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Sensor and Simql.ationNotes XVII ~
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A IktectorG=onetry
GaLi Cuzvrent

I. Intmducticn
. .
AS discussed

.

in Sensor and Simulatim Notes .(SSN)IX and X, it is desirable
for nuclear EMP pum&ses to rieasurenot only the g~-ray flux,y , but also the

urrent, Y, since this latter pamamitercan begarmra-rayc correlatd with the
Cbnptoncurrent densily in tie air. me previousnotes .m this subject have des-
cribed possibledetectorsfor measuring.one or more vector c-ants of the
ganmn current,me device using the Comptondiode techniqueand t& other using
the SEMIRADtechnique. These deviceswould be classed as insensitivedetectors
applicablein the higher ranges of i.nt-st. ““h ““t)&s“-note-we--shalldescribea
possibledetector geometryfor measuringa vector canponentof the ganum Curm2nt ,
and, if desired,the gannnaflux. If sensiti.vqdetectors (such as fl.ors or semi-
conductors) are used in this geometry,then we may have a low level y detector.

‘lhefirst elemnt. of the detectorgecmetrywe are consideringconsistsof
a sphereof radius r constructed,with unifurm density,of a naterialwith y-my
mean free path ry (n8rmallya functionof the y-ray energy). Since we will con-
sider only single scatteringof the Y rays, i.e., exponentialattenuationof thq
Yrays through this sphericalattenuator,r can k ‘consickredto be based on the
total.scatteringcross sectionof Y rays inythe mterial. We may be able to
improveour results (basedon the above assumption)t~ includethe effects of
multiplescatteringof the Y-rays (or buildup) by calculatingry fmm an “effec-
tive” cross section (e.g., an energy loss cress section). .

The second elemsntof this detector geomky consistsof an -y of iso-
tropicg~ detectorsdistributedover the syrface of the sphericalattenuator.
‘Ikecharacteristicdimensionsof the individual’detectorsare assuned to be small
comparedto r.. By this assumptionwe are ccuIfining the individualdetectorsto
a thin layer on the sphericalsurface. We also assume that there a dufficient
numbersof these detectorsso that we may think of detectordensity distribution— . . .
functionsor of sensitivi~ per unit area of the.sphericalsurface; Alternatively
we could have som sort of centinuous detectoron the sphericalsurface whose
sensitivityper unit area w could vary. Fcmlsimalldiscrete detectom perhaps
semiconductordetectorswould be appropriate.

Referringto figure M we see a cross section of such a detector. In order
to measure a vector componentof Y , we wei@t the signal~ the cosine of the
angle, 0, between a gamna ray> Y(O), and.a given’axis, say the z As, by ckosfig
some appropriatedistributionfunctionfor the garmm detectom so that a factor of
cos 0 will appear in the net signal output. This is obtained by sunmdng and/or --
differencingthe electricaloutputsof the individual.detectors~ the spherical ;
surface. From syrrunetryconsiderationswe can establishsoms geneti chamacteris-.

, tics Qf the requireddistributionof the individualdetectors. First, the dis- -
tributlon should be synmetricabout the axis determiningg tk particularccinponent

f-“\ . 1. The ~ssible use of semiconductordetectorsfor this applicationwe’ssuggested
by Y1. Jams Ibyle of EG&G, Santa Barbara.
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of ~ whichwe wish to measure(thez axis in this case).
Second,sincecos e~ the

desiredangulardependenceof the electricaloutput,is ~tisymne~ic about 0 = ~/2,
the detectordistributionmust be effectivelyantisynmtilcakap-the (x,y) plane
(alsolabeledthe (~,$) plane). This can be accomplishedby usingdetectorswith
oppitive (positiveand negative)sensitivities,in oppositepositionswith respect

to the (x,y)plane,and electricallyaddingtogether(inparallel)all the detector
outputs. An alternatemethodis to mike the detectordistributionsymnetricabmt
the (x,y)planebut electricallyadd the detectoroutputsfor positiveor negative
z separatelyand tken subtractthe two resultingsignals. This lastmtlxxlhas the

advantagethat the two resultingsignalscan also be electricallyaddedim an
attemptto masurw the gamm flux (i.e., hopefullythe responsemy be independent
of e for the sum of thesetwo signals),and therefore,in this note we will follcw
the latter~thcd. However,any resultsfor the differentialsignalusingthis
nethodcan be directlyconvertedto the case of an antisymnetricdetectordistri-
butionand a singleelectricalsignalby simplyreversingthe signof the sensi-
tivityof the detectorsfor eitherpsitive or negativez (butnot lmth).

