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ABstract

The transient waveforms radiated by step voltage excited linear antennas,
loaded non-uniformly and contihuously with resistance, are investigated by
numerical means. The input time varying excitations considered are step
voltage, Gaussian pulse and gamma pulse types, Current distributions on the
harmonically excited antenna are obtained as functions of frequency for different
values of the loading. The transfer functions of the antenna and the spectral
densities of the radiated waveforms are obtained as functions of frequency and
the loading for two values of the antenna thickness and for different directions in
space. Finally the time dependent radiated waveforms produced by the antenna
are obtained by using fast Fourier inversion technique. The effects of the various
antenna parameters on the radiated waveforms are also investigated. Some of
the results are compared with available approximate analytical results,
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INTRODUCTION

The transient far field waveforms radiated by linear antennas, loaded
non-uniformly and continuously with resistance, are investigated in the present
technical note. The antennas considered are finite length thin cylinders excited
symmetrically by unit slice generators having unit step function type of time
dependence. Emphasis is given here to a specific type of resistive loading in
which the amount of loading increases continuously towards the antenna end
points where it becomes infinitely large.

Resistively loaded long and thin dipoles may be used as simulators (RES)
to radiate intense electromagnetic pulses of desirable shapes. Basic design
considerations and limitations of pulse radiating long dipoles have been discussed

2

by Baum In any pulse radiating finite antenna, the reflection effects at the
antenna end points produce undesirable features and distortions in the radiated
waveforms. One way to reduce such distortions is to attenuate the outward
traveling current waves on the antenna to an insignificant amount by the time
they reach the end points. A possible method of obtaining this is to load the
antenna with resistance; reactive lcading being frequency sensitive is ruled out
from the wave distortion point of view. It is also clear from physical considera-
tions that uniform resistive loading is incapable of eliminating the wave reflections
at the antenna end points although it may reduce the effects of such reflections to
a certain extent. It has been shown by Wu and King3 and by Baum4 that with a
special type of non-uniform resistive loading it is possible to obtain a reflection
free antenna, i.e., the antenna sustains only single outward traveling current
wave. As discussed by Baum4, such an antenna may be used to radiate intense
electromagnetic pulses of desirable shape. The motivation of the present
research has been to investigate and obtain quantitative results for the various

effects of the resistive loading on the transient radiation from such an antenna.
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I

BACKGROUND

Rigorous analytical solutions of similar time dependent boundary value
problems are extremely difficult, if not impossible, and are available only for
some highly restricted cases. Wu5 and Morgam6 have derived theoretical
expressions for the transient current distribution on unloaded infinitely long linear
antennas excited by a step voltage across an infinitesimal center gap. Brun-
de117 treated analytically the more general problem of determining the fields
anywhere in space for a step excited unloaded dipole. Transient radiated fields
for unloaded and uniformly loaded infinite linear antennas with similar excita-

s

tions have been discussed theoretically by Latham and Lee The waveforms
radiated by a Gaussian pulse excited infinitely long dipole have been obtained
numerically by Harrison and Kinglo. The time dependent far fields radiated
by unloaded and uniformly loaded finite linear antennas with Gaussian pulse
excitation have been obtained by Bennett and Auckenthalerll_by applying direct
time domain numerical analysis. Transients in step voltage excited unioaded
cylindrical antennas have been investigated both theoretically and experimentally
by Schmittlz. Schmitt's theoretical time domain radiated waveforms are of
limited value because of the fact that he arbitrarily truncated the frequency
domain results at kL &4 5, where 2L is the length of the antennas and k =%
is the free space propagation constant. By applying the moment methods in the
time domain Sayre13 obtained the waveforms radiated by unloaded and loaded

r

dipoles for step excitation. Taylor and his groupl > obtained by numerical
means some results of limited application for the case of discretely loaded
linear antennas excited by step voltage. Transient waveforms radiated by dis-
cretely loaded linear antennas with step excitation have also been studied numer-
ically by MerewetherlG’ 17.

Transient waveforms radiated by a non-uniformly loaded finite linear
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antenna with step voltage excitation have first been investigated analytically

by Balum4 who used the transmission line model for the antenna., The trans-
mission line model simplifies considerably the analytical investigation of the
antenna and led to the development of the special non-reflective loading which

significantly improves the radiated waveform4. However, because of the basic

. approximations involved the results obtained from the transmission line model

are rather approximate.

In the following sections we investigate numerically the waveforms radiated
by a step voltage excited linear antenna which is continuously and non-uniformly
loaded with resistance along its length, At first the radiation fields produced by
the harmonically excited antenna are obtained. The far field waveforms pro-
duced by the step voltage excited antenna are then obtained numerically with
the help of Fast Fourier Inversion technique. The effects of the loading and
other physical parameters of the antenna on the radiated waveforms are also
studied in detail.

Numerical investigations of the waveforms radiated by similar antennas
with short pulse excitations and analytical results for the Gaussian pulse excita-
tions were discussed in our two previous reports. In view of their limited
accessibility,and also for completeness, these two reports are included here

as Appendices A and B without any significant editing.
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I

BASIC RELATIONS

Let us assﬁme that a linear antenna of length 21, be aligned alongwthe
z~axis of a rectangular coordinate system with the origin located at the center
of the antenna and that it is excited by a unit slice generator located at the
origin. The far electric field produced by such an antenna is directed entirely

in the -direction. In the time harmonic case the far electric field is given

by the following:

F =‘f9(r, 9, w) ert , (1)
where,
-2 r T t
~ jwnosine o e ~ jcz'cos@
Fe(r, 0, w) = = " I(z', w)e dz!, (2)

m

/ o e e s

TI0= . is the intrinsic impedance of free space,
o

is the velocity of light in free space,

m

C:
v‘uOO

w is the radian frequency of excitation,

r, 8, § are the spherical polar coordinates of the far field point

with the origin located at the center of the antenna,

‘f(z', w) is the current distribution on the antenna due to the har-

monically time dependent unit slice generator,

In Eq. (2), ‘i"e(r, 0, W) is the time independent far electric field produced by the
antenna. For convenience we define the antenna transfer function in the following

manner:
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W
~ ~ It
fe(G, w) = rFe(r, 6, w) e

S B)
. . W,
anosme joz'cost

= — T(z', w)e dz' . (3)
47c

Notice that in the transfer function given by Eq. (3) the dependence of the field
amplitude on r as well as the phase shift suffered by the field in traveling from
the antenna to the far field point are both suppressed. As a result of this all the
field quantitites in our subsequent discussion will be independent of r.

