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Abstract

The value of the inductance for the termination of a parallel-plate
simulator has previously been chosen on the basis of an analysis which considered
coplanar flanges to extend beyond the terminating admittance sheet. The flanges
were introduced to facilitate that analysis, the underlying assumption being
that the solution with the flanges is not significantly different from the
solution without the flanges. In this note we test this assumption by using
a wedge Green's function that allows us to vary the angle of one flange while
the other remains coplanar. We find that the effect of coplanar flanges is
small if we compare that case to the case where the flanges are alternately
removed; however, there is a flange orientation of interest that can make a
considerable difference in the choice of the inductance. This orientation
corresponds to the simulator resting on a perfectly conducting ground. Our
results are summarized in a table of normalized inductance values for various
slope angles of the terminating admittance sheet as well as various physically
significant flange orientations for each slope angle. We also present the

appropriate graphs that lead to this choice of inductance values.
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I. Introduction

The value of the inductance for the termination of a parallel-plate
simulator is now being chosen on the basis of previous results [1J. 1In [1],
flanges were considered to be present in order to facilitate the analysis.

The underlying assumption is that the solution with flanges is not significantly
different from the solution without flanges. We have completed a study that
allows us to test this assumption.

Our analysis is based on the use of the Green's function for the perfectly
conducting wedge. The use of this Green's function allows one to vary the
angle of either the top or the bottom flange, with the éther flange remaining
coplanar with the termination. We have calculated the time dependent ideal
current that would exist on a perfect termination (no refiections) if it had a
step function TEM wave incident upon it. We calculate and plot this current
versus an appropriate normalized time scale with the quantities £, §, and o
serving as parameters for each plot. The meaning of these quantities is as
follows: £ is the angle between the termination plane and the bottom plate
of the simulator, 6 an angle that defines the orientations of a flange, and
o is the ratio of the distance from the intersection of the termination plane
and the top plate of the simulator divided by the length of the termination
plane. (See figuré ).

Once the ideal current is determined, we compare it to the approximate
current that would exist in an R, L admittance sheet. The value of R that is
used in this admittance sheet is fixed from a late time argument that is
independent of flange considerations; however, the value of L is chosen so
that the approximate current behaves as much as possible like the ideal current

for a certain required period of time.

Our results show that Baum's assumption concerning the insignificant
effect of coplanar flanges on the ideal current in the termination is valid
if we compare that case to the case where the flanges are alternately removed;
however, there is a flange orientation of interest that can make a considerable
difference in the choice of L, This is the case corresponding to an orientation
of the bottom flange so that it is an extension of the bottom plate of the

simulator. This orientation corresponds to a vertically polarized simulator




resting on a perfectly conducting ground. For this orientation of the flange
and & = 900, the value of L one should choose is approximately twice the value
of L one would obtain in matching the ideal current if the bottom flange were
absent corresponding to a nonconducting ground. The difference in the value
of L one should use for these two extreme cases diminishes as £ diminishes.
This is another reason for using sloped terminations. Another way of diminishing
the effect of the ground conductivity on the value of inductance was found by
considering a flange angle corresponding to removing and sloping the ground
beyond the simulator.

Our results are summarized in tables of normalized inductance values for
various £, § orientations. We also present the curves of the ideal and

approximate currents which led to this choice of inductance values.




II. 1Ideal Current When Angle of Bottom Flange is Varied .

The analysis'of the effect due to varying the angle of the bottom flange
is facilitated by considering figure 1. Later we will discuss how this analysis
can be used to consider the effect of varying the angle of the top flange.

In region 1, HZ satisfies the equation

2

200 _ .
S+ kDH =0 (1)

(v
where Vg is the two dimensional Laplacian operator and k is the free space
wave number. We will also use the Green's function that satisfies the equation

2 L1256 = 80 - o) (2)

v
v, £ - e,

in region 1 as well as boundary conditions corresponding to the wedge being
perfectly conducting. This G is found by making use of the scattering solution
contained in the book by Bowman, Senior, and Uslenghi [ 273 when the incident

field is due to a line source. That is

fyy = g0 (elo - o) @

For this incident field, G is given by
Glo,p ) =+ 1 (4)
g 4 TgzLS

where Hz is the total field, incident plus scattered field, when Hzi given

LS
by (3) strikes the wedge depicted in figure 1 with the termination considered

to be perfectly conducting. Using the notation in [2], this quantity is given by

G.O. :
Hops=H, 7 H]; )
where
Hg'o' ) Hél)[kR(an Y1+ ) Hél)[kR(an )] 2
n; 1 ) 2




anl =71 - ¢ + ¢o - 2n1vw (7)
&nz =T -¢ - ¢, + 20 - 2nyvr (8)
2 2 L
R(@) = (o~ + 0y + 2ppo cos o) (9
_ £
v=2( - TT) (10)

and the summation is over the positive integers ny and n, satisfying the

inequalities
lo - 9 +.2n1Vﬂ|VS T (11)

and
6 + 6, - 20 + yvr| < 7 (12)

where further

Hg = vD(—w - ¢ + ¢O)‘— vD(w - ¢ + ¢o)