The idealcase for thisdetector,as for the Comptondicdein SSN IX, is
for r >>r , i.e., we assuriethatno gamm rays - penetratetie sphericalattenua-
tor.OWit~thisassumptionwe can then use a geometricalconstructionto finda
detectordistributionwhichwill satisfyour ~quimm?nt of havingthe differential
outputproportionalto cos 0 and whichwill, in addition,make the commn tie
outputindependentof 0, Havingused this simplifiedcase to obtaina detector
distributionfunctionwe can then investigatethe effectsof a finitero/rYassum-
ing exponentialattenuationof the gamnarays throughthe sphericalattenuator.
Theseresultscan also be comparedto the analogousresultsfor the Cmpton ditie

9 L
of SSN IX.

11. Thick SphericalAttenuator

Considerthe case in whichwe assurethat Y(e)doesnot
the sphericalattenuator,i.e.,ro>%V. Referringto figure1

penetratethrough

an appropriatedetectordistributionfor our purposes, Supposewe look at the
spherefrom a vantagepointon the positivez axis, As indicatedwe assumethat
unidirectionalgamnarays, Y(0),are uniformlyincidenton the sphereat an angle
8with the z axis. The x axis is then (arbitrarily)definedso that the direction
of the gamm rays is parallelto the (x,z)plane,

:,
If, for conceptualpurposes,we replacethe gammarays by a planelight

sourcefrom the same directionwe would see, as hdicated in figurelB, that only
part of,we spherecorrespondingto regionsAZ and A3 was illuminated.Of c&rse,
what we are “seeing”is not a sphericalsurfacebut a planesurface,or better,
the projectionon a planesurfacewhichwe can take to be the (x,y)or (P,+)
planeas indicated. Even thoughwe do not see all of the illuminatedportion
of the sphere,we can stillmentallyprujectthis araa onto the (P,!)plane. If

~!f~

we pru-jectthe Mmdary of the illuminatedsphericalsurface(whichdefinesthe
(x’,y’)or (P’,+’)plane)onto the (P,+)plane~ obtainah ellipsewith semi-
majoraxis ro, semiminoraxis rocos e, dd ma ~oz cos ‘. This ellipseforms
the lmundaryof regionA3, If we can tie the electricaloutputof the detector
arrayprcprtional to the area of this ellipsewe will bve the desiredresult,
i.e.,an outputproportionalto cos 0.

9
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Supposethenwe chooseour detectordistributionfunctionso that the nunber
of detectorsor sensitivi~per unit area as projectedon the (P,+)plane is a am-

Stant. Sincewe have requiredthat the detectordistributionlx symnstricwith
respectto the (P,@)planethen tk detectordistributimas projectedon the (P,@
planeis the same for the projectionsfromeachhemisphere. Ckmsideringcmly the
uniformprojetteddistributionson the (P~0)planewe can ncw determinethe 6 depen-
denceof the sensitivityof the detectorarray.

For regionA in the (P,$)planewe lwe * identicalsetsof detect~ j
one for positivean~ one for negative., whichgive identicaloutputskeause
tith sets (consistingOf iso~pic detectors)are i~lfi~ted by theY~Ys ● Whm
we differencethe outputsof the detectorson the tw hemisphericalsurfaces,the
signalscorrespondingto region A2 will cancelleavingonly the signalcorrespond-
ing to regionA3. Sincethe dens~tyof detectorsas pro-jectedonto regionA3 is
a constantand the outputof eachof the detector%is the same,then the d.ifferen-
tial sigml will be pmprtional to the area of region A3 and, therefore,propo-
rtionalto cos e as desired.