Let the slice generator have arbitrary time dependence such that the input
signal voltage in time is represented V(t). It is now assumed that V(t} is Four-

ier transformable. This means that the following relations hold:

V(W) = vie gt (4)

Fwe aw . (5)

=~

After making use of the linearity of the system along with the superposition theorem
and the concepts of Fourier transform technique, it can be shown that the time de-
pendent far field produced by the antenna excited by a unit slice generator signal

V (t) is given by the following:

- _l_ ¥ o] jwt
ee(f), t) = o fe(G, WV e ™ dw
== | %0, we au (6)
27 6"’ *



In Eq. (6) the quantity 3’6(6, w) = ’fue((), W)V () may be looked upon as the spec-
iral density of the [ar field waveform. Notice that, by definition, e 9(6, t} and

’é‘e (6, w} are related to each other by the following transform relationship:

'59 (0, ) = T(6, WV (W)

@, 1) e gy (1)

o
0
In the present problem the transient voltage at the &-gap located at the

center of the antenna is represented by

V(t)= £(t) , (8)
where,
bo.ost<T
£(t) = (9)

0 , otherwise

For sufficiently large T (usually T =few times 7, where 7= %= the transit time
on the antenna) the radiated waveforms may be identified with those radiated by
the same antenna when excited by a unit step function voltage in time, i.e.,
V(t) = U(t). For convenience of numerical computation, the rectangular pulse
type of excitation has been used here to obtain the step voltage response from the
antenna. With the input signal of the form given by Egs. (8) and (9) we have,

~ sin wTp ~JWTj

Viw) = oI (10)

as the spectrum of the input voltage signal.
As can be seen from the above, the first step in the analysis is the deter-
mination of the current distribution T(z‘, w) on the antenna when it is excited by

a harmonically time dependent unit slice generator. Let us assume that the an-

16



tenna is loaded with distributed resistance such that its internal impedance may
be expressed as rs(z') ohms/meter for 0 Slz'l < L. Under this condition it
can be shown that the current distribution I(z', w) on the antenna satisfies

the following modified Hallén's integral equation:

12
ars ﬁz-zwﬂ aﬂ

e
I(z', w) dz' = Bcoskz
dr [(Z_z,)2+ a2]1/2

i E
- 27’10 sin k|z|

+;71'— T, wr (B sink(z-8) dE (11)
(o]

0
where,
k = -Z-) is the propagation constant,
B is a constant to be determined from the end condition
TEL, w=0,

a is the radius of the antenna element.
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A NOTE ON THE LOADING

The antenna is assumed to be resistively loaded such that its internal

impedance may be expressed as:

ro
rs(z') = 1"'|Z"/L

ohms/meter, -L<z'<L , (12)

where ro = rS (0) ohms/meter and is referred to as the loading parameter. Eq.

(12) predicts that the internal resistance of the antenna increases continuously

from the value r at the input end to infinity at the antenna end points. The

rationale behind this particular type of resistive loading is as follows. It is

known3 that for a linear antenna loaded according to Eq. (12) there exists a -
critical value of ro, depending on the thickness parameter §2 = 2'.én%TL of the

antenna, for which the loaded antenna excited by a harmonic slice generator

sustains a single wave of current traveling in the direction of increaging z' ,
i.e., from the generator towards both ends of the antenna. In other words, for
this type of loading there is no reflected wave on the antenna traveling in the
opposite direction. For this reason the antenna loaded according to (12) and
with this critical value of r is sometimes referred to as the reflectionless
antenna. Balum4 arrived at the same conclusion from his fransmission line
analysis of the same antenna. For r, less than the above critical value the
antenna stops being reflectionless and sustains a standing wave type of current
distribution. From theoretical considerations Shen and Wu18 have found that -
for r0 larger than the critical r0 the antenna sustains a progressive wave of

current whose distribution may be expressed as a hypergeometric function. Our )
previous numerical investigation of the problem (Appendix A) essentially con-

firmed the above obsefvations. In the present study we investigate in detail
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the effects of the variation of the loading parameter r_ on the transient far

field waveforms radiated by the antenna.



\Y%

BRIEF OUTLINE OF THE NUMERICAL METHOD USED

As mentioned in Section II we have used numerical techniques to obtain
the solution of the problem outlined in Section ITII. Detailed discussion of the
numerical methods is given in Appendix A, In this section we give only a brief
outline of the numerical techniques used to obtain the various quantities,

Standard numerical techniqueslg’ 20 are used to solve Eq. (11) for

~

I(z', w). For this purpose the integral equation (11) is reduced by moment

methods to the following set of N simultaneous algebraic equations:

N
2 f T(z', w) G(zj, z') dz'

=l Az
n

= Bcos-kz, - . sinklz.'
RN i

. t
+;7‘L z f T(z', w) rS (z') sink (zj_zr) dz! (13)
o}
n

AN
n

where,

- , (14)

z . n=J (15)
J




and it is assumed that N is an even number and z'e /_\.zn. Eq. (13) implies
that the antenna of length 2L is divided into N sections, the numbering of the B
sections increasing from 1 to N along the antenna length from -L to L.