+ VD(—ﬂ -9 -6+ 2Q) - vD(w -6 - ¢+ 2Q) (13)
_ 1 © (1) , sin Bv

VD<8) T 27y JOHO [kR(ip) ] cosh(p/v)=-cos(B/v) (14)
) 2 2 b

R(ip) = (p~ + oy + 2ppo cosh p) (15)

For the case of interest ¢ = ¢o = Q and the expression for G(p,po) reduces to




__ i (D) _ i w [ . dp
G(p’po) ) Ho (fp pol) oy ST JOHo[kR(lP)] cosh(p/v)-cos(n/v) (16
We now use G(p,pd) in the Green's theorem
{u vzc - cv%m Jas = |Aa-{H V G - GV _H ]d& (7
AZO o Z o] Z 0 o 2z o
and (1) and (2) in order to arrive at
d
Hz(p) = - JOG(p,pO)(n-VOHZ)de (18)

The area over which we integrated in (17) is depicted in figure 1. It is the
area bounded by'the-wedge having an angle 28 and the dashed contour. The
differential arclength, dlo, as well as the outward normal, n, are also depicted.
We alsc made use of the facts that n-Von vanishes on the conducting portion

of the wedge while ﬁ-VoG vanishes on the entire wedge. Both of these quantities
vanish sufficiently fast at infinity so that the contour integral vanishes

at infinity.

We now simplify (18) further by noting that

s H = iwe E ' (19)
o'z o, ‘
and that
E = E i 20
oy y Sin £ (20)
so that
d 3E -
H (o) = JOG(DsQO)Sln Eaf[ggz]dpo (21)

where F indicates the Fourier transform. Equation (21) is our desired equation
for both the source and termination problem. The main difference in these
problems is the specification of Ey(po’t) along the plane which corresponds

to either a distributed source sheet or distributed termination.




In the derivation of (16) we implicitly used the fact that the only
integers which satisfy (11) and (12) were n; =n, = 0. Both (11) and (12)

are simplified to

lnl(Zw - 29)! <7 (22

and
|n, (27 - 20)| <= n (23)

The largest value that 20 can have for the flange angles of interest is 3w/2
and for this case oy and n, can each equal 1. This is the.case only when
£ = 71/2 and the bottom flange corresponds to an extension of the bottom
plate of the simulator. This corresponds to the case where the simulator is
resting on a perfectly conducting ground. This particular case yields a
closed form analytical solution and will be treated in another section of
this note.

We now consider the case of the termination problém where the angle of
the bottom flange is varied. This case will be treated in detail and the
other cases will make use of the analysis for this case. The electric field

that is substituted into (21) is

v
A o)
E = -ayEOU(t - 5 cos £) (24)

This corresponds to the electric field of the incident TEM mode that is
propagating between the parallel plates of the simulator. Since we are
considering a perfect termination, this is the total electric field on the
termination sheet because the reflected field is zero. The quantity, Vo

is the distance measured along the termination from the top junction and

t = 0 when the incident wave first strikes this junction. Substituting (24)

into (21) we have

d v
H (psw) = e E sin g JodpoG(p,po)FES(t - EQ cos £)] (25)

We are interested in the time dependent solution for Hz' This is obtained by

taking the inverse Fourier transform of (25). That is




d v
= - A - =9
Hz(p,t) = aoEo sin £ JodpoG(p,po,t)*S(t o cos £) (26)

where % indicates time domain convolution. Returning to (16) we write

Glp,p, ) = Gylpsp) + Gylos0 ) (27)
where
i 1
G Gop ) = - 2B Mklo - o [T (28)
and - (1
G ( ) = i sin{w/v) Ho kR (ip) ] (29)
2\Ps0, 27 P cosh(p/v)-cos(n/v)
In the time domain these quantities become
& ¢ £) =L T e (op Yot 4y (30)
1 p:pos ) i 1 pspo
Ulet~[p-p_|)
él(psp st = - £ 2 (31)
o T 5 5
/(et) = (p-p )
and similarly '
A _ ¢ spin(m/v) ® ulct-R(ip)) dp
VT Y(ct) “~R” (ip)

1
where ¢ = (uoso) 2 and U is a step function. In order to obtain (31) and (32)
we used the following relatiom which can be found in the book by Morse and