Sincewe ncw have a detectordistributionwhichgivesus the desired
differentialoutputlet us lookat the sum of the outputsfrcmthe detectors
on the tm hemispheres,In thiscase,the sj@als from the W setsof detectors
pmj ectedonto regionA2 da not cancel. Instead,the d~ble signalCcnpen=tes
for the lack of a signalfrwnregionAl becausethe projecteddetectordistribu-
tion is the same in both~gions. Thus,the sum of the signalsfmm the two
hemispheresis independentof & Therefore,with a relativelysimpledetector “
distributionfuncti6nwe can measureboth one
case yz,and the ganm flux,Y. The unitsin
on the mannerin whichthe sensitivityof the
the energyof the gammarays.

For use in subsequentsectionsof this

vectorcompneni of 7, in this
whichtheseare measumd de~d
individualdetectorsdepend;on

note we will ncw put the results.
of the previousanalysisin a nmre formalmathematicalform, Gnsider a normli-
zed densityfunction,~(P):whichgivesthe detectordistributicmas pm jectedon
the (p,$)planewithnozmli=tion conditionthatthe averagevalueof ~(P)be
unity. Thus 2?T 1

P?

(1)

o -o

Note that tl(P) is independentof @ kcause of the symmetryof the detector
distributionaboutthe zaxis. If fromour previousanalysiswe constrain
n(P)to be a constant,independentof p, tha equation(2) is solvedif

“ii
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For conveniencenow definetwo distributionfunctions:

Tj(P)= 1 (4)

whichappliesfor the detectorsprojectedfrum~s it&e z and

1(~) = - W’) = ‘1
(5)

whichappliesfor the detectorsprojectedfrumnegativez. Thus,when con-
sideringthe’clifferentialsignalwe can add the contributionsof the two hemi-
spheresusing ~(P) and n2(P)directlybecauseof theiroppasitesigns. However,
when consideringthe com rrcdesignalwe need only take the magnitudesof the
n‘sand againadd the contributionsto obtainthe correctresults.

Next we can analyticallydescribethe Mmndaxy which separatesthe three
regionsof titereston the (P,4)planesinceit is an ellipsewith semimjor
axh rq and semiminor
ellipticalboundary

‘1 )2 +
(—rocos6

and

‘1 = roplcos$1

axis ro&s i. Thus,if (xl,yl) and (PI, $1)descri~ the

3’ 12=1
(y) (6)
o

then
COS2+1‘ P12

+ Pl*sin*$l = 1
cos2t3

or

2

[

cos?#l(l+os*e)
+ Cosjl + Sin?$lPI 1=1

cOs2e

(7)

(8)

(9)

(lo)

sincep~ is assumedpasitive.

If we have a .sensitivi&per unit area,SA, (cwlombs per squareinter per
unit of the incidentgamnarays)as projectedon the (p,~) plane (i.e,, the unit
area is in the (P,~) plane)we can calculategamm sensitivities.Thus,for the
differentialsignal,usingstandardconvention,
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Sincefromequation(5) > and ~ ~ of op~site si~ the con~ibuti~~
A2 cancel. Thus

2m (1+COS2@tan20)
-1/2

r’2

JJ‘dif(e) ‘ ‘A% o 0
n1(PhdPd4 (12)

For conveniencewe can efine
$

(13)‘dif(0) =‘A~ ‘&f (0,

so that 2T (l+cos’z@n2 e)-1/2

.1
‘dif(‘) T ~J nl(o)pd~d$

o 0

Fromequations(14 ) and (2)we can see that for 6 = O

‘dif(0) = 1

(14)

(15)

It is not untilthispointthatwe are constrainedto chcmsea functicmal
dependencefor n,(P). Usingthe choiceof equation(4)we have

(16)

However,as discussedbefore,thisdoubleintegralrepresentsan ellipseof
majoraxis 1.0 and minoraxis cos e. Thus

fm

xJe) = + (~cose)= Cosef (17)
LLL.1. H

For the con-mm

.scorn(e)= ‘A

mode sensitivitywe have \

/JIll(P)dA+J Jrll(PMA+(-n2(P))dA/ ‘ (18)
[ ‘3 A2

(19)

whichcombinesintoone integralover the wholecinxlar area*2T1
s
Com(‘) = ‘Aro H ul(p)pdpd$

00
6
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Defining

●’
s-( e)= sAT1-K?02fcm(e)

we have

Thus

Note
only

*IT 1 1
f (0) :=-
com JJ

@)pdPd@ = 2
1

Tl,(p)pdp

o 0 0

fmm equation(2)

fcom
(e) =1

that this lastresultdid not dependon the
on the generalsynmetryconditionswhichwe

the particularfunctionaldependenceof equation
tial signal.

