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Abstract

A parametric study of a parallel plate transmission line of finite
width near a perfectly conducting plane ground is carried out by a
numerical method for various ground proximities and the plate widths.
In particular, the impedance factor f_  of the transmission line system

and relative electric field in some regmn surrounding the fransmission
line system are computed.
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INTRODUCTION

The ultimate goal we hope to achieve is the computation of propagation
constant and field distribution for a parallel plate transmission line of finite

width which is placed near a finitely conducting plane ground. See Figure 1-1

: for the geometry of the transmission line system.
y
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FIG. 1-1: Geometry of a parallel plate transmission line of
finite width near a plane ground in (X, y) coordinate
system.

. Such a problem poses a series of mathematical difficulties and requires an ex-
s tensive analytical investigation. As a step leading to that problem, one can

consider a simpler case where the plane ground is perfectly conducting. In that



case, the transmission line system supports dominantly an unattenuated TEM
mode propagation and hence enables a formulation of electrostatic problems.

In this report, we are concerned essentially with the field distribution
in an immediate neighborhood of a parallel plate transmission line of finite
width when a perfectly conducting plane ground is present to 2 varying degree
of proximity. The cases of the ground proximity considered in terms of nor-
malized form, d/b, are: 0.1, 0.2, 0.5 and 1. 0; the cases of variation of the
line width, a/b, are: 0.1, 0.2, 0.5 and 1. 0; the range of the field points where
the relative electric field intensities are computed are taken to be: 0 5%{ < ?’f—?—_‘-—d—i
0< 3b5_<_ 1.5. ‘

In Section II, the mathematical formulation of the problem is presented;
a more detailed version will be found in Appendix A. Starting with an integral
equation for the electric potential for the transmission line system of the geo-
metry as shown in Fig. 2-1, the electric charge density function is found by
means of numerical method following the Kammler's(g) procedure. Based on the

(1)

charge density function computed, then the impedance factor, fg , and electric
field intensity are derived. The latter is derived through the complex potential
function.

In Section III, we present in plotthe numerical results of relative electric
field intensity for some representative cases of ground proximity and transmission
line width, in a different cartesian coordinate system (cf Fig, 3-0-c) employed in
our previous work(4). In this coordinate system, the edges of the parallel plates
facing the ground are on the y-axis for all different ground proximities. It is to
be noted that this coordinate system is introduced solely for the graphical presen-
tation of relative field strengths and is not to be confused with the coordinate sys-

tem shown in Fig. 1-1.,

*See Section 3. 1 to see the meaning of absolute signs for lx{ and 1a‘ .



Based on the study of the numerical results shown in Section III, conclu~
sion is drawn in Section IV on the effect of the presence of a perfectly conducting

plane ground upon the field intensity,



II
MATHEMATICAL FORMULATION

For a parallel plate transmission line of finite width in the proximity
of a perfectly conducting plane ground (cf Fig. 1-1), the complex potential
at any point (X, y) in the rectangular coordinate system may be expressed in
the integral form

2a+d

st (xHy - x"+ib)(x+iy+x!-ib)
dx! alx? Ln[(x-i-iy—x'-ib)(x+iy+x'+ib) ] (1)

Vix,y) +ivlx,y) =

1
27;60
()

where o(x') represents the electric charge density function of the upper plate.
o{x') is an unknown function and we will find it by a numerical method with a
known constant potential of the upper plate, V.. For that purpose, it is con-

0
venient to introduce the following change of variables:

x'-a-d

s-E=22d, (2)
_x-a-d
S" q El (3)
n=1§—b—, (4)
and D=2a:d‘ (5)
-5 b
B=2 7 . (6)

In the (&, n) coordinate system, the geometry of the transmission line system

shown in Fig. 1~1 takes a form as shown in Fig. 2-1.
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FIG. 2-1: Geometry of parallel plate transmission line
near a plane ground in (§, n) coordinate system.

The geometric parameters involved in the problem is then represented

by D and B, For practical purposes, however, it is convenient to compute

electric field intensity in a coordinate system normalized with respect-to kL,

(

twall EY]

s ‘E), conforming to our previous wor

k(4> .



In this normalization

a 2
b8 @
and
d Db-2
b= B (®)
. d a ., - . .
Conversion of g and b to D and B is presented in Table 1 for the set of
s
values of our interest for % and % .
TABLE 1
p=o2td p.ob
D and B Chart a a
a/b 0.1 0.2 0.5 1.0
ld/b
0.1 4 3 2.4 2.2
0.2 6 4 2.8 2.4
0.5 12 7 4 3
1,0 22 12 6 4

In the (&, n) coordinate system, Eq. (1) becomes

1

. - a ~ (E+in-sHB) (E+intstD)
V(E, n+W(E, n) 2”"’0 és dso{s) Ln (2%in-s) (EH-s+DHB) (9}
€1

I we introduce, mainly for notational convenience,

3

z=E+1in (10)



then

1
_ (z—s+iB) (z+s+D) ,
V(z)+iy(z) = 276 fds o(s) L (z-s) (+s+DHB) (9-a)
-1

where V(z) and ¥(z) are real functions of &,n.

Now, a point on the upper plate in (§,7) coordinate system is (&, 0),
-1 < €< 1, as seen in Fig. 2-1. Thus, by letting n=0 in Eq. (9) and denoting
V(&,0) by V,» We obtain

1 ,
\ A 2;‘60 ds o(s) G (&,8); -1<E<I, (11)
ks
whefe
GE. s =1n |L5tstdl Ve -5)°+ B (12)

S s]\/(§+ s+d) +B'2

Solution of the integral equation of the type described by Eq. (11) has
been investigated by Kammler(s). In spite of singularities of o(s) at s =+1
due to edge effect, reasonably accurate results may be obtained by represernting
o(s) in terms of a series of piece-wise linear equations in s.

Thus, let us divide the interval -1<s <1 into 2M segments by a set of
2M+1 points: {sj% , J=1,2,3,...,2M+1. In each of the segments, (sj’ Sj+l)’
i=1,2,...,2M, we approximate the charge variation by a linear equation, i.e.,

T, =T
c(s)=73.+s-lil-_—éi(s-sj); sJ.SSSS (13)

o+ 2
175 j*l

where G'S are unknown constants yet to be determined. Substituting Eq. (13)

into Eq. (11), one obtains



2re
ds T+'J—"'—J'(S—S) G (&, s) . (14)
J-l %17 5

Next, let us evaluate the integral on the right-hand side of Eq. (14) at
a set of {(2N+1) discrete points of s: {Ek> =1,2,...,2N+1, where N# M.

Formally, then, we obtain a set of 2M+1 linear equations for TJ

2M+1
27:60‘
VO = z A o (15)
a =, k]
where
(1-6 }
2M+1
A, =———1'————-—l:s. (£, ) - (g - g, )}
- + i+
i,k sj_}_1 Sj j+l ]l,k J,k 1,k s K
(1 =6, l)
T sos, I:(gj,k_gj-l,k) ISR fj—l,k)] ’ (16)
i i1 '
|5 53]
- k
b B L

|5 ¥ 5+ D

I/ 2 2!
(Sk-{-sj-i-D) + R

-1< B ) -1< B )

4+ B | tan ————— |+ tan P e (17)
- +s, +

Sk Sj Sk Sj D

+ +
(Sk + sj D) Ln




@

2 2
g—sj - |3~:k—sj] (g, +D) -s; ) (Ek_+sj+DI

g. = - n
k2 2. 02 2 Lt 2enl
3/(§k-sj) “+B ‘/(Sk+sjAD) +B
|
/ )
2 (& -s,)" +B
B k] =+B £ tan—l<—-3;>-— B(& +D)tan_l<;€:k—ij—_l-_5>.