It is now necessary to make an appropriate approximation to the current
distribution 'Iu(z') (for simplicity we use the notation T(z') for T(z', w)) in each
of the sections Azn. We make the following quadratic approximation to the un-

known current in each section:

T(z')= A +B (z'=-2z )+ C (2'-z )2 , for z'eAz ,
n n n n n n

(18)

=0 , otherwise,

where An, Bn, Cn are the three unknown constants. These constants are
determined by requiring that the continuations of T( z') expression given by
Eq. (16) into the centers of the adjacent sections give the appropriate current
values there, After evaluating the constants it can be shown (Appendix A)

that the current in each section is given by the following recurrence relation:

Tz =1 X (2N+1Y (z)+1 . Z (2') , z'eAz (17)
n-1"n n n n+l " n n

where, 2

z'-—zn (z'-zn)
X (z')= - , z'eAz (18)

2Az 2A22 n
(z'-2 )°
Y (z)=1-—>~ |,  zleaz (19)
n 2 n
Az
z! -z, (z! --zn)2
1) = 1
Zn(z) N + 5 . zedz (20)
2Az

'f’(z )=1 ete.,
n n

Az is the length of each section,
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n#l, N.

For the two end sections Azl and AzN the currents are given by the following

(Appendix A):

Tro1y = 1 (1) + U (ot '
I(z") I Yl(z ) L Zl(z Y , forz €Az (21)
T(z') =L Y!' (z)+L_  X'(z") for z'eAz (22)
NN N-1""N ! N °
where
’ 2
(z'-zl) (z‘—zL)2

Y (z)= L+ ——— = 9 ————  for z'eAz,,  (23)

1 Az 2 1

Az
(z! —zl) 2(z --zl)2

1 (1) = + g 1

Zl(z) SAn > ; for z eAzl , (24)
3Az
(z'- ZN) 2(z' —zN)2

t 1)y = 1_ - |}

YN(z ) . 5 , for z'eA . (25)
Az
(21=2)  2(z -zN)2

t = + 1

XN(z ) e 5 , for z €AzN . (26)

3AzZ

After substituting Egs. (17)-(26) into Eq. (13) we obtain a set of N simultaneous

algebraic equations involving the N unknown current coefficients Il’ 12, R |

The extra unknown constant B is now determined by applying the end condition

N

[ad
I(L, w})=0. By using Taylor series expansion for the currents at the centers of
the last four sections and retaining four terms in the series, we obtain the follow-

ing extra equation:

- + - + =
Iy gt 210 - 350, ,+35L =0 . (27)

We now have N+1 equations for the N+1 unknowns and the system of equations

., I_ and B.

are solved by usual matrix methods for Il, I N

2%

22



The transfer function %(9, w) given by Eq. (3) can now be evaluated

numerically with the help of the following relation:

. N LW

~ wnosme iy zn cos 6

f(6,w)=j— 2 Ie Az, (28)
6 47c n n

n=1
where we have used the notation 'f(zn, W) = In and z'= zn is the coordinate of
the center of the section Azn.

The spectral density ’é‘e(e, w) of the radiated waveforms is obtained by
using Eqgs. (7), (10) and (28). Finally the time dependent radiated waveform
e 9(6, t) is obtained by carrying out the integral given by Eq. (6) with the help
of Fast Fourier Inversion technique.

During the numerical computation the antenna of length 2L has been
divided into N equal length sections. Time domain results have been obtained
for L =1 meter so that the antenna is 2 meters long. The frequency domain
calculations have been truncated at the highest frequency fo such that Az =

2L oo
N 6
the next two sections we discuss the various results obtained.

, where AO is the free space wavelength corresponding to fo. In
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VI

CURRENT DISTRIBUTION 1{z, w)

It is instructive to study how the loading effects the current distribution
on the harmonically excited antenna. Figures 1 and 2 show the amplitude and
the phase distribution, respectively, of the time independent current on the
linear antenna of length 2L = 5A, % =~ 156 and ro:x 318. Under these condi-
tions the antenna approximately satisfies the non-reflecting criterion3’ % 21.

The approximate theories of Wu and King3 and Baum4 predict the existence of

a pure traveling wave of current with linearly decaying amplitude distribution
on the antenna. The results shown in Fig. 1 indicate that the amplitude distri-
bution of current may be considered to be approximately linear except near the
feed region where it is significantly different. The linear variation of phase in
Fig. 2 indicates the existence of a pure traveling wave of current in the antenna.

Figures 3 and 4 show the amplitude and the phase distribution of the cur-
rent on the harmonically excited antenna of length 2L = 32, %= 156 and for
different values of the loading parameter ro. For r0 < 318, the reflection
effects on the current distribution become appreciable; the results for r = 120
clearly indicate that the antenna sustains a standing wave type of current distri-
bution. For r > 318, the amplitude distribution of the current resembles an ex-
ponentially decaying function and the phase distribution, although not linear, is
progressive along the length of the antenna. In this sense it is proper fo say that
for r larger than the critical value of the loading parameter (i.e., larger than 318
in this case) the antenna maintains its non-reflecting properties, but it supports
a progressive wave of current. It should be noted that the critical value of the
loading parameter r, is different for an antenna with different value of -I; .

For a given non~reflecting antenna with lf-a = 156, rO = 600, the amplitude

and phase of 'f(z, w) are shown in Fig. 5 for two values of frequency w such
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Figure 1: Amplitude of the current distribution along a non-reflectively
L wl

loaded antenna. <= =156, =—=5x, r = 318,
a c o
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PHASE OF 1(z', w) IN DEGREES
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Figure 2: The phase variation of the current along a non-

reflectively loaded antenna. -I';-= 156,

ro= 318.

26

h’—Lz 5”,
8]

'4:]5
1.0 L



.

o~
|I(z', w)| IN MILLIAMPERES/VOLT

2|
0.0 0.25 0. 50 0.75 .0 'L

Figure 3: The amplitude of the current distribution along the antenna

L WL _
. 156, o = 3r.