Feshbachl 3] or in a note by Baum [4]. That is

<0
J B (1m)e ™ du = —ges ~ZEER) (33)
- /(ct)z-—R2
Now we use (31) and (32) to define H and B as
21 )
Hz(pst) = Hzl(p’t) + sz(p:t) (34)




where E d U(ct—[p—pol) d-p
—— * G(t -

H (p,t) = —— sin £ dp 2 cos &) (35)
z; o

mZ 2
o RN
‘ Eo ' d U[ct-(d—po)cos §v[p—pol]
=——wsin & | dp (36)
zl 'n'Zo o o 2 2
/(ct—(d—po)cos £)"=(p=p )
similarly
E
H =-—=2 sin(w/v)sin €I (37)
) sz v 2
o
where o d Ulet-(d-p )cos E-R(ip)]
I = dp do 2 (38)
2 ~cosh(p/v)-cos(n/v) o)

© /(ct-(d—po)cos £)%-r% (ip)

, L .
We have used the relations ZO = (uo/so) and v, =d - S HZ1 will be

evaluated by casting it in a form that was treated in detail in a previous

note by Baum [1], If we rewrite (36) using v = d - p and again Vo = d = o,

as
E d
= —%—-sin g f VEZO U[ct—vo o8 E_lv_voij T (39)
S R o | ol {((ct-—vO cos E)ﬂv—vol) -1}2
then we can identify our Hzl as
Eo ’
H =-=—[j +3*7° ‘ (40)
‘ Zl Zo s1 s2
or EO |
H —=—1[U() - g ] (41)
1 0 4

We will not define jSl or jgz here; they were only mentioned to facilitate the
comparison of the integral contained in (39) with the explicit integrals
evaluated by Baum. The quantity jg4 (Baum's notation) is now implicitly

defined by expressing (41) as




E 1 sin £E-1 ¢ £
Hz (p,t) = EQ'[U(T) - ;-U(r - Tl)arccos[a o8 ]

1 o} T *
- l—U(T -7 )arccos‘[(l_a)Sin &t cos g]] (42)
T 2 T
where
_ ct-v cos &
= (1 = o) licos &
T, = 1 - a) oin E (45)
o =v/d=1~-p/d (46)

We now return to sz(p,t) and we will cast (38) into a form that can be

better handled analytically and numerically. 12 is of the form

I, = J:dp jjdooF(p,po)UET + ap -] ' (47)
where
T =ct - ad _ (48a)
a = cosrg (48b)
F = AGY (T +ap )2 - RDTE (48¢)
A(p) = (cosh(p/v) - COS(ﬁ/v))_l (484d)

We write 12 in this form so that we can concentrate on determining the appropriate
limits of integration that would allow us to eliminate the unit step function in
(47). The arguments concerning how this is accomplished can be understood by
referring to figure 2, The region that the original integration is to be taken
over in (47) is the semi-infinite rectangle 0 < Py < d and p = 0. Depicted

in figure 2 are plots of P, Versus p corresponding to the argument of the step

10




function equal to zero. That is
T + ap, - R=20 (49)

The explicit function that is depicted is '
i

Ta—pb+{(Ta—pb)2+(l—a2)(Tz—pz)}2
e, (P,T) = 5 (50)
o
' l-a
where
b = cosh p (51)
Two important values of pO(P,T) are
Do(“,T) =0 (52)
and
T-p
pO(O,T) =1a for T > p (53)

The largest value that po(p,TD can have is pO(O,T). To see this, we consider

the derivative

apo(p,T)

g - Sigh B 1 - ] (54)
p sin" g
where )
~T L 2,2 2 2.~
M= f%%:fz% (1 + sin“g (T -p ")/ (pb ~ Ta) )‘ (55)

Since we will be interested only in the case T > p we can see that
Ml <1

Referring back to (54) and adding the requirement p # 0, we see that

apo (P9T>

e <0 forp>0 | (56)

11




Thus, po(p,T) is a monotonically decreasing function of p for any T. This
implies that the curve po(p,T) versus p will never cross the line Py = d

if pO(O,T) < d and this curve will cross the o, = d line only once if

pO(O,T) > d. The case p = 0 will be treated separately in the next section.
What is left to determine is whether we should integrate over the intersection
of our original semi~infinite rectangle and the area above the po(p,T) curve
or the intersection with the area below the po(p,T) curve., To settle this
point we need only examine the value of the function T +ap - R at the origin.

We find
T+a ~R=T-p>0 for o =p=0 (57)

Thus the area over which we integrate is the intersection of the rectangle
0 =< f < d, 0 < p with the area below the po(p,T) curve. There are now two

cases to consider. They are

0 < po(O,T) <d (58)

‘and
pO(O,T) = d (59)

Using (53) and (48a), these conditions become

p+ad <ct=<d+op (58)

and
ct > d +p 59

When condition (58) is satisfied, then (47) becomes
- p,(p,T)
I, = [U(ct - (p + ad)) - Uet -~ (p + d))] J dp dpoF(p,po) (60)
o o
When condition .(59) is satisfied, then we must solve for the value of p

corresponding to the point where the po(p,T) curve intersects the Py = d line.