+

Ln
- - ' (18)
For further details for derivation of fj K and gj  See Appendix A,
To determine {Tj}in Eq. (15), we use the least square method with
M # N. Thus, we set
+ +
2N+1 2760 2M+1 9
z a VO - z A, i = Minimum. (19)
= l J = l Jl J
Whence, one obtains for each £ =1, 2, 3, ,..., 2M+1,
2M+1 /2N+1 5 2N+1
w3
Aj,k Ak,z To= = A Aﬁ,k . (20)
j =1 k=1 k=1

Note that, for £=1, 2, ...., 2M+l, Eq. (20) can be written in the matrix
form
27

a

(4] [AT}H= i [a] [IC] , (21) |

where

—
>

[ S—
]

=[A, 7 §=1,2,...,2M+1, k=1.2,..,2N+1 , _
[j,k], J 2= M » N

[AT_] = Transpose of L-A] s



] = Column matrix of 1 x (2M+1)

and
[IC] = 1 x(2N+1) Column matrix of element 1.

[A] [AT] is a (2M+1) x (2M+1) square matrix and Eq. (21) is our (2M+1)
linear equation for {7’3}, i=1,2,...,2M+1l, Without loss of generality, we

may set f_@ VO =1 in Eq. (21) for computational convenience.

a
It is pointed out by Kammler(B) that accurate results may be obtained

if the interval -1<s <1 is sinusoidally divided into segments by

= ai oMoty — | .=
Sj sin [(J M-1) oM ] s j=1,2,...,2M+1 (22)
and
= i - - ————I . =
Sk = sm[(k N-1) ZN} s K=1,2,...,2N+1 . (23)

We let N =2 M.

In principle, the greater the value of M one chooses, the higher the
degree of accuracy one attains for charge density function represented by 7
in Eq. (21), but the greater the cost incurred in computation. Therefore, one
would desire to find an optimum upper limit of M for a given degree of
aceuracy one is to maintain for charge density function. In our present work,
we used the impedance factor, f o as a criterion in obtaining such an optimum
upper limit of M: the numerical value of fg for the case where the ground
is not present (i.e., the ground is removed infinitely far away from the trans-
mission line) for a given value of a/ b is compared with the value of fg, for
the same a[ b and a sufficiently large d/ b, by taking a series of monotonically

increasing values for M. It turned out that, for af/b =1 and d/b =1,000, the
impedance factor, f . is 0.47244 for M = 10, which compares favorably with

10




¢

fg==0.46264<2)

without the ground presence.®* In Table 2 we present the com-
puted numerical values of fglfor different d/b and M; in Fig. 2-2, the corres-
ponding plots, including fg for the case where there is no ground present. M =10
is chosen in our present work, Figures 2-3-a through 2-3-c show electric

charge density for different M.

TABLE 2
Variation of fg for different d/b as a function of M with a/b =1.0

f = 0.47264 for a/b =1.0,

€d/b=w
d/b

0.1 0.2 1.0
M

1 0.30548 0.3332 0.41811
2 | 0. 29669 0.33442 0.42642 —
3 0.29753 0.33631 0.42852
4 0.298455 0.337284 0.42936
5 0.299042 0.337811 0. 429770
6 0.299414 0.338122 0.430022
8 0.299830 0. 338454 0. 430239
10 0.30041 0.338617 0.430352

The concept of the impedance factor, denoted by fg’ was introduced

1
by Baum( ), which is defined as the normalized impedance of the trans-

o,

“An extensive tabulation is compiled in Ref. (2) for f_for various b/a for
the case where the ground is not present. g

11 —
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mission line with respect to the wave impedance. In our present case, then,
if L and C denote the inductance and the capacitance per unit length of the

line, and Ko and EO the free space permeability and permitivity, Z =J—I-g s

fu’
ZOE -E—O representing the impedances of the line and the free-space
0
respectively, we have

Z

€
Q
f =5 =— | (24)
g ZO C

Since C =—A§7-, where q and AV denocte the total charge on the upper
plate and the potential difference between the upper and the lower plates,

respectively, and

2atd 1

qu O{X)dx=af o (s) ds
d =1
2M i+l Teg1 =T
=a2 ds |7+ ——L (s-3)
i s,
- . #LTd
! j
2M
= 2 (7., +7) (s, . -s)
2 j+l j+1 g
=1

16



AV = WiO , we obtain for the geometric factor

f = 2, (25)
V'

’ g
J; (r e T J'H.—Sj)

Equation (25) is used for numerical computation of f(T for various geometries
of the transmission line. .

We now derive the expression for the electric field intensity at a point in
the z-plane. From Egs. (9-a) and (13), after a little algebraic manipulation,

we obtain the following:

2 M 1
V(z) + iy (z) = E - —— (75, -T., . 8.
- +1 7 T+
‘. 271‘60 i=1 Sj-!-l Sj N J J

[P s -Pas)] - s, p-at sj>]}, (26)

where

P(z,sj) =(z+sj+D) Ln(z+sj+D)
+{z - Sj) Ln(z—sj)

'-(z-sj-i-iB) Ln(z—sj+iB)

-(z+sj+D+iB)Ln(Z+Sj+D+iiB) {27)

@ 1



2

Ln(z+sJ.+D)

(z+D)2 - s,

and Q (z, Sj) =~ 5

2 2
(z+iB) - s,
- 5 Il tn(z- Sj +i B)

zz—s2
+ —2——LLn(z—sJ.)

(s+D+iIB)2—s.2

+ 5 J Ln(z+sj+D+iB)

+1 (Z1- 5 B). (28)

Now the electric field components Ex and Ey are related to the com-

plex potential functions V (z} and ¢ (2) in V(z)+ iy (z) as

8 V(z)  3aV{(z)

B " Tox T aag ¢ (29)
3 V{z) _oulz) _ou(z)

By " T8y T ax asg (30)

Hence, by Eqs. (26) through (30), we obtain the electric field intensity

a
for V_ = :
0 2=« €
2M+1
- i = !
E_ (z) +1 Ey (z) e, E T le(z) ) (31)
i=1

EX(z) s Ey(z) being real functions of x and y,

18



@

where
(1 -4, )
! = JJ 2M+l ! t 1
R () = —2 {sjﬂ 7, @ @] - (9@ - <z>]}
b S
(1=, 2M) - ~
e [ijz) - ij_l<z>] - s [PJs @ - P <z>” ,
j -1 J
(32)
1 if j=r
5§, = (33)
b r 0 if rfr
5 (z+sj+D) (z - sj)
L (z) = 5 Pz sj) =Ln 7 Sj+D+iB) (22 s+ 1B) (34)
and
(2) 552 Qg 5
Qj 2y Q (z, Sj
=~ (z+ D) Ln(z+sJ.+D)
-(z+1iB) Ln(z—sj+iB)
+2z In(z - Sj)
+(z+D+iB)Ln(z+sj+D+iB) . (35)

(4)

For convenience and to conform to our previous work s we shall

normalize the field intensity with respect to the constant field that exists

between the upper and the lower plates of infinite extent of the line ; l.e.,

a
2reob

Thus, from Eq. (31), the relative field intensity is given by

19



Z2M+1 2M+1
ot 3 e 3
- - = - t Yy = = t
Ex rel 1Ey el - a TJ Rj (z} 5 T] RJ' (z} . (36)
j=1 i=1

Equation (36} is used for computation of relative field intensity at a set of
the field points in a surrounding area of the transmission line for different

ground proximity and line width.