A

fictional.form
have rwquired.

(22)

(23)

(24)

Of ~l(p)but
We only need

(4)for-thedesireddi~fe~.

We havenow solvedfor the necessarydetectordj.stributionfunction,
but only assumingthat r >>r . Let us then use this detectordistributim
functionand determinet~e e{fectof finitero/r on ftif(0)and f (e)
whichdescribethe performanceof this detector&eometryin nondi&$#ional
form. As expected,the analysiswill be mme complexas will be the results,

III. Transformationof CcOrdinates

To includethe contributionof the gamm rayswhichpnetrate the
L

e
sphericalattenuatorto the responseof the detectorarraywe will assurean
exponentialattenuationof the ganmarays. To do this convenientlywe will
need to expressthe thicknessof the sphericalattenuatorin the directionof
the ganmaNys, As illustratedin figureM, we definea new ccmdinate system,
the (x’,y’, z’) system,wherethe z’ axis is parallelto the assumeddirection
of travelof the gamm rays. Thus, if we can transformthe detectordistribut-
ion functionfrom the (x,y)or (p,@ planeto the,(x’,y’)or (~’,~’)planewe
can use the thicknessof the sphericalattenuatorb the z’ directionto cmpute
the contribution(to the outputof the detectoparray)of the ganumrayswhich
pass throughthe attenuator.

To transformthe pxvjecteddetectordistributionfunctionf?mm the (p,@)
planeto the (P’,@’)planelet us determinethe detectordistributionfunction
on the sphericaLsurface. This basicallyinvolvestransforminga unit area
on the (P,@)planeto the sphericalsurface. Gn the (P,@)planedefinean
incremmtal area,da, (normalized)as

da = pdpd$

This area is the projection(alonga
mentalarea>da, from the spherical

das = Pdpd$
~4sT

‘L”

*
where es is the polaranglefrmm the

7

(25)

line parallelto the z axis)of an incre-
surfaceof

(26)

z axis to a @nt on the sphericalsurface.
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we onlvneed the polar~@e ~6 , and the azimuthalangle,@, to describeany
pointon the sphericalsurface?

Giventhe distributionfunctions> ~ (P)~d ~2(P)J ‘n ‘he (Pz$) pl~e
+(fromequations(4)and (5)), the mannero transformingthe incl?ementalareas,

and the factthat the surfacearea is increaseda factorof two in goingfmm
the circlein tie (P,CI)planeto eitherof the hemkphericalsurfaces,we
have a detectordistributionfunction>ns~ for the sPheri~l surfaceas

[

&2 rll(p) * =2Cosess (forO ~e~~~)ns(6s) ❑

2 @) ~s = 2 (-1)(-coses)= 2 Coses

(forf<fl ~m)
— s—

(27)

Hcwever,we shouldreco~ize that if we are usingthe &f fenmcing scherefor
the detectorson the M hm.ispheresthe distributionfunctionis alwaysposi-
tive,but note thatdue to the presentmthematiailmannerof definingQ (P)

?-6 <m.and q2(P),q is givenby one simpleanalyticfunctionover t~ m% O_
(kmveniently~the averagevalueof ~ is 1.0 over the hemispherecarres~n~g
to ~sitive z and -1.0over the hemi~pherecorrespondingto negativez, i.e.,

lT/2
r

1= J ~s(es)stiesdOs= -
J

qs(es)stie~de
s

o ll/2

(28)