[}

as a function of the loading parameter.
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PHASE OF T(z', w) IN DEGREES
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Figure 4: The phase of the current diatribution along the antenna

as a function of the loading parameter.
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that w—;“= 10 and QCL= 30. It is found that the antenna retains its non-reflecting

characteristics within the range of frequencies considered in Fig. 5,
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VII

TRANSFER FUNCTION OF THE ANTENNA ?9(9, w)

In this section the magnitude and phase of the transfer function of the
antenna are given as functions of wL/c and for different values of the loading
parameter ro. Figure 6 a gives the variations of the magnitude and phase of

?9( 6, w) in the broadside direction (6 = T/) of the antenna of length 2L and

%= 156 and for three values of the loading parameter. Similar results are
shown in Figs. 6b-d for the same antenna and for three different directions.
The corresponding results for an antenna of length 2L and %= 100 are shown
in Figs. 7a-d.

In all the curves, |f9(9, w)' approaches zero as w approaches zero
which is consistent with the fact that there is no radiation at zero frequency.
For higher frequencies the mean value of |f9 (9, w)| tends to increase with an
increase of frequency. In general, the mean value of the phase of £ 9(9, w)
appears to decrease rapidly for small values of wL/c and then assumes a
constant value.

In each case for r = 240 both the amplitude and phase of ?;(9, w) oscil-

late with wL/c. With increase of r these oscillations are smoothed out. It is

interesting to observe that the oscillations in the amplitude and phase of ’fve( 8, w)

appear to be smoothed out for r0 > the critical loading parameter.
The increase of the parameter % tends to increase the amount of oscil-

lation in the curves.
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SPECTRAL DENSITY ’é‘e (6, w)

The spectral densities 'é‘e(e, w) of the transient waveforms radiated by
the step voltage excited antenna under various conditions are discussed in the
present section. For three given values of r, and %= 156, Figs. 8a~d show
the envelope of i’é’e(G, w)l vs. wL/c for four values of the observation angle 6.

It is found from Fig. 8 that in general the envelope of 1'5'6(9, w)' vs. wL/C has

a dominant peak at the low frequency end for all values of € and r After the
initial peak l’é’e(e, w)l decays at first rapidly and then slowly with increase of
(‘JL/C . Depending on the values of ro and 9 there also appear some minor
peaks in|'§'6 (9, w)\ for large values of wl/c' For the purpose of discussing

the behavior of |'é"9 (0, w)l let us define the frequency regions larger and smaller
than the frequency where the initial peak appears as the high and low frequency
regions, respectively. Critical study of the results shown in Fig. 8 reveals
the following observations:

{a) As 6 decreases away from the broadside direction 6 = 900, the low
frequency content of ‘%’6(6, w)\ decreases and the high frequency content decreases.
Also for a given loading, as 6 decreases the amplitude of the initial peak de~
creases. For a given ro , the position of the initial peak appears to be indepen-
dent of 6. As 6 decreases from 90° the minor peaks in 3'9(6, w} become appre-
ciable.

(b) As r, increases, the low frequency content of |'é'9 (o, w)l and the initial
peak in "é’e(e, w)l decreases significantly. The rate of decrease of ‘%'9(6, w)‘ in
the high frequency end appears to be almost independent of r.

(c) In the broadside direction the position of the initial peak in "é'e (o, 7r/2)‘
increases with an increase in the loading parameter ro. For example, from

Fig. 8a it is found that the initial peaks are located at wL/c = 1.56, 2.4 and
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2.6 for rO = 240, 480 and 600, respectively.

The above observations will have implications in the corresponding
time dependent waveforms. Figures 9a-d show the corresponding results
for the antenna wit %=100. The general behavior of these results is simi-
lar to that of the results shown in Fig. 8. On comparihg the results of Figs.
8 and 9 it is found that the decrease of l‘; tends to make the minor peaks in

[’é’e(e, u)l less pronounced.
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TIME DEPENDENT RADIATED WAVEFORM € (6, t)

Figures 10a~d and 11 a-d show the time dependent waveforms in different
directions radiated by loaded linear antennas for l;= 156 and 100, respectively,
and for various values of the loading parameter T In each case L =1 meter
so that 7= 3. 33 ns and the width of the input rectangular voltage pulse T = 20,94
ns. It has been found that for T 2 37, the time dependent radiated waveforms
due to the discontinuities at the two ends of the input pulse do not interfere with
each other. Hence, the results shown here for T = 20,94 ns may be identified
with the transient waveforms radiated by the antenna for step voltage excitation.

The undulations in the waveform for ro = 240 (for example, Fig. 10a) are
attributed to the existence of reflected current waves on the antenna. In general,
the existence of reflection effects causes the waveform to cross the zero axis
more than once, as can be seen in the r0 = 240 waveform in Fig. 10a. For
r0 > the critical value, the radiated waveform has only one zero crossing. It
has been found that for a given angle 8, the increase of r has the following
effects on the radiated waveforms:

(i) decreases the initial amplitude e 9(6, t). This conclusion is based
on the numerical sense, In the asymptotic results obtained from analytical
studies it is found9 that ee(é), t) =< % as t—»0.

(ii} increases the rate of decay of e 9(9, t} after the initial rise,

(iii}) decreases the first zero crossing time to and consequently decreases
the pulse width, t,

(iv) decreases the amplitude ee(e, t} for t> /7 .

For a given value of the loading parameter ros the decrease of the ob-
servation angle 6 from the broadside direction (8 = 7/5) has the following effects
on the radiated waveforms:

{i) increases the rate of decrease of e 9(9, t) from its initial amplitude and

decreases the zero crossing time to. Consequently, the pulse width decreases,
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(ii) the initial amplitude of ee(e, t) increases.

The shape of the waveform radiated by a non-reflecting antenna can be
adjusted by adjusting the zero—-crossing time to' For this purpose it is of
interest to study the variation of to as a function of the various physical para~
meters of the antenna. Figure 12 shows the normalized zero crossing time as
a function of loading with the observation angle 6 as the parameter. Notice
that results are shown for values of FI;—= 156 and 100, As far as the zero
crossing time is concerned, it is found from Fig. 12 that the decrease of 8
has similar effects of to as the increase of ro, i.e., to decreases with a
decrease of 0. In the broadside direction, to is found to decrease with the
decrease of %. In this direction the spread between the to values, for the
two values of -I;— shown, increases with an increase of ro.