20
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IMPEDANCE FACTOR AND ELECTRIC FIELD INTENSITIES

For the geometry of the system shown in Fig. 1-1, impedance factor
fg is compared for various ground proximity g and is presented in Fig.
3-0-a. In Fig. 3-0-b, the difference of fg for the cases of §’= 10 and o
is presented, For reference we also present in Table 3-1 the impedance
factor £ for z, ‘S’? 0.01, 0,02, 0.05, 0.1, 0.2, 0.5, 1.0, 2.0, 5.0 and 10,0
are presented.

As mentioned in the Introduction, for the graphical presentation of rela-
tive fields, we adopt a cartesian coordinate system different from that shown
in Fig. 1-1 (see Fig. 3-0-c). The coordinate system shown in Fig. 3-0-c
is the same as the one employed in our previous Work(4') for graphical presen-
tation of relative fields and the adaptation of the same coordinate system for
our present case will enable us to compare field variations for finite and semi-
infinite transmission lines. It should be noted that the coordinate system
shown in Fig. 3-0-c is valid only in connection with the graphs of relative
fields.

In this new coordinate system, then, the edge of the upper plate facing
the ground falls on the y-~axis regardless of the ground proximity and the posi-
tive end of the x-axis in the graphs Figs. 3-1~-a through 3-18-8 corresponds to
the position of the ground plane. The introduction of this coordinate system for
field variations is advantageous in that one is easily able to locate the x-coordi-
nate of both edges of the upper plate: the x-coordinate of the upper plate facing
the ground is on the % =0 line (i.e., g' - axis) and that of the other edge is on
the == 22 line.

b b
In section 3. 1, variations of relative electric field intensity are pre-

sented graphically for 16 representative cases corresponding to permutation

21



of the cases lal 51_= 0.1, 0.2, 0.5 and 1.0. The region of the field points for

b’ b
all cases is limited to 0 < %15 il%‘)i , 0< % < 1,5. The mode of the presen-
tation is the same as that in our previous work where the width of the parallel

(4)).

plates was infinite (c.f. section 3 in our previous work We mention that
the numerical computation for relative electric field intensity was carried
out for wider range of %1 s % variations, but because of the time and also the
fact that the examination of the data revealed no significant information which
is not contained in the above cases, we chose to present in this report only 16

cases.
In section 3.2, we compare the field variations between the case of

E%L 0.5 and o for the ground proximity 'E-= 0.5

3.1 Relative Electric Field Intensities, E , E .
yrel’ “xrel

As previously noted, for the field points, the I-Ej
+
0< %—'5_ i@;—d and the Eb.’. interval as 0 < %5 1,5 by the steps of %= 0.2.
The upper plate lies on the %= 1 line. The variation of relative fields on the

interval is taken as

inner and the outer surfaces of the upper plate, which we denote by b =], 1+,
respectively, are also presented.
The dotted and solid lines in the graphs in Figs. 3-1-a through 3-16-d

represent the positive and the negative values, respectively.
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A

0.02

0.05

0.5

1.0

2.0

5.0

10.0

0.01

. 6393

.78131

1,009

1,2017

1.4031

1.6557

1.7982

1.8718

1.9007

1.9053

0.02

. 5257

. 6391

. 8323

1.0069

1.1962

1.4399

1.5791

1.6514

1.6801

1,6847

0.05

.4145

. 4944

. 6380

.71781

. 9406

1.1618

1,2919

1,3607

1,3885

1.3931

Table 3~1: Impedance Factor fg

0.1

.3531

. 4136

.5232

. 6340

. 7685

.9610

1.07811

1,1418

1.1683

1,1728

0.2

. 3048

. 3506

.4324

.5156

.6190

L1726

. 8698

. 9249

. 9491

.9534

0.5

.2510

. 2822

. 3354

. 3876

.4515

. 5463

. 6085

. 6467

. 6657

. 6695

1.0

. 1958

. 2317

L2671

. 3000

. 3386

. 3940

. 4304

. 4543

.4680

.4711

2.0

. 1542

. 1785

. 1991

. 2172

L2372

. 2645

. 2822

. 2946

. 3029

. 3051

5.0

. 1064

L1111

L1187

. 1250

. 1316

. 1399

. 1451

. 1490

. 1521

. 1532

10,0

. 0686

. 07007

. 0728

. 0751

L0774

. 0803

. 0821

. 08340

. 0846

. 0851
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’.’ 27



I
i
l i
! - 12,0
|
|
|
|
I +10.0
I
| +8.0
|
| Eyrel
|
T6.0
|
I
|
|
| +4.0
Y,
b -\\1
l
I\l
| T2.0
I
-0,3 -0.2 -0,1 0 0.1
X

b
-] —-py x: 3 t&l:o 1
Fig. 3-1-b: Eyrel on b 1 and l+ lines for the case of b .1,
d._
b-O.l.

28



o

% = 0 line is zero).

29

—
/
/ + 1.2
[
/
/
~ |
~ ] +1.0
o /
SH|
N” |
N x.b’/i:-—-
/ ///6 '“'O 8
| YA
/ o E
| //// xrel
/ s/
/ //// B
\_.6 T 0.6
I 77 =
/ /7 7
A
s/ v
| e
Vi 40.4
//f/ 0.4 7
r ////
///
-
I_~
T+0.2
0.2
YT
} f
-0,1 « 0 0.1
b
Fig. 3-1-c: E__, on %z 0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and
1.5 lines for the case of @= 0.1, d_ 0.1 {E on
‘ b b xrel



—
(W]
o
EX
0. 0. (e () o <
[aN] (an] . . . .
— - (=) [{a] ~H (A}
[l ] 1 -— 1 1 1|H
T H 1 \_ 1 ¥ o
/
\\
1 —
Lo
llllliiiillllll{l{lft!:ﬂlil[ﬁ}‘llll lllll - <@
11 N\
i
=l
1
1,1
=== =
i
oo g
T I =
X
o
o
1

=0.1,

lal
b

s l+ lines for the case of

=l_

Mo
on ¥

xrel

Fig. 3-1-d: E

d_o.1.
b

30



[
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yrel b ,
for the case Of\}‘ij= 0.1, %= 0.2.

31

Eyrel



l
| Liss
|
l
\
I
| ] +10.0
l |
|
I
l
T38.0
Eyrel
+6.0
1
y I T4.0
b t \4 L
NS 4
2.0
1+ . / 1
+ /
/ 1 L | \ 1
1 1 i 1
-0.3 -0.2 -0.1 x 0 0.1 0.2
b
i 3-2-h: Y. : fal_ d.
Fig. 3-2-h: Eyrel on b 1 and 1+ lines for the case of b 0.1, b 0.2.

32



@

Fig. 3-2-c: EXr

el
for the case of%‘= 0.1, d 0.2 (E n £ =0 is zero).