“o
NW thatwe have transformedthe detectordistributionfunctionto (6 ,$)

coordinateson the sphericalsurface,let us transfornithe distributionfimc%on
to (6 ‘,$) coordinateswhere e ‘ is the polarer@e frcmthe z’ axis (as in
figw% 1A) and $’ is the azimut~l anglein the (p’,$’)plane (as in fi~ 2A).
As illustratedin figure2B} a point (0~,$)or (O~~,$t)cm the sphericalsurface
determinesa geonWric constructionfranwhich 6s (containedin n ) can be redated
to e ‘ and $’. Each of the angles6, 6 , and 6 ‘ are greatcircu?ararcs on the
sphe~icalsurfaceand eaCh of the angles@ and %-@1 are anglesbetweenpairsof
the greatcirculararcs. Fi~re 2A also givesa prajectionof this geometric
constructionon the (pf,$‘) p}ane. Mm figure213,usingthe law of cosinesfor
an obliquesphericaltriangle, we have

coses = COsesr COS13+ sines’ shecos(T-+!) (291

or

Cos0 =axesl COSe - she f sine ctE+’
s s (30)

8

2. Bur&gton,MathematicalTablesand Formulas,ThitiEdition,(1958), p. 23.
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Tnus,equation(27)can be dhangedto give ~’(e~’,$’)in the.new spherical
coordinatesas

<

[
@&’,@’) = 2 C@&’ C&i - sines’sine

Note that the detectordistributionfunctionin the
no longerindependentof the azimuthalangle~$’.

NW let us projecttti detectordistribution
onto the (01,@’) plane. The increnmtal area,da’,

da’ = p’dp’d$’

whichis a projection(alonga
area,dast>fmm the spheri~l

hcludim the factorof two in

lineparallelto the
surfaceof

new sphericalcoordinatesis

fmction as in equaticm(31)
in the (p’,+~)planeis

(32)

z‘ axis)of an incremental

(33)

the areasbetweenthe hemisphericalsurfaceand
tk circk? surface(askfore ) we thenhave

~si(es’,$’) alas’ Il$s’,$’)
tllf(P’,O = 2— &Lt

‘ _T5bs es’ (34)

and
~s’(es’,of)dksf ns’(es’,o’)

I-)2’(P’, ($} = 2 F=- 2 cases’

Thus

111’(P’,41t)=cose - sine

and

sin 0s‘
-
COse’ C05 $ ‘

s

.

sine r
r12up’, #) =

s
-rose + sine Cos@‘

cos e I

; s

(for~/2 ~esl ~~)

Now we can remwe es‘ from the previousequationsby

sine ‘ = p!s

(35)

(36)

(37)

(38)

10
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and

“[+q
c+ =

- /“2
(39)

Thus

~’(P’,4f)= Cose - sine-l Cos#
J~2 (forO <6 ‘ &T/2)

—s

and

r12’(P’,’$”)= - Cose- sine.-Q Cos$’

m (for 7r/2~ 0s’ ~ m)

(40)

(41)

Mw thatwe have transformedthe detector,&stributionto the (p‘,$‘) plane
we can also find,for lateruse, the pnj ectionoh the (P‘,$‘) planeof the inter-
sectionof the sphericalsurfacewith the (P,+)plane, By synmtry one can obtain
this curveby changingthe variablesin equation(10). Thus

(42)

as illustratedin figure2A,

Thisresultcan alsok obtainedby settingeither;1’or rI‘ equalto zero.

0’
8In othermrds,.-~ep we calculatethe cormn tie SLgnalan need to take the

absolutevalueof 011 and :21 (as discussedin SectionII) equation(42)will
be neededto breakup the integralover the (P,’,$’) planeso that signscan be
placedto make the contributionsalwayspositive, For the differentialsignal
we will not need equation(42)for a ‘h&dary becausenl’ and

...., positiveand negative.

IV. GeneralSphericalAttenuator

With the detectordistributionfunctionin the (Pt.$l)
(0 by appropriateintegral s.”(e) ~d ‘Go%e ~~ rays.