It is interesting to compare the time dependent waveform obtained by
numerical means with that obtained by analytical means from the transmission
line model of the same antenna as done by Baum4. For comparison the wave-
form produced by the loaded antenna with r, = 690 are superimposed in Fig.
10a. It appears from Fig. 10a that the transmission line model predicts
slightly slower decay of ee(”/z, t) for t < to than our values. For t > to’
the approximate model predicts a higher value of e 6(7T/2 ,t) . These discrep-
ancies may be attributed to the fact that the transmission line model assumes
a linearly decaying current amplitude distribution on the antenna. Our numer-
ical investigation indicates that the amplitude of the current distribution of
the antenna is, in general, approximately exponentially decaying.

The early time behavior of eg(e, t) is compared with Latham and Lee's
asymptotic results for uniformly loaded infinite dipole antennas. It is assumed
that the infinite dipole antenna is loaded uniformly in such a manner that the
internal impedance of the antenna is r, ohms per meter. We compare the

early time behavior of the waveform radiated by this infinite antenna with that
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of the waveform produced by the non-reflectively loaded finite antenna for
t << 7, It is assumed that the paramater 'a' is the same for both antennas.
The results are shown in Fig. 13 which indicates that the Latham and Lee

theory predicts faster decay of e_(8, t) for early times. With the assumption

6
that the antenna is loaded uniformly with s the decay rate of the field for
early times should have been slower. This discrepancy indicates that the

nonuniformly loaded finite antenna may not be approximated by a uniformly

loaded infinite antenna for t <<r.

61



140~ 150

150 |
120 "lL
120 T 120
=
e
L'}
- 90 i 180
e
Sl 90
(>}
Q

60

é9

120§

30 60

0 80
~
30
\\
0.5 0.5
0 l 0 I
t/T —— 0.5 t/7 —-—
[

0

t/7 ——

Figure 13: Early time behavior of 89(9, t) ag a function of time. 7=23.33 ns, T =20.04 as, r = 480, %-’- 156.

numerical; ~-~-—-—~- asymptotic results of Latham and Lee.

* € N .



X

CONCLUSIONS

Transient waveforms radiated by a step voltage excited resistively
loaded linear antenna have been investigated by numerical means. Results
have been obtained in different observation angles from the antenna and for
different values of the loading parameter. It has been found that for an an-
tenna of given % ratio there exists a critical value of the loading parameter.
If the loading parameter is equal to or larger than the critical value, the
antenna becomes non-reflecting. The waveform produced by the non-reflec~
tively loaded antenna shows only one zero crossing. The zero crossing time
as well as the radiated pulse width depends upon the loading parameter and
the observation angle. It is hoped that these observations may be found use-
ful in designing a pulse radiating dipole antenna.

It would be interesting to compare our time dependent results with
those obtained by the singularity expansion method (SEM). In particular, the
relationship of the critical loading parameter with the natural resonant fre-

quency (or frequencies) of the antenna should be investigated.
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APPENDIX A

NUMERICAL INVESTIGATION OF WAVEFORMS RADIATED BY
A PULSE EXCITED RESISTIVELY LOADED LINEAR ANTENNA

ABSTRACT

The waveforms of the radiation field produced by non-uniformly resistance-
loaded finite linear antenna excited by pulse signals are investigated by numerical
means. The antenna model considered is a thin cylinder loaded symmetrically and
continuously with resistance and is assumed to be excited symmetrically by a slice
generator supplying a time dependent signal of arbitrary shape.

Current distributions and the transfer functions of the antenna are obtained
as functions of frequency for different values of the loading. Spectral density of
the radiated waveform produced by the antenna is obtained as a function of
frequency for two different types of input pulse and for different values of loading
and widths of input pulse. Finally the radiated waveforms produced by the antenna
for the particular input pulse are obtained by using Fast Fourier inversion tech-
nique. Far field waveforms are obtained in 6=7/2, #/3, w/4, =/6 directions
and for different values of the loading. Three selected values of the ratio of the
input pulse width to the\ transit time on the antenna have been used for a Gaus-
sian pulse, while one specific ratio value has been used for a Gamma pulse.
pulse.
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APPENDIX A

1. INTRODUCTION

The waveforms of the radiation field produced by non-uniformly resistance-
loaded finite linear anfennas e;écited by pulse signals are investigated in the present
Appendix, The antenna model céﬁsidered is a thin cylinder loaded symmetric-
ally and continuously with resistance. Emphasis is given to a gpecific type of
loading in which the amount of loading increases continuously towards the an-
tenna end-points. The antenna is excited symmetrically by a slice generator
supplying short pulse type time deperndent signals.

Analytical solution of such a boundary value problem is extremely difficult.

A similar problem with step input excitation has been analyzed by Baum4 from the
transmission line point of view. Analytic results for both unloaded and uniform
resistively loaded antennas with step excitations are given by Latham and Leega’ %
only for cases when the antenna lengths are infinite. Bennett and Aucken’chaler1l
reported some results for uniformly loaded finite linear antennas obtained by
applying numerical technique directly in the time domain. By applying the moment
methods in the time domain Sayre13 obtained results for unloaded and uniformly

15
loaded linear antennas of finite length. Taylor and his group14’

obtained some
results of limited application by numerical means for the case of discretely »
loaded linear antennas.

In the present Appendix our approach to the problem has been numerical,
At first the radiation field produced by the antenna excited by harmonically time
dependent slice generators are obtained numerically as a function of frequency.

The far field waveforms produced by the pulse excited antenna are then obtained

numerically with the help of Fast Fourier Inversion technique.