77
/
//// 21,2
]
o
~ //Oo
IS
/! +1.0
//
/ N ]
—
/\’/////
~
Pt +0.8
///
7
7 s
s o
ave %) —_
/7 Yoo
/S / // +0.6
/ -
/// //
yd
Ve
d — 3-0.4
4 _——" T
o
//
//
0.2 +0.2
0 0.1 0.2

X
b
on%'—' 0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines

S xrel ° b

33

E
xrel



xrel

+412.0
+10.0
+8.0

[ T T LU s e i i e ety et Aty Sy it iUy e . MMM 577 it Mkt i et el tarrs  rereereds ipmite

T6.0
+2.0

0.1

0.2

S
b

~-0.3

—=0.2.

d
b

= 0.1,

fal,
b

+ lines for the case of

1_ and 1

on L

xrel

Fig. 3-2-d: E

34



®

ge

-
@ —
112
+1.0
— —— ..—0.8
Jo.s
0.4
15
- 02z
_______ L +40.4
+4o0.2
Wy
+ ! : i i i i :
-0.3 ~0.2 ~0.1 0 x 0.1 0.2 0.3 0.4 0.5
b
Fig. 3-3-a: E__,on ¥=0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the case of &= 0.1, $=0.5,
yrel b > s > F] » ’ b b

E
yrel




+12.0

T10.0

T8.0

yrel

T 6.0

T4.0

+2.0

36

0.5

-0,3

ol.a

a"-'.‘
b

lines for the case of

1 and 1+

Y -
oy =

yre

Fig. 3-3-b: E




LE

®

Fig. 3~3-c: Exr

el

on

b

Y=, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the case of '%L 0.1,

4 F Y
- w
+1.2
Y-1.2
L‘“‘\
T T \\\
/// \\Q‘(?\\\\ -L.].,O
Ve ST
v T~ T T
/s e
4—0.8
1.4’,."—"' __________
—
-
g 0.6 __  ——————
e /_,--—""' __:»-0,6
// /// l.z_’——-""" MMMMM
/ e
/////
///
7~ /“(_)_._4___“__________4 0.4
////
—
///
//
0.2 o _T0.2
2 : : 3
0.1 0.2 0.3 0.4 0.5

e

on £=0 line is zero).

(Exrel b

xrel




xrel

=
e < < [an]
= = < <
— - [se] o < [m)]
L L 1 1 1 1
¥ T T T T T

0.5

e e — — —— — e —— —

a—
. a———
s cvm S S— — C— G— T——— —— — —

}
-0.1

0.3

0.1

X
b

38

H
=l e

L}
=le

+ lines for the case of

Y
O = 1 1
nb and

xrel

Fig, 3-3-d: E




T1.2

E yrel

T1.0
T0.8

T0.6

70.4

T0.2

yrel

0
o——
-0.1

-0.2

wlo

, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines

fa))
13e)
o
—
]
< gfa
] .
>H.a
o
=]
o "
3 2o
B i
|8
¥
|
3
™
)
oy
£

@



vyrel

+12.0
+10.0
T6.0
T4.0
T2.0

718.0

1.

0.8

0.6

0.4

0.2

2] e

= 1.0.

ol.a

'al_
== 0.1,

|

+ lines for the case of

1_ and 1

on%

yrel

Fig. 3-4-b: E

40



+1.2
+1.0
T10.8
—_—
—_—-N
2 IR xrel
\Q\
\\\\
N T10.6
\\\ie
NN
.}\\\
1.4 \\\\
//——— T \\\1\\\\ —————
/////’;' : :\::\\\:‘T:‘-'r: 0.4
Ve == ]
- T
< 0.4
/"'—_———_ T T ——— —t
/// 0.2
-~ 0.2
//———_— T T T T
1 1 1 4
] i i i
0.2 0.4 0.8 0.8 1.0

P
b

Fig. 3-4-c: Ex

rel b

for the case of ',—2—' = 0,1,

41

d ¥
b on

=1,0
(Exrel b

on £=0,0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines

= 0 line is zero).



xrel

+12.0

+10.0
T4.0
+2.0

o
©
!
T

+8.0
1.0

0.8

0.6

0.4
X
b

0.2

a— ——
e ooy o bt G, S So——— S— ——— S —— —— Al S—— A p— A — S

.Iilllolllrnlll..'nllolllll.llllllllllllllllIllil.ll;lll.l!llllllul.lll'lllllllll

=1,

ol.a

=0.1,

|

al
b

—

+ lines for the case of

l_ and 1

L.
onb

xrel

Fig. 3-4-d: E

42



0.6

@

!
e
—
O

-0.5 -0.4 -0.3 , -0.2
b

Fig. 3-5-a: E on £=0,0,2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the
yrel b

faj _ d
case of b - 0.2, 5= 0.1.

43




+412,0

L

- 10.0

yrel

-0.6

L]
L L3

-0.5 -0.4

Fig. 3=5«b: E
yre

oA

l_ and 1+ lines for the case of

44

la

b

{

=aj= R

0.1




//
_-—32.5 / + 1.2
\"%// / —_—
D - / //
Q)/ +~2.0 Ve e
/ xrel 5,7 //
/ / '\»‘/ /
// +1.5 / /g.?/ +1.0
. / v
-0.1 0 0.1 // /
X //‘-—"
E [ //// \/fa// <+ 0.8

E on £=0 line is zero).
xrel b

@ s



[an] O
. (o] = [an] o o
™ = : 5
— — [oe] w <H [a ] —
1 [ 1 ! 1 .
) T L] YA T 1 o
P
1,y 7
Il|||ll a——
lll'.l.“!lllln'll..ll-‘li
‘I-I-lllblllll‘lIllI‘EIIIEIEIIEEIE"! -IO
+ - i
T 1
N
i
=)
1
[a)]
|..i0.
]
w2
[2p]
P

=0.1.

ol.0

b 0.2,

1 + lines for the case of

pA
b =

on

xrel

Fig., 3-5~-d: E

46



®

Ly

Eyrel

—
-
-

t
D
=3
1
jeci
3]
1
C)
o<y
t
<
[

(R of
e
[
<
j\%]

~0.2 -0.1
X
b

Fig. 3-6-a: Ey on Y.

0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the case of lal, 0.2, a. 0.2.
rel b N -




410.0

18.0

yrel

T6.0

1+4.0

T2.0

0.2

+12.0

)
-0.3 ~-0.2

+
-0.4

-0.5

48

X
b

-0.6

a d
i —=0,2, ==0.2,
+ lines for the case of b 2, b 0.2

1 and 1

pas
b

on

Eyrel

Fig. 3-6-b:




6%

-
e e . -
22 //!
/" .
///""’":_ 20 // +1.9
i //
iy ///‘b/ // -]
s EE / y

vé yrel C\]/ /OO V 1
// B ~ / : P 1
1.9 ———

~+0.8

xrel

+4-0.6

+40.4

— +0.2

0.2

lal d
—_— O. —=x (),
b 2, b 2

o] O0 l%=0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the case of

Fig. 3-6-c: Exr

on ¥ =0 line is Zero).
xrel b

(E



xrel

=
o o
g o o o o
S < @ © <t ™
] i { 1 L £ n/u.
1] 1 [] T T * T -
/ -
\ To
\.\
1,1 —
A SN N
- . 1o o
, T 1 ~N ol
) o
o
—i 1t
4o dla
i
k]
o
7]
P
(]
@
N =
lI.O- o
! <
723
b3
xla £
L]
+
o i
i ge
o
i g
1
—
1l
e =)
Hl.. H.T e e e A <H m
e o e e e e e e e e e e e e <
| ©
&
*
=
3
I o~ 1.0.
r i
> 9 o ©
L + 5 &
— .
N
-
=
[{=]
IS
!

50



/ A
/ <\
/ \ 412
/ \
o [2 \
bl \
(4
o
N’Q// \’oo T1.0
—T
/ // N\ \
/ 7 N o \
Iy A\
,\’.b; \ \ +0.8
Eyrel
T0.5
40,4
N\
NS/ 1.2 \\ T4 Fyrel \\ To.2
/ \ \
Vi L } 1Y 1.3 _(
-0.4 -0.2  x 0 AN
b \
f } t f +
-0.6 -0.4 -0.2 0 0.2 0.4 0.5
X
b
Fig. 3-7-a: E on £=0, 0.2, 0.4, 0.8, 0.8, 1.2, 1.4and 1.5
yrel b
lines for the case of %l = 0.2, % = 0.5,

@ 51



+12.0

=+ 10.0

Eyrel

52



-

@

@

L on %=o, 0.2, 0.4, 0.8, 0.8, 1.2, 1.4 and 1.5

d
lines for the case of lal, 0.2, ==0.5 (E on L=0
xre b

Fig, 3~7-¢c: E
Xre

b b 1

line is zero).