~~;~~;i%fctly see Hcwever,for ne~ativ~z’ the

coorxiinateswe
For positivez’

gammarays are atten~ted by an a&unt determinedby the thi&ess of the
attenuatorin the directim of the ganmarays. Corresp&dingto a (P’,$’)
the sphericalthickness,Az’,is

Az’ =~ro~ (43)

The shadoweddetectorswill then give a cmrtribution,tothe outputof the
detectorarmy, which is weightedby a factor Az’ ..F

e
A. Diffe~nti~ Signal.

using

& of equation(14)

@
finitero/rY,we

tie definitionof eqw.tion(13)for f
shiftedto the (P’,@’)plane,and iIIC%&&
have

U

but
the

with the caxdinates
contributionfor



00 (44)

If we had not definedan? detectordistributionfunctionso that the differential
signalis obtainedby addingall the contributions,insteadof subtractingthem,
we wouldhave had mm termsto equation(44)becauseof the necessityof splitting
up the regionof integrationin the (p’,$’)plane. (Thismuld have alsomade tk
integrationlimitsrmm?econplex.1 Usingequations(40)and (411and rearranging
termsthen

21T1

JJ k ~)pl~p!d+t
‘dif(‘) =Cose; (l-e-zry

2: 1°

J+l ‘oq---j,2
-sinf3: (l+e-2~ - ) L

~72
COS$rdP’d$’ (45)

00

If in the seconddoubleintegralwe integratefirstover $’ the onlytemn dependent
on $1 (i.e.,cos $’)will make tie i.ntegmlzem becauseof the limitsof O and
2’R.Thus,

2m 1

JJ

r
s-

‘dif(e)f=Cose + (l-e-zry ) p’dp’d+’ (46)
,

00

This is an impmtant resultin thatunderour assumptionof firstorderscattering
the differentialsignalstillmaintainsthe desiredcos 6 dependence.

Let us thm rewriteequation(46)as

‘dif(0)

where

‘dif(0)

Thisis solved
describesf-

‘dif(0)

t ‘dif(o)Cos e

27 1

.1

JJ

L=
Y (1-e-2rY ) P’dP’d$’

(47)

(48)

o

in SSN IX (equations(16)and (19)throu@ (27))exceptin thatnote it
for a Comptondiodewhichwe mightcall f

C%.D.
. Thus,

2

=’:() f (!)

r
1 ‘Y

r
++++ d e-2 ~

77
0 r

o Y (49)

Asymptoticexpressionsfor thisresultwere also

a

derivedin SSN IX. Thus,for

912
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ro >>1we ~ve
~

()
2

L.

●
(o) .1-* >

‘dif o
.

diode

“Y

‘dif
(0) .;>

Y

For cmprison with the resultsfor the differentialsignal
we obtainfromequation(55]of SSN IX

‘difC~ ‘0) = 1. . -:(~) +,@ + ~[]~; -~ ‘+

(50)

(51)

of the Cbmpton

(52)

Tne resultsof equationq(49)and (52)are plottedin figure3,

B. ConmmnMxle’Signal,,

Usingthe definitionof equation(Z2)and the absolutevaluesof n 1 and q21
fromequaticm (40)and (41)we can now computef i(6). Hwever, wewil have
to breakup the surfaceintegralsin the (P’,$’)fi%e intothe threeregions
illustratedin figure2A becausen ‘ and r12’ahangesign,in some cases,between
theseregions. Rememberthat the kcmdary line betweentheseregionsis a

k l?~jeytio~of t~ va~ ci~le (~ ~e spheri~l surface)~ong whichthe detector

*
&strlbutlonfunction1s ze?m. In the followinganalysiswe will assumethat
O < e < Tf/2so thatwe know the sign of the distributionfunctions. The results——
applyfor O S @ L ~ if we use the synmwtryrelation

f (r-e)= f
Cm com

(e) (53)

b’
e

whicharisesfrom the synmetryof the detectordistributionfunctionon the
sphere,i.e.,fromequation(27)

I 1/ns(lr-es)= T&(g)
Therefore,we can set up the expression

dependenceas

f ((3)=;
mm J.J ~“’(P’,$’)P’dP’d$’+

Al‘

A3‘

(54)

for the conmm tie angular

1
J ,(-n. J(P’ ,@’))P1dP1d$f

7%

JJ ‘oj>1 -2—

ii ~~(P’,$’)e‘Y P’dP’d$l

%’

u ‘o J’.’..
+1 -2— J~ o--2:
if (-n2’(p’,f+’))e‘Y

p’dp’d$f+ (-tj’(Pt,+’))e ‘Y P’dP’d4’