12




This value of p; must be found before we can set the appropriate limits for

the evaluation of I2. Setting

and solving for Pys We obtain

2 2
- (ct) " =(p+d)
pp = arccosh[l + 554 (62)
We can now write (47) as
Pr g o 0o, T)
I, = Ut = (o +4d)) j dp j do Flp,p ) + J dp J do Flpsp ) (63)
e o Py o

Using (48), the three integrals in (60) and (63) can be written as

w 0@ -
I, = J dp j dp F(p,p ) = J dpA(p)I, (64)
(o] (o] (o]
Py d Pr
L, = j dp J do F(psp ) = J dpA(p)I7 (65)
(o] (e} Q
- o, (@1 -
Iy = j dp f &poF(p,oo> = j dpA(p) I, (66)
Py o , P
where ‘ OOCPsT)
I = do ((T + a0 )2 - D ? (67)
6 o po po )
and a , ) s
17 = Jodpo((T + apo) - RY) (68)

The integrals 16 and 17 can readily be evaluated in terms of inverse trigono-

metric functions. The resulting evaluations are

' L
I, = (sin £) larccos(ob - Ta)/ ((ob = Ta)2 + (1 = a2) (T - 02)) ° (69)

13




1
I; = (sin E)—l[%rcsin((l - az)d + pb - Ta)/{((pb - Ta)2 + (1 - a2)(’1‘2 - pz))6
1
- arcsin(pb - Ta)/ ((pb - Ta)> + (1 - a2y (> ~ pz))/ﬁ] 70)

This is as far as we can evaluate 13, 14, and I5 analytically. In order to

facilitate their numerical evaluation we make the following change of variables.
y=eP (71)

This enables us to eliminate the infinite limit of integration. We are now in
a position to present the explicit form for the current in the final form that

was numerically integrated.

The surface current density on the termination sheet, J, is defined as

J=HE™_ g (p,t) (72)
z z
This definition uses the fact that we are considering a perfect termination
so that the total magnetic field on the simulator side of the termination is

. just the incident field. Recall that

Hz(p,t) = Hzl(p’t) + sz(p,t)

and that H, (p,t) is defined in (42) through (46), while sz(p,t) is defined
in (38) in terms of 12. Subsequently I2 has been defined in terms of 13
through 17. From {(24) we know that '
EO v
Hz = z—-U(t - - cos ) (73
o
The final equation for the normalized surface current density, j, defined as

Zo
i=57J (74)
°

is




j=1/m U(r - Tl)arccos[r—l(d sin & - T cos &)
+ 1/7m U(r - Tz)arccos[f;l((l - d)sin £+ 1 cos £)]
+ /1 sin qr{[U(z - 1,) - U(r - T I, + UGx - 1)1, (75)

where, repeating (43), (44), and (45)

ct-v cos g
T=

d sin £

l-cos g
71 sin &

) l+cos &

a- sin &

T2
and defining the femaining quantities in (75) as

l-cos & o
372" Sin e | | (76)

q=l/v=a/(m+8§-¢&) 77)
1 - | |
I, = J A(y)arccos g(y)dy (78)
o ,
I, =1, +1I (79
B Bl Bz
Yr ‘
IB = f A(y)arccos g(y)dy (80)
1 o
) ‘
I, = J A(y){arcsin[g(y) + e(y)] - arcsin g(y)}dy (81)
2 V1
A(y) = éyq-l/(y2q - 2y% cos qn + 1) (82)
g(y) = c(c> + pH7= | (83)
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C = y2 - 2yB cos £ + 1 (84)
p? = 4y? (8% - 1)sin’t (85)
L
e(y) = 2y sinzg/[(l - a)(02+ Dz)zj (86)
B =1 s8in £/(1 - g) - cos E : (87)
2 ]
y1=1+r—((1+1“) - 1) (88)
I‘:

[(B(1 = o) + cos )% = (2 - )2T/[2¢1 - )] (89)

It should be noted that the first two terms in (75) represent the surface

current density corresponding to coplanar flanges, while remaining terms
correspond to the effect of bending the lower flange., We have now defined all

of the terms (75) and this is the expression that is evaluated numerically to
obtain the wvalue of the ideal current in the perfect termination. Two situations
are not described by (75) without considering a limiting process, They are the
case where p = 0 and the orientation £ = #/2, 8§ = 0. The case p = 0 is not
included because of (56) gnd case £ = /2, 8§ = 0 is not included because ny and

n, can each equal 1 and still satisfy (22) and (23). 1In obtaining (75) we have

2
not included the contributions corresponding to n; =mn, = 1. In the next two

sections we will obtain analytic expressions for j for each of these two cases.
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III. Analytic Evaluation of Current Density at the Bend