53

xrel



xrel

4 12.0
+10.0
8.0

a—
am—
et i

T6.0

~+4.0

—

— — — ST S— U — Gt} St e e e SUSR—— ST S— AT, S B A ———— T A  S— iet—— ————

——
o —— S—— — — — —— A, il ———— [EENET—————— el e e i

T2.0

0.5

0.4

0.2

-0.6

=0.5.

jg=] s

lat_
b - 0.2,

+ lines for the case of

1_ and 1

on%=

xrel

Fig. 3-7-d: E

54



Eyrel

1]

Fig. 3-8-a; E on ¥ = 0, 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1.4 and 1.5 lines for the case of Iﬁ|= 0.2, d. 1.0.
yrel b b b



yrel

o (= =
. o = o o
] (l 1 [ L i 0
L) { 1 1 i H p—)
o]
o
=
4© ~
) "
| =]
2’
=
il
4 Se
L, o
© 5
0]
0
3
x| o
O
5
o3 1
n
Q
=
=l
—
+
i
E
i
—f
f
e =
=
=]
|
Q
&
g
L}
‘.mm
ool
1
[ap]
b0
e
f=

-0.6

56



LS

0o

Fig. 3-8-c: E
ig. 3-8-¢: Exre

1

on

=0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the case of|%|= 0.2,

E X = - 3
( xrel on b 0 line is zero).

-1, 2

xrel



xrel

< < o e e <
' T . 1 1
T T ! T ; _ —
!
I 1w
_ =
|
| o
_ o
| -
\ =)
1.#\ o
\ =
/
\\ wl.a
..\...l\\\\
‘ﬁ“““““”””h:‘“”””l”ﬂ“‘“l!nl lllllll g °
+H T
[
=
t
||.||||.I..IIWU..W lllllll A=
| - - 9 T
T 1= N
[Ne)
<
R

58

d
==1.0.
b

lines for the case of l%l*: 0.2

+

1_ and 1

Y.
b

Fig. 3-8-d: Exrel on



6S

®

~1.4

Fig. 3-9-a:

E
y

-1.2

rel

b

~-1.0

-0.8

-0.6

-0.4

-0,2

on L=0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the case of

Eyrel



yrel

d
==1,0.
5, b 1

+ lines for the case of '%l-"- 0.

1_ and 1

Y =
b

on

yrel

Fig. 3-9-b: E

60



®

19

e —
H /
I 7\? ]
~iw ;77 e
el
i // // v
/’/ / -
/// Iy
Il/ / s 1.0
/// /7
/l/ //
1y //
74
i Jdo.8
0.8 /
1 /4’
2 /72’} O/A; — E rel
N
Q2
1.4
0.6
1.5
0.4
0.2
] I .
-1.4 -1.2 ~1.0 -0.8 x -0.6 -0.4 -0.2 0 0.1

T}

Fig. 3-0-c: E .on £=0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 for the case of & =0.5, $= 0.1,
xrel b b b
on A 0 is zero.
xrel b




=
o o o o o o
o~ o ) © e o
— — -t
t { | F | !
+ - \\ <O
1 1 e
[ e G Gt Gt — — ——— A — —— —— — A ——_ —— — —— — T ————— ———— — — — ——— o e— ———— s Soman” ()
1,1 ™
- T+
—
o
|2. i
T mla
o
o
i
I )
< 3
IO_ o
o
[¢2]
&
3]
o
= I
© $u ~
. O
-1 & =~
1 w0 w
o
H o
— %
+ >0
L ]
=1
© m 1)
- I
I i W.Aq
- oo\
x
X.bV&b
+_ - o
T 1 <)
[ UL P, L =
— &
! 2]
=
P
] T
- 19w
\ — .
A i B0
o
<
<
—— L]
—i
1

62



€9

-

-1.4 -1.2 -1.0 -0.8

Fig. 3~10-a: Eyrel on L= 0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the case of ‘%’: 0.5

b

X

b

~0.6

S |
T

-0.4

~0.2

d

==0,2.

b



yrel

- =
nU. [ew) < < <
< .
m — o« < < [
5 1 3 i i \ o™
T 1 L + T i .
o
‘ 1
Pt T A . e S R LR, I S 2 2 s e s stenton Suntes e n s et ) o
v— N N R N e — +
o
o
"

4 <l
5’
=)

i
sla

1 8
Q
w
]
Q
[h]
=
=t
=}
[T}

+ ©
<
=]
=t
-t

+
=i
Lo

=
o

+ 1
=t
.4

> o
=
(=]

—

5
-

o e
i
[eo]
Lo
1
[\

+ 2
P

Il
T

ix



A
e e S
{ { } { } 1 !'i [
I
1 v,/
1 :‘7”% v/ © /’;1'2
s 7/ o -
ne /s
] a4
+ s
/1 /7
/ / /
I/ /7
4
1 4 to.8
b e
Q.
P
/// T0.6
e
/7
/
/
/
+0.4
1.5 0.2
0,4 ////
- <+ 0.2
0.2
} } } } 0
~1.4 ~-1,2 -0.2 0 0.2
. Y _ . fa) d_
Fig. 3-10-¢c: E on+=0,0,2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the case of ==0.5, —=0,2.
xrel b b b

n <

E o = () is zero.
xrel b

xrel



xrel

=
o o
. o o o o
o o ~ > -
= - < < ¥ o .
1 3 [ T i { .
) s
/
/
+ 3
1 H\\
lllllll-‘l\\
e T T S T T T e T ©
1,1 N
= T+
™
+ T<
]
g o=
o
1
Lo
=
1
%l .0
@
-+ L
)
)
+ -
T°1 L .
e e e e e e e ——— —— — o — 1o
—i
1
'|2
T -
!
..4
1 o
i
L : 1 L s !
1 1 1 1) 1

66

on %= 0 is zero,

xrel

d
0.5, -=0.2.
5 b E

lal
b

+ lines for the case of l

=1 and 1

¥
on 3

xrel

Fig. 3-10-d: E




®
o
0

+1.2

+1.0

E
yrel

-

[1
., | = : g : | :

-1.4 -1.2 ~-1.0 ~0.8 x -0.6 ~0.4 ~-0.2 0 0.2 0.4 0.5

b
) A . la| d
on +=0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the case of = 0.5, b* 0.5.

Fig. 3-11-a: Eyrel b b



89

t i } } } i t %
- 412.0
|
- +10.0
1
i
I
I
- | 18.0
I Eyrel
i \ 46.0
Hl
]
»lo
|
+ | +4.0
|
I
I
[
I | f2.0
|
v—l+|
I_ I 1+
sanil 1 " __,\JJ' 1 1 [ [ IL 1 1
1 ] 1 T L T 1 H 1 | |
-1.4 -1.2 -1.0 -0.8 x -0.6 ~0.4 -0,2 0 0.2 0.4 0.5
b

(o [=1
H
o
(87}

Fig., 3-11-h: Eyrel on %=—‘ 1 and 1+ lines for the case of I%-I'-‘ 0.5,

¢ - ¢ S



¢

1O5
0. 4
— 0.2
p———1 } —
-1.4 ~1.2 -1.0 ~-0.8 x
b
vig. 3~1l-c: E
Fig. 3~ll-c <rel
E
xrel

b

on Y. 0 is zero.

on L0, 0.2, 04,086, 0.8, 1.2, 1.4, 1.5 lines for the case of !

3 o
b .9

d

,3*0.5.