%’ 13 ‘ A3‘
(55)
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For conveniencedefinethe firstthreeof the aboveintegralsas 11 and the second
threeqs 12. Then

37r 1

f
2-

1=—11 ~ lj [Cose- sine f“~.—,2COS$’] ~’dp’d~’
1-p

; (l+COS*#tin*@-1/2

1
;

+1
-i H[-cose+ sine ~

~
cos$’]p’d~’d$’

lT
- T(l+c&Itan*O-1/2

PIT (l+cos%&ul%-1/2

+1
T Jj [Cose - she L COS$’]O’dP’d$’ (56)

qo 0

Collectingsimilarterms in the titegrandstogetherend combiningthe integrals
over the secondtermsin the integrandswe have

3n:l
Z-- i-:1

as e

JJ

Cose r
11=7 P’dP’d$’ -—

T
JJ

p’dp’d$’

IT
T (l+cos2’$%n2$1’2 - ; (l+co&$!#f3)-1/2

27’f (l+cos%an%--lip *n 1

JJ+Cose
.

p’@lci@f - “ Sli’lf)H ,2
Y 71

.*
COS $’ dp’d$’

o 0 Q ‘i o

(57)
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In
by

this last representationthe firsttwo integralscancel&e anotherbecause
shifting $‘ ‘h one of the fitees by ~~the fo~ of t~ two inte~~

beomes the sam3. AS before(equation(17)}the thti integral(exclusive
coefficients) equals m cos 0. & integratingover $’ the fcxwthintegral
vanishesbecauseof the syn?nstryof cm $’. Thus

lr -

(58)

of

To solvethis integralfirstdividethe integralover $‘ to give @m
equalintegralsso that

lT 1
T

11
= Cos% + sine:

LJ
& Cos$’dp!do’ (59)

o (l+cos*$%n*@/2

Equaticm(42)for the baundarybetweenregionsin the (P‘,$‘) planecan be
rewrittenas

CcAl ‘ ❑ Cot*e H&~rz -1
or

.
sh2$ , =1- c0t2 e

H

~
1 -1PI*

Then interchangingthe orderof

1

11
= CC&l+ sine:

~as e

1

= ~52e+she ~

!
cos e

(60)

(61)

integration

2 q) 1 1’2arc sin D-cot e(
r

‘o

16
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●“
1

and thus

+&J = -P’dO’

we have sin0

= COS28+ 4
11 J

(Sin26-~2)1’2d~;
o

Le Next letting

we have
1

24
11 =C&+sine; \T 1- &2 d~

o

{

dp’

(62)

(63)

(64)

(65)

(66)

(67)

Hcwever,this last integral(neglectingccefficients) representsthe area of a
quadr~t of a unit ci~le, i.e., ~/4. ‘Therefore -

11=Cosze + Sin+j= 1

Since11 representsthat pm of fm (e)
resultM not unexpected(as in equa?ion
distributionfunctiontrqnsformtions.

due to the unshielded
(24))and servesas a

(68)

detectorsthis
checkon cur

The secondthreeintegralsof equation(55)representthatpart of
f (0)due to the shieldeddetectors, CorMning theseintegralswe havecom

17
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2n

=1
r

)!

.&q,dp,d,,
12 T

“o ‘0cm” + ‘m’* ‘s+’] e ‘y

3T 1
*T SG “

.—

lJ
Ccose+ sine p’

.p
Coso’1 ‘a-*r P1dP’d$~ (69)T Y

r
(l+mS* 4’ t~2 e)

-$/2
7

In the firstof these~tegrals tk ‘secondterm goes to zerowhen integmted
over $~. ‘he limitson $’ in the semnd integralcan k shiftedby ~ for con-
venience,cnangingthe signof the secondterm in the integrand.mus we are
leftwith time basicintegrals:

r

-—
2

n

J ‘o ‘.&-p,2
e-2~ “–~’do’d$’

Y
o
1
.-l

J ‘o -k.q
e-2F

Y*
p’dp’d$’

(l+c0s2q’t= e)-1/2

(70)

-Jr J
2- (l+:os*@ta*erl/2

Mfine theseterms,in sequence,as 13, 14, and 15.