We now return to (38) and consider the case p = 0. We rewrite 12 as

_r dp |
Iy = jo cosh gp-cos qm I (90)
where d » ) o
I = J do {ULT +ap_ =~ RI(T +ap )" -R7] '}
o o o o) _
o) p=0
(91)
d 2 27
I, = JodpoUET = p (1 = a)J0(T + a0 D7 - o]
First consider the case
' 0<Tsd(l -a) (92)
Then T/ (1-a) ) ) i
I = jo dpo[(T + apo) - pO] (93)
which can readily be evaluated to give
I, = (r - &€)/sin & (94)

It is easy to see that (94) should be independent of T. Imagine that (93) was
evaluated by making the change of variables °q = Ty. Then the T dependence
would cancel in (93) in both the integrand and the limits of integration. We

now consider the case
d(l - a) =T . , (95)

For this case

d 2 ok : ,
I, = Jodpo[(T +ap ) - pO] ' (96)

17




I = (1/sin EX)[w - & - arccos[r—l(sin E - 1 cos £)1] 97

where, using (43), (48a) and (48b) for v = d, (o = 1), we see that

1t = T/d sin &) (98)
Returning to (90) we write
12 = IéIo (99)
where -
Ié = I dp(cosh gqp - cos q'n).-l (100)
o
This integral is readily evaluated by letting e 1P = v. One then obtains a

standard arctan integral, which after using several trigonometric identities

yields the result
I, =[n/q A - 9J/sin gr (101)
Using (77), we can express this as

Ié = (8§ - £)/sin qn : (102)

Before we express our final result for 12 we use (44) with a = 1 as well as

(98) to write conditions (92) and (95) as

_ l-cos £
0<ts< 1= sinE (103)
and
ST ' (104)

Now combining the results of this section, the expression for 12 can be

written as

18




12 =< g_gin E Co)ln - £] - U - Tl)arccos(f_l(sin'g - 1 cos £)] (105)

Noting (37), (72), (73) and (77), we see that the current corresponding to the

bend, j', is given by

' = (q/ﬂz)sin £ sin anz (106)

which, using;(775, can be written as

ji' = %-nigfg {U(T)(n - £) - U(t - Tl)arccos(T—l(sin £ - T cos E))} (107)

The total j, including the coplanar contribution given by the first two terms

in (75) with a = 1, is

1 - -
i== {U(T)[éi + -——————-——“wiéfg 5)}

+ U(t - Tl)arccos(r—l(sin g -~ 1 cos £))(1 - ﬁigﬁg)} (108)

The coplanar j can readiiy be seen by noting the terms which remain in (108)

after settingd§ = £,

19




IV. Analytic Evaluation of Current Density for £ = w/2 and § = O

For the special case £ = 7/2 and § = 0 we can satisfy (11) and (12) for

n, =mn, = L. According to (6) this leads to a new definition for HS'O'. This
quantity is now given by

G.0. _ ,.(1) _ (1)

B = 26 Ckle = o 13 + 28 Tkip + o 1] (109)

For the angles £ and § considered in this section,v ='%. The quantity Hz
contains a multiplicative factor sin(w/v) and consequently is equal to zero,

so that using (4) and (5) we have

cor0) = -2 E P klo -0 ) =T lo + 0, 10

The corresponding time dependent Green's function is obtained by taking the

inverse Fourier transform. Using (33) we obtain
G(p,post) = Gl(p’po’t) + G3(Qspo’t) V (111)

whereas in section II, él(p,po,t) is the inverse transform of the first term
in (110) and is given in (31). The quantity, ﬁ3(p,po,t) is the inverse transform
of the second term in (109) and is given by

—>,
8,(0,0,58) = —e/n((et)? = (o + )P Ulet ~ o = p) (112)

Equation (26) is valid for a(p,pg,t) given by (111) so that

H (p,t) = H (p,t) +H (o,t) (113)
z
- 1 3
where Hzl(p,t) is given, as before, by (42) with & = w/2, while
d . v
st(pst) == EOEO JodpoGB(p :Dost)*ﬁ(t - E") (114)

Substituting (112) in (114) we obtain

20




. E
= _9_
Hz (o,t) =7 I (115)
3 o

where

o - .
= f do () = (o + 0 )" et = p = p_] (116)
(e} .