65



2. METHODS OF ANALYSIS

In this section we give a brief discussion of the method of analysis and also
define a few terms that will be used throughout. Let us assume that the linear
antenna of length 21 be aligned along the z-axis of a rectangular coordinate
system with origin located at the center of the antenna and that it is excited by
a slice genevator located at the origin. In the harmonically time dependent case
the voltage signal supplied to the antenna by the unit strength slice generator
may be represented by ejwt volts, where w is the radian frequency. Let the
current distribution on the antenna due to this source be I(z, w) ejwt . The far
electric field produced by the antenna under such conditions, will have only a

8~ component and may be written formally as follows:

F='F’8(r,w)e3wc s (A.1)
where,
s jnowsinee-jkr jkz' cos @
F (r,w)= I(z',w)e dz' .(A.2)
8 c 4w
-1
where,
Mo
no = T = intrinsic impedance of free space,
0
1 . .
c= = velocity of light in free space,
M€
oo
k = Y - propagation constant in free space,

c

(r, 6, @) = the spherical coordinates.

-

Let the slice generators have arbitrary time dependence such that the in-
put signal voltage envelope in time is represented by V(t). It is now assumed

that V(t) is Fourier transformable i.e.

V{t)esV(w) (A.3)
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'.’ which means that the following relations are true,

(0.0]

"\’l(w,) =f vit)e Mar (A.4)
- Q0
-« QO
V(t) = ?1'7; Vi taw . (A.5)
=

Assuming the linearity of the entire system and using the superposition theorem,
it can be shown that the far field produced by the antenna when excited by a slice

generator having arbitrary time dependence is given by the following expression:

(0]
E_(r, t—£)=L i3 (r,w)f\\;(w)ejwtdw ) (A.6)
6 c 2w 2]
-
" Notice that E g as given by Eq. (6) is dependent on the parameter r, and also

that it is delayed in time with respect to the input by -E which is the retarded
time taken by the signal to reach the far field point from the antenna., It is found
convenient sometimes to remove both of these effects from the final result. This

can be done as follows.

s (a4
Let us define a quantity f 5 which is related to F 5 in the following manner:

2
T(o,0)=r¥ (r,0) Yot
plow)l =1 F (r,uw)e

jn wsin 6 .

1 1

B 00477 f I(Z',w)ejkz cOsedZ'. (A.7)
-L

Similarly we can remove the dependence of r and -01: from Eq. (A, 6) and define

the following modified field quantity produced by the antenna excited by arbitrary
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time dependent input signals:

o0 jgr
1 ~ i
o f rF (r,w)e ¢ V(w)ejwtdw
2

-0

QO
—;—-f (6,0) ¥ (w) av (.8)

Thus, formally if the field fe (6, w) produced by harmonically time dependent

eB(G,t)

it

excitation of unit strength is known, then the field produced by any other time
dependent signal can be obtained with the help of Eq. (A.8). Of course, it is
assumed that the time dependent signal must have a Fourier transform.

From the analogy with signal transmission through linear system, we shall
call ?6 (6, w) given by Eq. (A.7) as the frequency response or the transfer func-
tion of the antenna and '59(9, W) = ?’9< 6, w) %(w) as the spectral density func-
tion of the radiated signal for arbitrary time dependent input signal. Note that
according to this definition ey (6, t) and '56(6, w) constitute a Fourier trans-

form pair, i.e.

e6(9,t)<—+'§'6(9,w) (A.9)

3. BRIEF OUTLINE OF THE REPORT

It can be seen from Eq. (A, 8) that the knowledge of the transfer function of the
antenna under consideration is necessary for obtaining the waveform radiated by
the antenna for arbitrary signal input. Equation(A.7) indicates that the current
distribution I(z, w) on the antenna for the harmonic time dependent excitation
must be known so that ?9 (8, w) may be evaluated. In the following sections we
at first determine the current distribution I {(z, w)}. This is done by numerically

solving a modified form of Hallen's integral equation,appropriate for the antenna
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under consideration. The transfer function 'f‘(;(e, w) is then obtained by numer-
ically evaluating Eq. (A,.7). The spectral density funption 'é'e( 8, w) is obtained
by multiplying the trénsfrt;f;fdh'c;ﬁidﬁ by thengbui'ier spectrum of the input signal.
Finally the wavefoi'm of the ”radiated signél is obtained by numerically evaluating
Eq.(A. 8) with the help of Fast Fourier Inversion technique. Two input waveforms
have been assumed in this work. They are the Gaussian and gamma pulse rep-

resented by

(A,.103a) |

v, (t) = te Yy(t) (A.10Db)

where the constants parameter o and 1/ d are proportional to the width of the
input pulse and U(t) is the unit step function. The Fourier spectra correspond-

ing to the signals given above are, respectively,

~ -w2 2/2

vV, () = J2m ce 0 ° (A.11a)

Y. () = L (A.11b)
o' T G+ d) '

4, INTEGRAL EQUATION FOR THE CURRENT DISTRIBUTION I(z, w).

In this section we discuss briefly the integral equation for the current dis-
tributions on thin cylindrical antennas continuously loaded with resistance. As
before we consider a linear antenna of length 2 L oriented along the z-axis of
the Cartesian coordinate system such that z =0 is at the center of the antenna.
Assuming azimuthally independent excitation, Hallen's integral equation for the
current distribution on a linear antenna excited by harmonically time dependent

slice generator of unit strength is given by:

L A

fI(z',w)G(Z,z')dz' = Bcos kz _j/Tl IESZ(E)sink(z—E)dE
0

L 0 (A.12)

69



where, Es . is the electric field on the surface of the antenna due to the induced
currents. G(z, z') is the free space Green's function and B is a constant to
be determingd from the end condition I(+ L) = 0, a is the radius of the antenna
element and S is the free space permittivity. Since the dipole is electrically
thin, i.e., % < 0. 01, we can assume the current to be located at the axis of the

antenna. This implies that the Green's function is approximately given by:

1/

2

e—jk [(z-z')2+azj

G(z,z') = (A.13)

/9
47 [(z-z')2+az]