In evaluatingfdif(O) in equations(48)and (49)we hve alreadyevaluated

13” Thus

JJ
o 0

[[) ,

2./’
1 ‘Y r 2 _2ro

01

j’ + 1 J. \= Cos e
Tq ‘“— ~r

I
e

~r.
T

o Y
t

18
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Next we have

4

Dividingthe
dmnging the

(72)

integralover 0’at $’ = O to givetm equalintegrals,and inter-
ofierof integration(usinge

?
ion (60))we have

l-p’~ al--qCos(cote .T)

1’I _2~ T,/*
14 ‘ - me; e ry P’d$’dP’

.

/
4i ‘o f&I

= -Cos e e-2~ 2 arc cos (cot% p l@tT Y
(73)

Usingthe substitutionsof equations(63)and (64)

sin (3
n

(74)

o

and usingthe substitutionof equation(66)

1
r

_mse sti2e: ~ e-2(-Q

[

\
cosecsine)& cos —.—..—.

14 =
J

‘Y

o m; ‘d’ ’75)

This last formmy or my not be the
in form (forccxparison) to the next

Finally,we have
‘lr 1

mast convenient.However,it is similar
result.

19



We can
for 11

. .

followpreciselythe stepsused in equations(59)through(62)in solving
becauseno integrationis performd over P’. Thus

1

,&[ P1 ‘O- ~p,2 1/2 e-z~ (77)
15 Tr )=,J’ ‘P’z-s 6) y

&s 0
Usingthe substitutionsof equations(63)and (64)we have

sine
P4! (s~2&y2)1/2 e-2~$ d!

15 ‘Yi Y

Thenusingthe substitutionof equation(66)we have

(78)

(79)

Combiningthe resultsof equations(68),(71),(75),Wd (74}we have
the resultsfor the co-n mode signal. ficludingthe symmetrycondition
expressedin equation(53)we have

(80)

Thisncw appliesover the regionO < 6 & T . Figures
dependenceof f ~(6) on r /r and ~ , respectively.
the resultfor %e &mpton”di&e (SSN IX, equations(26)and (27)]whichis

4 and 5 illustratethe
In figure4 w include

Note thatthis is preciselythe ?wsul.tfor fti.(O) in equation(49).

(81)

The resultsof equations(49)and (80)and figures3, 4, and 5 can now be
used to determinehow de we shouldtie ro/rYif we wish, for example,to
preventa si~ificantfractionof the differential.or conmn mode signalfrom
coming fmm “shielded”detectors.
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v. SUnEmry.

L“

●
Basedon the resultsof the previcussectionswe can cwclude that by

placingisotropicgammadetectorsin a ratheruncomplicateddistributionarwnd
the surfaceof a sphericalattenuatorand by appropriatelysunmingand differenc-
ing the outputsof the detectors,we can obtainsignalspro~rtional to both the
ganmiaflux and one compment of the gamnacurrent. Assumingexponentialattenua.
tion of the gammarays throughthe sphericalatten~tor; the differentialsignal
mintains its COS6 dependenceon the directionof the incidentganumrays,indepd-
ent of r /rY. However,the conmmnmMe signalis not independentof 0 for all r /rY.
To rake ?his si~al independentof Gwe need eitherlargeor smil.1ro/rY (conpm”d
to one). In generalit seemsbetterto make ~o/rY >>1.O,minfizing the si~jiy from
“shielded”detectorsbecause~o/r i$ a functionof the gamma-rayene~.
for larger /rY the differential~ignalis independentof this parameter(see
equation(49))eliminatingan unwantedextradependenceof the differentialsignal
on the gamma-rayenergy.

The basicsensitivi~ of the detectorarraydependson the type of detectors
used so thereshouldbe a fairlywide rangeof sensitivitiespossible, The
dependenceof the sensitivi@ of the detectorarmy on the ga&na-rayenergy
(assumingro/rY>>l.O)is also governedby the choiceof the individualdetector
elements.

of
deviceof

We

‘L in the preparationof thisnote.

●

course,thereare otherprublemsassociatedwith inkinga practical
thisnatureso we shouldexercisea generalcaution.
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