A decomposition of this integral is

| B 2 2. 7%
I = {ulct -p] - Ulet - (0 + )T} j 4-do ((et)™ = (o +p D7)
0

d 2 2.4

+ Ulct = (p + d)] j dpo((Ct) - (o + po) ) (117)
o

Written in this form, I is readily evaluated as
I= EU[T'— (1 =a)] -0t - (2 - a)]]arccos(ﬂ.— o)/ 1)
+ 0t - (2 - d)][arcsin((Z - d)/T) - aresin((l - a)/1)] (118)

where from (43),t = (ct)/d, and o is defined in (46). Using (72), (73), and

(74) we obtain
3=3; %134 (119)
where j; is the first two terms in (75) with & = 7/2 and s is given by
iy = (-1/m1 ‘ | (120)
with I given in (118). We can now write an explicit expression for j as
j = 1/7m U(t - a)arccos(a/T) + 1l/7 U(f - (2 —d))arccos((l - a)/T)
-1/7 u(r - (2 - d))[arcsin((Z - &)/f) - arcsin((l - d)/T)] (121)
Using the relation

arccos X + arcsin x = 1/2 (122)
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two times, we can write our final expression for j as

j = 1/7 U(x - a)arccos(a/t) + L/m U(t - (2 - a))arccos{(2 - a)/T) (123)
It is interesting to note that j given in (123) is exactly j1 evaluated at
£ = /2 and d replaced by 2d. The reason for this,is that image theory could

be applied to make the case treated im this section into a coplanar problem

with a termination sheet having length 2d.
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V. Change of Variables to Obtain Solution When
Angle of Upper Flange is Varied

The analysis contained in this section is facilitated by referring to
figure 3. This is essentially figure 1 viewed upside down. We orient our
coordinate system in this manner so that we will be able to readily use the
results contained in the previous sections. All of the previous results used

(21) which we repeat here

d

3E
Hz(p) = j G(o,oo)sin EEOF[B—;X] do

0

when Ey given by (24) which is

v
= A __9°
Ey = ayEOU(t o cos £)

was substituted into (21), then (26) was obtained. Performing the indicated

convolution in (26) we obtain

d v
- . A ..o
Hz(o,t) = eOEO sin & jodpoG(p,po,t o cos g) (124)

In the derivation of (21) it did not matter whether { was greater than or less
than 7/2. We are always interested in the case £ =< 7/2 so that, referring to
figure 3, £' = 7/2. Equation (21) is valid for the situation depicted in

figure 3 with all geometrical variables, t excluded, repléced by the appropriate

primed variables. That is
d 3E_;
vy - ' Y ' : ' Y
H (") jodpoG(p 0 )sin & EOF[at.] (125)
In this primed coordinate system, the incident electric field is given by
= 1 i
Ey' EOU(t + (po/c)cos £") (126)

The time, t, has exactly the same meaning as before. Substituting (126)

into (125) and taking the inverse Fourier transform we obtain

d
Hz|(p') = ¢ E  sin g! Jodp;G(p',p;,t + (pé/C)cos £") (127)

23




Using the relation

| - R

Py = d v, (128)

and introducing the definition
t' =t + (d/c)cos &' (129)

we obtain
d . vé
HZ,(p') = eOEO sin &' J dpéG(p',p;,t' ~ o cos EY) (130)
’ o]

Because of the orientation of the primed and unprimed coordinate systems, éz
and éz, are oppositely directed. So (130) can be written as

vl

d
) = - 3 1 THfat 1 ot _ O 1
H (e ) = e E, sin £ JodpoG(o Pt - cos &) (131)

Comparing (124) and (131) we see that we can use all of the results for varying
the angle of the bottom flange in a simple manner to describe the effect of

varying the angle of the top flange. We need only make the substitutions

E>E' =1 - ¢ (132)
p.).p'=d—p=v (133)
t+>t" =1t + (d/c)cos &' ‘ (134>

We will now show that substitution (134) is unnecessary. The only time

dependence for the lower flange results appeared in the form of 1 given in
(43) by ‘

ct-v cos &

TT g sin &

Accordingly, the t' dependence for the upper flange case is
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1

NN B
H= SETY o8 3 (135)

We now substitute the relation

as well as (132), (133), and (134) into (135) in order to arrive at the conclusion

o= 1 | (137)

In view of (137) we need not make the change of variables indicated in (134).
In order to arrive at the upper flange solution we need only perform the
substitution indicated by (132) and (133). That is replace £ by v - £ and «
by 1 - o in all of the lower flange solutions. The substitution involving o
comes from dividing all quantities appearing in (133) by d. We will now
perform these substitutions and present our results for j when the angle of

the upper flange is varied. For the general case it is
i =1/7 U(r - Tl)arccos[T—l((l - a)sin £ + 1 cos E)]

+ 1/7 U(r - Tz)arccos[r—l(a sin £ - 7 cos £)]