<o =] .Nu.
* . [en] - <o o o
[} < . ¥ . . .
{ - - e = © X ™
14 ] 13 1 T T L g H
!
I
4 | 4
|
/
/
/
/
)\x \
N, 7
\\\
\\
\\\\
1, H+ \
- fo
+oom /
11 /
e gy s S ST T S U ey S G oA S o " —— — -_— -
"%
e
4
AP
4 e
i, 3 w _ 1 1

70

0.5

0.4

0.2

-0.8 x -0.6 ~0.4 ~0.2
b

-1.0

~1.2

~-1.4

on % = 0 is zero.

d =(0.5, E
xrel

=0.5,

(2]
b

+ lines for the case of

=‘1__‘ and 1

OH%

xrel

Fig. 3-11-d: E



)

¢

T1.0

Eyrel

+ 0.6

+ 0.2

: ' ; z : 1 ; ' % + : X
-1,4 =-1,2 -1.0 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1.0
X
b
Fig. 3-12-a: E___on ¥ =0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5
yrel b :

for the case of%-' =(,5, % =1,0.

71



? + t 12.0

T10.0

0.4 0.6 0,8 1.0

on % = 1_ and l+ lines for the case of %L 0.5,

Fig. 3-12-b: E_
yre

d
b

1

=1.0,

72



—+
4

4

R +1.2

- 0.8

E
xrel

0.6

+0.4

40,2

-1.4 -1,2 -1,0 -0.8 -0.86 =~

Fig, 3~12-¢c: E on X-‘-O, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines
xrel b
1al d

= > = CO'
b 0.5, 1 (Ex

L 73

for the case of on L-9 line is zero).

rel b



i2.0

xrel

+10.0
+8.0

+4-6.0

T4.0

42,0
1.0

0.8

0.6

0.4
b

0.2

+ lines for the case of

-0.2
74

=1_ and 1

X

-0.6 -0.4
b

-0.8
xrel on

-1.0

-1.2
Fig. 3~-12-d: E

-1.4




@

@

T O

AN

75

ola

= 1.0,

a
b

0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the case of

Y.
b

on

yrel

. Fig. 3-13-a: E



~-1.2

wia

-1.6

1

T
-2.0

-2.4

~-2,8

75

d
1.0, b-O.l.

tal_
b

on % =1 and 1+ lines for the case of

yrel

Fig. 3-13-b: E




®

LL

) —
2.8 floof w/
2\\M,w 6 i __7\.@. M\; 2
\N Lﬁw 4 =\ \\\
:O 4-2.2 “ \\ +1.0
T i
1 xrel :\
Jo.8
L Mxﬁ& ,,
V |
+0.6
4o0.4
2
0.
4-0. 2
-2 8 -2.4 ~-2.0 -6 -1z -0.8 -0.4 A__:: g
b

Fig. 3-13-c: E on L= 0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the case of lal, 1.0, d. 0.1
xrel b b b



IIIIIIIIIIIIIIIIII‘IIIl-lllllllll'

~0.4
d_
£ =0.1.

-0.8

-1.2

z
b

!
]
-1.6

|
|
|
|
|
|
|
|
|
|
|
|
|
|
I
|
|
|
|
|
\

Y. . lal_
on 1 and 1+ lines for the case of b 1,0,

fl
-2.0
xrel

-2.4

Fig. 3-13-d: E

-2.8

78



6L

— l i Il
1 1 T [

2.8 -2.4 -2.0 ~1.6 -1.2 ~0.8 ~-0.4 0 0.2

T

i . -1 ~a. X- = 1 ‘fl‘: .(.i.
Fig. 3-14-a: Eyrel on 5 0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1,5 lines for the case of b 1.0, b==0.2,




80

==0,2,

d
b

=1.0,

lal
b

onh % = 1_' and l+ lines for the case of

yrel

Fig, 3-14~b: E



18

|

F-1.2

I}
t

Fig. 3~14-c: EX

rel b

(Exrel

on % = () line is zero).

fal
b

d

on X=0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1,5 lines for the case of =~ = 1.0, ==0,2

b

xrel




——
e e e s e i C— . —— —— — — — — —— ——t=

e e e C——— — —— — —— —— — ——— — —— — —— T — — — ———— T — it et

lulllllll.llllllllllllllll
e e —— ot——— —— —— S— ——tt—

~2.0

82

0.2

2 -0.8 -0.4

-1,

~1.6

~-2.4

~2.8

xl .2

d
==0.2,
b

= 1_ and 1+ lines for the case of L%J= 1,0,

on ¥

xrel

Fig. 3-14-d: E



€8

®
(|
0

1.2

1.0

-0. 8

-0, 2

! l l
T ] T : 1 1 = % ¥
-2 -2,0 =1.86 < -1.2 -0.8 -0.4 0 0.2 0.4 0,5

.o x

b

Fig., 3-15-a: Eyrel on §= 0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the case of '%L 1.0, == 0.5.

E
yrel




78

-12,0

-10,0

Exrel

on %: 1 and 1+ lines for the case of 2.1.0 d._ 0.5.

b Db
o

Fig. 3-15-b: E__




G8

xrel

lal
el b b

Fig. 3-15-c: Exr on L= 0, 0.2, 0.4, 0,6, 0,8, 1.2, 1.4 and 1.5 lines for the case of —=1.0 and

n L =0 line is zero).

=0.5 (Exrel © b

= f=F




xrel

412.0
410,0
4-8.0
16.0
+4.0
+2.0

s -
mt— —— ARG  ip——— S——— S— — — — — — —— A m———

T T S Ghr | — —— ——— —— i — —— —— —— —— — r—— S——— E——— — Sty Sembeears, Smre—— S bty

~0,8

86

0.4 0.5

0.2

-0.4

-1.6 -1.2

-2.0

~-2.4

d,
= 0.5.

o

Fig. 3-15-d: Exrel on %z 1 and l+ lines for the case of L%!= 1.0,



2

A
@ e L
/"\ +1.2
T - // \\
/ N - \
~ -
T T T =TT T T —~ 410
— — e
LS = SRI0% 0 N
/ /// AN \
s 27N \
Iy X \
7 AN
7 AR E_o
y 1 N\ ’
VA \\\\
///I \ Jo.6
7/ 1.2 N
////// 1.4 AN
/
i
s /
s 7/
s
S /
/// 7
2 e
7
—_ d
r‘//
L2
—g
—~ 1.
\l._s\g
— T t } } t — +
-2.8 -2.4 -2.0 =1.8 -1.2 ~3.8 ~-0.4 0
p.4
b
Fig. 3-16-a: E on ‘!=O, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the case of I?"z 1.0, -(l= 1.0.
- yrel b b b




< < o - = <
<O : 3
m — [se] w <+ 2]
"y ! ! i 1
T 13 T 7
)
)
™
€31 -

. ah—— — ——— ——— ——— S — —— ——"_ St
b, . — S————. Wbt VA SO oSS, S St
g —— R

88

- i i e A S wainn . T— T 1
T T

~-2.8

Ko

. i la} d_
4‘Mwsmxmemmeﬁ bmlJLanO.

1_ and 1

A
b

an

yrel

Fig. 3-16-b: E



68

——

Fig. 3-16~c: Exr 'on Y. 0, 0.2, 0.4, 0.6, 0.8, 1.2, 1.4 and 1.5 lines for the case of

n ¥=0 line is zero).