If the antenna is loaded with distributed resistance R’s (z) ohms/ meter, then the

total tangential electrical field on the surface of the antenna is given by:
E(z)=1I(z,w)R (z)=E (z)+ E_ (z) (A, 14)
z s oz 82

where EOZ (z) is the field due to the externally impressed source. In the
present case the external source is assumed to be a unit slice generator with

harmonic time dependence, i.e.,

Eoz( z) = 6{(z) , where s§(z) is the Dirac delta function.
Under these conditions, the integral equation for the current distribution on a

symmetrically loaded lirear antenna is given by:

1
L . . 2] /2
fI(z',w)e—Jk z-z') ta
"L

dz!
s s
dq {(z-z"'")"+a
=Bcoskz——‘]—sink|z] +
2n0

70



Z

+ ;i;l—fI(E,w)RS(S)sink(z—g)d§ (A. 15)
(o}

0

Eq.(A. 15) is the desired integral equation for the current distribution on the issded

antenna when excited by slice generator of unit strength having harmonic time de-

pendence e Jut

In the next section Eq.(A. 15) will be solved numerically for some assumecd

values of RS (z). The loading function of special importance to us is of the form:

—C -~
L - |z|

Rs(z)=

Note that according to the previous notation of Eq. (12), r = C/L. For som2

special value of C, the above loading gives rise to a pure outward traveling »23

at a specific frequency on the anterma as discussed by Wu and Kingg. For this
reason the antenna with this special loading is sometimes referred to as the
reflectionless antenna. Baum1 arrived at the same conclusion firom his trans-
mission line model analysis of this antenna, We shall consider in detail the
effects of the loading of the type given by Eq. (A. 16) for various values of ©

including the value corresponding to the reflectionless case.

5, EVALUATION OF THE CURRENT DISTRIBUTION I(z, w).

1 .
Standard numerical technique 9 is used to solve Eq, {A. 15) for Iiz, w).
For this purpose the integral equation is reduced by momenis method to the

following set of N simultaneous algebraic equations:
N
Z I(z’,w)G(zj,z’)dz'
n=1 Az
n

= B cos kz, -2l sink|z,
] n J
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t
"'}'/noz f I(z',w)RS(z')sink(zj—z')dz‘

n Az
n
i=1, 2,...,N {A,17)

where the summation on the r.h.s. of Eq. (A, 17) is interpreted as:

N@

t
2=' z s forj_<_N/2
n n=j

]

= Z for j > N/Z

n=N2+1

(A. 18)

and it is assumed that N is an even number and z'e A 2 - Eq. (A.17) implies
that the antenna of length 2 L is divided into N sections, the numbering of the
sections increasing from 1 to N along the antenna length from -L to L as

shown in Fig. A-l,

7 = =1, z=0 z=1L

n=1 n=2 n=N/y n=N

FIG. A-1: Division of the antenna into N-sections.

It remains now to make an appropriate approximation to the current dis-

tribution I(z') in each of the sections Azn . When the antenna length is small
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electrically the usual pulse approximation20 to the current in each section pro-
vides sufficient accuracy. Since our preliminary results have been obtained by

this method we give here a brief discussion of the appropriate expressions used

in this method.

Pulse Approximation Expressions

In this method the unknown current in each section is assumed to be a rec-

tangular pulse, i.e.,

I(z!')

1]
L |

z'e Az n=1, 2,...,N
n

(A, 19)
0 elsewhere

H

Using Eq. (A.19) it can be shown that the general integral equation given by Eq.

(A.15) can be transformed into the following N simultaneous equations:

N
‘. ZIn f G(zj,z')dz'=Bcoskzj——-‘]—sink(zj)+

2n
n=1 Az °
h

L

1
+ j/noz I f RS(S)sink(zj—S)dS )

n
n (A, 20)

1
where the meaning the summation z is as explained before. In general the

n

unknown current I{z) and the unknown constant B are complex quantities.

Let us assume:

I(z) = IR(z) + jIC(z)

(A.21)
B=B_+jB

_ R C
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Separating Eq. (A.20) into real and imaginary parts we obtain:

l/2
cosk z —z') +a
f_.
Z BRc:osl::zj

1/2
{(z;l —z')2+a]

1 .
m /nOzIC f RS(S)smk(zj-’é')d'g"
o n Az

Y
2
N sink[(zj—z‘)zi—az’J
* z ICn 1/2
n=1 Azn 47 &ZJ _z')2+32]

s 15

cosk z -z') +a

-

IC 1/2 dz BC cos kzj
Azn 4w[zj-z')2+a2

+ l/n ZIRnf RS("S)sink(zj—%’)dg

n Az
n

Y

2

N sink[(z,—z')2+a2]

5 i
R

1
2 2
n=1 nAzn 47 [(Zj-z') +a] 2

1
= - sin k z,| ,
27)0 ‘J

dz' = 0

n=
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where the upper (lower) sign is used for j< N/2 (3> N/z) respectively.
The above sets of equations along with the end conditions have been solved
numerically for the unknown currents. The results will be discussed later.
Pulse approximation method provides farily accurate results for small antenna
lengths. However, if the antenna length is long electrically, to obtain suffi-
ciently accurate results, N must be chosen very large. Hence to obtain
accurate results without taxing the computer capability a different type of
approximation should be used. In the next section we discuss such a method.