+ q/wzsin qr{lU(r - T9) = U(T - T3)]IA + U(’L’" - TS)IB} (138)
where.
T = Eg:gzﬁ2§~§ : . (43)
t = (1= a) l'sii—g—s—g- | (139)
Ty = %%f‘ligé e (140)
T3 = T, +'i§§géé§- 'V (141)
q = 1/v=rm/(+ &) | (142)
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1
I, = J A(y)arccos g(y)dy (143)
o

A
I, =1 +1I ‘ (144)
B Bl B2
Y1
IB = J A(y)arccos g(y)dy (145)
1 o
1
I, = J Aly){arcsin[g(y) + e(y)] - arcsin g(y)}dy (146)
2 Y1
Ay) = 299717 (5% - 299 cos gn + 1) (147)
=L
gly) = ce? + 0577 (148)
C = y2 + 2yB cos £ + 1 | (149)
p? = 492 (8% - 1)sin’E (150)
e(y) = 2y sinle/La(c? + D] (151)
B .= 1 (sin E)/o + cos E . (152)
. 1 \
yp=1l+r~-(@+n?-1n" (153)
2 2
I' =B - cos £)° = (L + a)“]/(20) (154)

It should be noted that the first term in (75) is the second term in (138) and
the second term in (75) is the first term in (138). Thus, the coplanar
contribution to the surface current density is the same for upper or lower flange
bending, as it should be. )

We now will present the solution when the observation ﬁoint is at the bend.

Previously, this corresponded to a = 1 and now it corresponds to o = 0, It is
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j = 1 4 (8HE=m)E~
= ;T- {v()In - 48 o s amal
+ U(r - rl)arccos(r-l(sin £+ 1t ecos £))1 —,§§§§£9} (155)

where Y is given in (139).
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VI. Results

We obtain the wvalues of inductance by)comparing the ideal surface current
density that we have calculated, with an approximate surface current density
in an R, L admittance sheet. The approximate surface current density, j , was

calculated by Baum [1] and is given by L

j =[1 - exp(~1/8)JU(1) (156)

where the T is the same one used in (43)

- ct~-v cos &
d sin &

and
1

sin &

B =

o fe)

L
5 (157)
0

In (157), c is the speed of light, h is the distance between the parallel plates,
Z0 is the free space wave impedance, £ is the same angle used throughout this
note, and L is the inductgnce to be calculated once 8 is known. Using the
relation c/ZO = 1/uO where M is the magnetic permeability of free space, we

can express L as
L = u he sin & . (158)

so that once B is determined, L is also determined. In view of (158) we can
consider B as a normalized value of inductance.

The procedure we used for determing B8 is as follows. We plotted the ideal
surface current density versus T for various &, §, and g. We then plotted jB
versus T on the same graph for a value of B which ;aused jB to approximate the
ideal surface current density, j, over a range of t having practical interest.
The lower limit of t is chosen to be 0 despite the fact that the ideal current
does not start at v = 0. The reason for this %ower lémit is that any real
current would start at T = 0. The uppér limit, v = 3, is chosen because this
corresponds to matching the curvents for a real time corresponding to 3(h/c)

and this is considered sufficiently long to decide on the value of a component,
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- L, that is designed to perform for early times. In figures 4 through 16 we

. present the curves that lead to the choice of the 8's that appear in the

following tables.

Table 1
£ =m/2
DN 0 1 .5 .9 1.0
Lower Flange R's
0 1.8 1.8 1.9 1.9 1.8
/6 1.3 1.3 1.5 1.5 1.5
Upper Flange B8's
1T .9 .9 1.0 1.0 1.0
Table 2
£ =7/3

‘l’ NG 0 .1 .5 .9 1.0

Lower Flange B's

0 1.6 1.6 1.5 1.4 1.4
/6 1.1 1.1 1.2 1.1 1.1
/3 1.1 1.2 1.1 1.0 1.0

T .9 1.0 .9 o7

Upper Flange R's

T 1.ol 1.01 1.0 f .9 [ .9
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Table 3

£ = n/4
ol 0 .1 .5 .9 1.0
Lower Flange 8's
1.1 1.1 1.3 1.2 1.1
/6 1.0 1.0 1.2 1.0 1,
.9 1.1 .9 .7 .
Upper Flange B's
T 1.0 | .1 | 1o .9 .9
Table 4
£ =7/10
I 0 .1 .5 .9 1.0
Lower Flange B's
- .6 .7 .8 .5 " .5

In table 2 we included the coplanar case, § = 7/3, because reference [1]]
did not include 8 = w/3. In table 4 we only included one flange orientation,

§ = m, because for £ = 7/10, the data for the ideal current was extremely
close to the data presented in reference [1]. Even for § = 7, the ultimate
choice of B is the same one would obtain by considering coplanar data; however,
a slight effect can be seen by comparing figure 13 with Baum's coplanar data.