A
w
+1.2
+1.0
<
O\
2 N\
‘5’\\\ +o.8
\\\ ‘Xl‘el
L4\
15 ~ 1
//,1 i \\\\\ ™~ 0.6
/ \\ —~ \\
0.6 NI
~
\\\ +0.4
0.4
— \\\\\_
0.9 10.2
} } 1.0
0.4 0.8
fal d
— —=1.0
=10, =1



< <
. [en] < <O (e}
=] o A
— — [=e] [d=] < [ <
t ! 1 { : t
i ! t 1 1 ! T —_
)
& _
= | L=
\ <
<
\ To

t— —— —— A it ST, SO —— — —— . ——— — — — . GRS PSS S—

X
b

80

d
T =10, ==1,0.
b L= L0

lal

+ lines for the case of

l_andl

Y.
Onb

xrel

Fig. 3-16-d: E



16

. & A

___ — w
+41.2

lay
r—~——~——~__NN~_‘ l’)‘= @, X~ +1.0
\\\
\} \\
\ 5 1=0 (+) ~
w-0.Y2 v N 10.8
v N
N
™~ E
N yrel
~N
\\ #
~0. 6
N\
N
N\
N\
\\

+40.4
+4-0.2

1 i I ] 1 L [ ) [} 1

L i ¥ T 4 1 ] 1 1 1

~-1.4 ~1.2 ~1.0 -0.8 ~-0.8 x -0.4 -0.2 O 0.4 0.5
b
Fig. 3-17-1: Comparison of Eyrel on % = 0 line for the case of -S = 0.5 between '%' = (0,5 1d o.




é6

0.2 0.4 0.5

el

Fig. 3-17-2: ari i n Y- ; d._ | lal _
ig Comparison of Eyrel on B 0.2 line for the case of b 0.5 between b 0.5 and .

. . o .



€6

. A
(] & v
71-1.2
1.0
0.8
-0, 6
1-0.4
- 0.2
1 1 L I 1 i [ L 1 1
L I 1 v T T T H ] 1
~-i.4 -i,2 -1.0 -0.8 -0.6 x ~0,4 -0,2 0 0,2 0.4 0.5
b

Fig. 3-17-3: Comparison of Eyrel on % = 0,4 line for the case of % = 0,5 between l%' = 0.5 and oo.



¥6

+41.2
lilzm' x:o 6 (+) Bt p—
b b -—-..__‘__.
R ———— e el st — "‘"‘1-0
X
10.8
\)_(\
©
,%/IQ. Eyrel
Q
(3'5
\/Q‘ .
\‘b‘/’ "‘0.6
~
40.4
-+0.2
: | i | | : | | |
-1.4 -1,2 -1,0 ~0,8 ~0.6 x -0.4 -0,2 0.2 0.4 0,5
b

Fig, 3-17-4: Comparison of E
yre

1

on %= 0.6 line for the case of

b

4 . 0.5 between '%J = 0.5 and o,




g6

®

40,2

et
.

Ha

ml

Fig. 3-17-5: Comparison of Ey

rel

~-0.6 -0.4 ~0.2

X

b

on % = (. 8 line for the case of

— =z

b

—t—

0 0,2

0.5 between %‘= 0.5 and .

0.4

0.5




96

\

yrel

i

-12.0

-10.0

- 8.0

6.0

- 4.0

- 2.0

Fig. 3-17-6: Comparison of Eyre

1

on

Y
b

ol I

= 1_ line for the case of

0.2

a, 0.5 between @Jz 0.5 and o.

b b

0.4 0.5




L6

®
o

(|
-

+12.0

-10.0

Eyrel

T

d {ai
Fig, 3-17-7: i X f==0.5 2o, i
Fig. 3~1 Comparison of Eyrel on b + line for the case o b between b 5 and



86

+1.2
fal, .5, %31'2 ) ~ T°
b 7 AN
4 \
/
// +0.8
/ E
\x\ / yrel
\-‘b /
LA
‘o// +0.6
/
-+0. 4
10,2
; ; + ; i i
~0.6 < -0.4 - 0.2 0 0.2 0.4 0.5
b

Fig. 3-17-8: Comparison of Ey on L=1,2 line for the case of d. 0. 5 between lal, 0.5 and o.

rel b

b

b




66

®

+1.2

T1.0

Fig. 3~17-9: Comparison of Eyrel on % = 0,4 line for the case of 'g' = 0,5 between "%’ = 0,5 and o0.




001

-1, 2

-1.0

-0, 8

E
lal. g5, = 1-° yrel
b
0,6
=1.D
\a"" (e }Lb.._}__.-—-—"" ————
,.b//f \\
- ™~
— ™~
--’/ \
T N -0. 4
AT AN
——"“#——-‘_‘_“_‘- \
AN
\\
-0.2
AN
N
AN
N
N\
! } ! [l i 3 i [ 1 ]
] I t I | I 1 i i 1
-1.4 ~1.2 -1.0 -0.8 -0.6 . ~-0.4 -0,2 0 0.2 0.4 0.5
b
i . Y. - d. la) _
Fig. 3-17-10: Comparison of Eyrel on i = 1.5 line for the case of N 0.5 between b 0.5 and oo,

i
i,



101

L/ 8
-wr w
_L.1.2
T1.0
4.0.8
Exrel
10.6
10.4
(+)
: l_>\ I : : % = |
=1.,4 ~-1.2 - 1.0 ~0.8 -0.6 X ~0.4 -0,2 0 0.2 0.4 0.5
b

Fig. 3-18-1: Comparison of Exrel on % = 0.2 line for the case of

B— = 0.5 between lﬁjx 0.5 and oo.



¢01

T1.2

+0.8

xrel

-1-0.6

+0.4

-0.4 -0.2 0 0.2 0.4 0.5

on %= 0. 4 line for the case of §= 0.5 between & = 0.5 and .

Fig. 3-18-2: Comparison of EX b

rel

! ) .




€01

-1, 2

1,0

Fig. 3~18-3: Comparison of Exr

el

on 1{_ = 0, 6 line for the case of g— = 0.5 between %J =

0.5 and oo.




¥o1

”1'0

-0.8

- 0.6
0.4
-0,2

| 1 1

] L L) 1 ¥

-0.4 ~-0,2 0 0.2 0.5
b
. . Y. ; d._ lal _
Fig. 3-18-4: Comparison of E on == 0.8 line for the case of - = 0,5 between ;- = 0.5 and .
xrel b b b




[

G0t

Fig. 3-18-5: Comparison of E
Xre

= 1__ and 1+ lines for the case of % = 0.5 between

0.5 and oo,

w ‘ w w
+12.0
410.0
-+8.0
= 1
xre
+ I
—f
v-—!l .-q+
" "
>0 -t
lﬂ.‘ H
. =2 [io!
o -
_h [Te)
.0 o
]
dl .o
1 IK ! L [ 1
1 | ) ¥ ' ¥
1 A 1 o 1 n n o n nNn A n o
1.t “ le & — Lk, U —-Jv, 0 v, U U, & v, &
X
b



901

Fig. 3-18-6: Comparison of Ex

rel

on % = 1,2 line for the case of d

b
®

=

0.5 between

la

b

= 0,5 and oo,




LOT

®
®
0

#1.2

4+1.0

-0.8

~006

-0.4

-0, 2

Fig. 3-18-7: Comparison of E
xre

on % = 1.4 line for the case of % = (, 5 between ‘%\ = 0.5 and o0,

1




801

0. 4

Fig. 3-18-8: Comparison of E
xXre

1

on % = 1,5 line for the case of B

0 0.2

0.5 between‘%‘= 0.5 and co.

0.4

0.5



@

- : v

CONCLUSION

From the numerical parametric study of field distribution for imaged
parallel-plate transmission line of finite width, the following qualitative ob-
servations are made:

(a) The presence of the ground tends to decrease fg compared to the

. a . e
fg without the ground. As = increases, however, for all ground proximities,

b
the effect of the presence of the ground on fg increasingly diminishes, In
particular, for all % it appears that, for %_>_ 1, the decrease of fg from the
value of fg for % = o is less than 10 percent.

(b) The ground causes an asymmet:éy in the charge distribution on the
plates; this asymmetry appears to be rather pronounced for §< 0.5 and
increasingly less pronounced as g‘ increases.

