68| 90° | 2| 1.0 | .52| -0.9 | -.88 |-1.82
3.0 90° | o 1.5 |10 | .81 | .63 | .52
1.5 1 90° | 1] 1.5 | .90} .63 | .27 -.16
1.0} 90| 21 1.5 | .82! .53 .16 | -.31
3.0 60° | o 1.5 | .55 .41 ] .20 .20
1.5 | 60° | 1] 1.5 | .22 -.56 |-1.54 {-2.68

1.0 60 2| L5 .99 .34 .09 | ~-.16

8. =,51 rad.
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of d are cdnsidered and the response noted at t = 4,5,8 and 10 nsec. Eaczh
antenna is compared with two having curvature discontinuities at slant distances

d/(1+e€) which are such as to yield the same overall antenna radius.. The more

the response differs from 1.0, the greater the field perturbation and (for our
purposes) the poorer the antenna. As judged by the responses at the times listed
in Table 4, each of the curvature-discontinuity antennas is substantially inferior
to the equivalent slope-discontinuity one.

| This conc;lusion, however, is not entirely fair on several counts. To
change d changeé the time T beyond which the analysis is invalid, and thus,
when d=1.0 and €=1, T =6.66 nsec, but when d=0.5 and 0.33, T =3.33 and
2. 2'2' nsec respectively. Hence, as regards the first three lines in Table 4, the
comparison with the curvature-discontinuity antennas has been made at times
far beyond the limits of applicability for these antennas. The same criticism

applies to most of the other comparisons in the Table. On the other hand, had

we concentrated on the responses at sampled times such as 1, 2,3 nsec to
ensure the validity of the comparison, it would have been found that in almost
all cases, the slope-discontinuity antenna had a response of 1.0, showing no
perturbation at all, since the first diffracted contribution would not yet have
arrived. Once again, the curvature-discontinuity antennas would have been
judged inferior, albeit by not so large an amount.

A more fundamental criticism of the comparison is possible. We have
already remarked that the hyperbolic continuation is only one of many serving
to match the slope of the bicone. Others can be found which achieve the same
purpose but yield different values for the maximum radius of the antenna. In
practice, it is not even necessary that the continuation profile be a single analytic
curve, and having followed (say) a hyperbolic profile for some distance beyond
the upper limit 6f the cone, a different profile function can be introduced. Pro-
vided the new singularity which is created lies well within the shadow region, it
. could even take the form of a discontinuity in slope without substantially affecting
the early time behavior. All such geometries require a much smaller (fractional)

increase in the radius of the antenna than is implied by (14) for the same discon-
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tinuity in curvature, although some increase beyond that of the slope-discontinuity '

antenna is inevitable, .
By its very nature, a discontinuity in curvature produces a smaller amount

of high frequency diffraction than a d;scontinuity in slope and hence, all other

factors being equal, the former is preferable as regards the early time behavior

of the antenna. The analysis we have given enables the effects to be determined,

" but whether the improvement is sufficient to compensate for the increased radius

and difficulty of construction of the antenna, is a topic beyond the perview of this

report.
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