In general it is found that as & decreased the effect of varying the flange
angle made progressively less percentage difference between the coplanar ideal
current and the ideal current corresponding to a bending of the flange.

Our final choice for the value of B appropriate to a given inclination
angle, £, is based on the following argument. We believe that the expression
for the approximate current given in (156) is likely to be a more valid expression
near the center of the termination. In addition, it seems that if one had an
exact expression for the current in an R,L termination rather than (156), one

would choose to match the exact current and the ideal current calculated in
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this note at o = .5 in order to determine B. Thus, we considered only the
cases corresponding to ¢ = .5 in deciding on our value of 3 for various &,
§ orientations. In the presentation of the B8's for £ < 7/10 we use Baum's
data [ 1], since for these angles, the coplanar ideal current can be used for

deciding the value of B without concerning ourselves with the angles or even

the presence of the flanges.

Table 5
g no flanges* perfectly conducting ground removed (8§ = 7/6)
ground (8§ = 0) _
/2 g =1.0 g =1.9 : B =1.5
/3 .95 1.5 1.2
/4 .95 1.3 ' 1.2
T/10 .8 .8 .8
m/20 .8 .8 .8
/40 .6 .6 .6

% ' ,
The values in the "no flange" column are the average values of 8 corresponding

to the removal of the top flange and the removal of the bottom flange.

The values of B presented in table 5 together with (158) determine the
value of inductance. The value of the resistance to be used in the admittance
sheet comes from late time arguments that are independent of flange considerations.

For completeness, we take that result from Baum [ 1]
R = ZO sin & (159)

A general observation can be made concerning the results summarized in
table 5. The values of inductance to be used in the termination when the
ground that the simulator rests on is either nonconducting or perfectly
conducting can be made closer to each other in either of two ways. We can

either decrease &, or for large £, we can remove ground beyond the simulator.
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Top Flange

/ y . Top Plate
Termination
/ (p,9) or Source Plane t :

d h h=4d sin g
o=v/d

Bottom Plate

\ ‘ RVAS St ~

\\ 2 L~ ~~ Bisector of angle 2Q
\ \

\ Region 1 8 — ]
N _
AN
AN
N Bottom Flange
~
~
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Figure 1. Geometry appropriate to varying the angle of the bottom flange.
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p < Tl <p+ (1 -~ cos £)d < T2

po(p,Tz)

p =d

Figure 2. The 03P plane and appropriate curves for determining limits of integration.
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Bottom Flange

Bottom Plate

h=d sin §

Top Plate

Top Flange

Figure 3. Geometry appropriate to varying the angle of the top flange.
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Figure 4, Ideal and aoprox1mate surface current dens1t1es versus
nornallzed time at five points on the termination plane:
= 7/3 and no bending of flanges.
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Figure 5. 1Ideal and approximate surface current densitieg versus
normalized time at five points on the termination plane:
£ = /2 and upper flange removed. Data also corresponds
to £ = /2 and lower flange removed with the a's
appropriately interchanged.
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Figure 6. Ideal and apprbximate Sur;face' current dénsities versu.s
normalized time at five points on the termination plane:
£ = 7/3 and upper flange removed.
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Figure 7. Ideal and approximate surface current densities versus
normalized time at five points on the termination plane:
£ = 7/4 and upper flange removed.
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2]
/ B=1.8

Figure 8. Ideal and approximate surface current densities versus
normalized time at five points on the termination plane:
g =n/2, § =0 (lower flange).
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L T =T T RLIIRI e

Figure 9. Ideal and approximate surface current densities versus
normalized time at five points on the termination plane:
£ =7/3, 8§ = 0 (lower flange).
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x-l R=1.1
i

Figure 10. Ideal and approximate surface current densities versus

normalized time at five points on the termination plane:
£ =mn/4, § = 0 (lower flange).
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Figure 11, 1Ideal and approximate surface current densities versus
normalized time at five points on the termination plane:
£ =7/3, § =u (lower flange).
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Figure 12. TIdeal and approximate surface current densities versus
normalized time at five points on the termination plane:
£-=1/4, § =7 (lower flange).
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Figure 13. Ideal and approximate surface current densities versus
normalized time at five points on the termination plane:
£ = 7/10, 6§ =7 (lower flange).
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Figure l4,

Ideal and approximate surface current densities versus
normalized time at five points on the termination plane:

£ =1n/2, § = n/6 (lower flange).

=
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Figure 15.

-Ideal and approximate surface current densities versus

normalized time at five points on the termination plane:
£ =7/3, § = n/6 {(lower flange).
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Figure 16. 1Ideal and approximate surface current densities versus
" normalized time at five points on the termination plane:
£ =rn/4, § = 7/6 (lower flange).
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