(¢) The division of the charge between the inner and outer surface
of the upper plate is effected both by % and % In general, the ratio (inner-
surface charge/outer surface charge) appears to increase with both % and %.

+

(d) In the region 0 g’i‘-’g E’E—d-, 0 5% < 1.0, the deivation of the relative

field strength of finite-width case from that of a semi~infinite case tends to ke

d
not significant for -1:-) > 0.5.

The conclusions drawn above are qualitative in nature. Based on those,
however, it seems to be indicated that some approximate expansion of charge
distribution appropriate for various range of the parameters % and Ebl- could be
derived based on the solutions of simple problems such as a finite parallel plate
without ground and a semi-infinite parallel plate in the presence of a ground.

Such an attempt, however, has not been made.
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APPENDIX A: Approximate formulas for the complex potential function

and relative electric field intensity

The complex potential function in the z-plane z = £+ in, V(z)+iy(z),

is related to the charge density function o(s) by the integral equation ( Eq. (10)):

1
27 €
0 . . (z-s+iB) (z+s+D)
- [V(z)+1(,[/(z)j] —f dSG(S)Ln[(z—s)(z-i-s-i-D-l-iB)] . (A-1)
> 1

I¥f o(s) for s in sJ,SsSs.

+1 forall j=1,2,3,...,2M+1 is approximated by

a piece-wise linear equation of the form

. s (A=2)
s -s, j

then the Eq. (A~1) becomes

21€
- 2 [V(z)+i¢/(z)]

S

oM i+l
S - + -
(85417784 807y, 7)
= ds S s
- .
j=1 s, i )
J .
(z=s+iB)(z+s+D)
Ln [(z—s)(z+s+D+iB) ‘ (4-3)

In carrying out the integral on the right-hand side of Eq. (A-3), we recognize the
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following two types of integrals involved:

8

- (z-s+iB)(z+s+D)
P(z,s) -f ds Ln{:(z—s)(z+s+D+iB)]

and S
Q(z, s} =fds sLn [Ei::;;fléf_;iﬁg;] .
We know that
fds Ln (a+ib*s) = +(a+ib*s) Ln(a+ib*s) -s
and

2 2
+ib)" -
fds sLn(a+ibts) = _g_a_lg_)__s__ Ln(a+s+ib}

L

2
a1 )

(a+s+ib

(A-4)

(A-5) T

(A-6)

(A-17) .

By use of the formulas (A~8) and (A-7), we can write down P{z, s) and Q(z, s).

They are

P(z,s)=(z+s+D) Ln (z+s+D)
- {(z-s+iB) Ln {(z-s+iB)
+(z-s) Ln (z-s)
-~ (z+s+D+iB) Ln (z+s+D+iB)

_ (z+D)2-52

and Q(z,s) = >

Ln (z+s+D)
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Ln (z-s+iB)

+ E—zl-s—Ln (z~-s)

+ (z+D+iB)2- 52

2

La (z+s+D+iB)

+i(%Q-Bs) . (A-9)

We can now express Eq. (A-3) in terms of P and Q:

27 €
" ° [V(Z)‘riw(z)]

2M

1
= 2 Sj (Tjsj+1 rj+lsj) [P(z,sj_l_l)—P(z,sj):]

jm d¥L

"(Tj-Tj+l) [Q(z,sj+l)—Q(z,sj)]} . (A-10)

Eq. (A-10) can be rearranged to yield

2M+1
Vi{z)+iy(z) = 2:6 2 TJ.RJ.(Z) , (A-1%)
0
j=1

where

E:—a., ]
i’2M+1
= P -P
Rj(Z) s S+ [(Z’Sj-!-l) (z’sj)]

175

113



—E@(z, sjﬂ)-Q(z, sj)]

[1"5"1]
+ == {Q(z,s.)—Q(z,s. 1)
iTTi-1 . -

sS.—- S
- s, P(z,s.)-Plz, s, )| A-12 S
3_1[ RS J_J (A-12)
and
1 if j=r
aj.’r= (A-13)
0 if jfr

In Eq. (A=12), if we let z approach to a point on the upper plate, i.e.,
z—>¢ (note that ~1< § <1 forall k=1,2,3,..., 2N+1}, then V(z)=V('§k+iO)

B VO, which is the potential of the upper plate. The complex potential there assumes

the form .

2M+1
a
+ 1 +i = i -
Vo n//(Ek i0) oy z 'TjRj(Ek-!-IO) . (A-14)
j=1
If we denote the real part of Rj(§k+io) by Ajk’ then we obtain a system of
2M+1 linear equations for 'rJ :
2M+1
a
= A . -
Vo© Zre z %,k (A-15)
o .
i=1

To obtain the explicit form of Aj 1’ we first denote real parts of P( Sk-i-io, Sj)
4
and Q(§k i0, Sj) by fj, K

and gj e respectively. Then, by Eq. (A-12), we
obtain the explicit expression for A, K in the following form:

Js
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o

R SR (s - Ce )
LE st PFLUHLE k0T V&e1, Kk 8k

where f . and gj | are, by Egs. (A-8) and (A-9),

ik
R Y
%’ -s Ln

.k L[/fg -, )2 +p°

‘§k+sj+D‘

+ (§k+ s,+D) Ln

2
\/(§k+ sJ,+D) +B

+ tan s | —B (A-17)
g =8,

and

'(’s'k'l-D)z—s. [§k+sj+D‘

Ln

\/(g +s.+D)2+B
k]

B2 rfg —-s)+B
L/(g +s +D) +B
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A

- B(g,+D) tan * B (A-18)

-1 B
+ B £ tan —
- +s,+
k Sk sj Sk Sj D

In Eqgs. (A-17)} and (A-18), the principal branch of the arctangent functions

must be chosen. Since B is a positive number, it follows, for any A, that

0< tatn“l % <T.
i.e.,
0<tant 2 <2 roroca (A-19)
and %5 tan %5 x for A< O ., (A-20)
In Section 2, the solution of Eq. (A-15) for 7 is discussed for the case of
]
= —2 . { 7.)) is calculated by a numerical method. Once 7, is known,
o 27 eo j J

then we can obtain the expressions for component electric field intensities by

differentiating the complex potential function Eq. (A~11),

: = .8V _ _28vy -

i.e., Ex = po 208 (A-21)
3 oY _ 8
. _ 8V _ = QU A-22
Ey dy 8x 29§ ( )
Therefore, from Eq. (A-11), for V0= oy we have
2M+1
~E (z)+iE (z) = L ET.R.'(Z) . (A-23)
X N 27r€0 i -
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The explicit form of Rj’(z) is the same as Eq. (A-12), except that now P(z,s.)
and Q(z, sj) are replaced by

1 = 1 : = _@_
PJ. (z) PJ. (§+in) Y- P(z, sj)

(z-s,)(z+s,+D)
= Ln : —

(Z'Sj+iB)(Z+Sj+D+iB) (A-24)

and

Q/(z) = Q(g+in)= -aﬁg— Qlz, s.)

= —(z+D)Ln(z+sj+D)
- (z+iB) La (z—sj-!—iB)
+ (z+D+iB) Ln (z+sj+D+iB)

+ z Ln (z-sj) (A-~25)

For convenience, we normalize the field intensity with respect to the field
intensity between the plates of infinite extent, which is

a
27¢e b °
o)

Hence, by Eq. (A-23), we obtain the relative field intensity in the following form:

2M+1

o jo

- + i = !
Exrel 1Eyrel 7-j}':{j(z)

=1

2M+1

z TR (z) . (A-26)
iy

j=1

o jtd.
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Eq. (A-28) is used for numerical computation of the relative field intensities.
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