Quadratic Approximation Expressions

As mentioned before, when the antenna length is large, the computer
capability makes it inappropriate to use the pulse approximation method. For
the present problem of resistively loaded linear antenna, it is known from theo-

>

retical considerations that the current amplitude decreases linearly towards
the ends of the antenna.
For this reason, we make the following quadratic approximation to the

unknown current in each section:

I(z")=A +B (z'-z )+C (z'~2 )2 , for z'e Az
n n n n n n

(A.24)
=0, otherwise,
where An, Bn’ Cn are three unknown constants. These constants are determined
by requiring that the continuation of I(z') expressions given by Eq. (A.24) into the
centers of the adjacent sections give the appropriate current values there. Thus

we obtain the following:

~
I(z ) =1 =A
n n n
2
= =A + - + -
I(zn_l) I _,=A +B (z _, z)+C (z _ -z) (A. 25)
2
= = A + -z )+ -
I(Zn+l) In+l An Bn(zn+l Zn) Cn(zn+1 z ) )



After eliminating A , B, C, from Eq. (A.5) with the help of the relations given
n

by Eq. (A.6) we obtain the following recurrence relation for the current in each

section:
1) = t + t + t 1 .26
Hzh=1 X (2")+1 Y (z")+1 2 (z ) ., forz'eaz  (A.26)
where
2
2" -z (z'—zn)
X {zt)= = + 4 , zte Az (A.27)
2 n
n 2AZ 9AZ
2
(z'-2 )
Y (z')=1« 1 s z'e Az (A.28)
n 2 n
AZ
z'--zn (z'—zn)2 \
Iy = + ' . (A.29
Zn(z ) 2AZ 2 ! z €AZn
2AZ

where it has been assumed that each subsection is of equal length Az. In view

of the fact that in Eq.(A. 26) the value of the current in section Azn is related to
the currents In K In—l in the centers of the adjacent sections Azn+l -1
respectively, the current values at the center and hence the entire two end sections

and Az
n

should be treated separately. For this purpose we make use of the

for obtaining the

Azl and AZN

two sets of current coefficients 1 I_ and I I

—L’Il’ 2 N-1° "N’ IL
currents in the sections Azl and AzN respectively. Using these two sets of

current coefficients we obtain the following from Eq. (A.24) to determine the currents

in the two end sections:

I(z') =1 Yl'(Z')+I Z{(Z') . for z'eAz, (A.30)

1 2

= ! t 1 1 f . .31
I(z') INYN(z )+IN_1XN(Z) s for z eAzN (A, 31)

where,
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" (z‘-—zl) (z'—zl)
b (p!) 2 ]+ —m———— & ) ——— 1
Yl(z ) =1 ~7 2 5 , z EAzl s (A.32)
Az
(z'—zl) 2(z‘—zl)2
Z'(z') = , z'eAz, |, (A.33)
1 3Az 3 Az 1
2
z'-zN 2(z'—zN)
1 ! = - - !
YN(z ) =1 e 5 , z eAzN s (A, 34)
Az
2
(z'—zN) 2(z'—zN)
1 1) = + t .
XN(z ) N — , z eAzN . (A. 35)
3Az

After substituting Egs. (A, 26)={A.35) into Eq. (A.17) the following set of N simul-

taneous equations are obtained:

l. I Y'! (2")G(z', z.)dz' + f X (z")G(z', z.)dz'
1 1 j 2 j

Azl Az

2
? 1 t 4 1 1 1 1 1 1
+ 12 f Zl(z )G(z!, zj)dz + f Y2(z )G(z', zj)dz + IXB(Z )G(z ,zj)dz
Azl Azz AZB
N-2
1 1 1 ! 1 1 1 l, d 1
+ z In f Zn_l(z )G(z ,zj)dz + fYn(z )G(z ,zj)dz + f Xn+1(z )G(z Zj) z
n=3 Az g Az AZ 11
' ! 1 1 ' 1 4
+ IN—-l f ZN_2(z )G(z?', zj)dz f YN_l(z )G(z!', zj)dz
AZN-—Z AZN—l
+ f X! (z")G(z', z,)dz' | T
N J
AzN
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+ t (gt t t 4 1 ! '
IN f YN(z )G{z!, zj)dz f ZN_l(z ¥G(z', zj)dz

A2y AZyn-1
Vo Jwe
= - : o+ t{zt Ndz! ! Bdo!
B cos kzj 57 Sin k[ z},! " Hl,jll Yl(z JF(z")dz! + X2(z YF(z')dz
° Az Az
1 2
|
+ H I f Z' (2")F(zt)dzt + Y. (2")F(z")dz! + f X (z')F(z')dz
2§ 2 1 2 3
Azl Azz AzS
N/2
+ z H I f 2 (2"F(atdz’ + f Y (2)F(z)dz’
n,j n n-1 n
n=3 Az NZ
n~1 n

r 1 1 i
+ f X (7 )F(z')dz , for j < N/2

Azn-i-l
]
2 H T f z__ (aP(z')dz! + f Y, (2)F(athdz! + f X_,,(2")F(z1)de!
n='1'§—+ 1 Azn-l AZn A‘an-l

+ ! )dz! + 1 Yot
HN-l,jIN—l f ZN_Z(Z JF(z')dz f YN—1<Z YF(z')dz

AZN-Z AZN_ 1

+ f X'N(z')F(z')dz‘

AZN

+HN,jIN f ZN_l(z')F(z')dz'+ in\I(z‘)F(z‘)dz' , {A.36)

AZN-l AzN
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S , for j>N/2 ,
j (as the subscript) =1,2,3,...,N
where

1, for j>m
H .
n. ] 0, for j<m

C .
F(z')= sink(z,-z') . (A.37)
L—|z" j

The above is a set of N algebraic equations involving the N unknown current

coefficients I s LN and the extra unknown constant B which is to be

I,.
1’72’
determined by applying the end condition I(-L)=0. By using Taylor's expansion

for the currents at the centers of the first three sections we obtain the following:

2
(zl+L)
= = + _, L - + (- .
1(z1) I, (zl L)I'(-L) 5 I'"'(-L) , (A.38)
(22+L)2
= = t{~ [ B .
I(z,) I, (22+L)I( L)+ 5 I"(-L) , (A.39)
(23+L)2
= = ' - . T4 (L
I(ZS) I, (23+L)I( L)+ 5 I'(-L) , (A.40)
where we have already used the fact I(-L) = 0. The derivative terms in
(A. 38)~(A,40) can be eliminated and we obtain the following extra equation:
- + = . .41
31, 101, + 151, =0 (A.41)

Thus Eqgs. (A«36) and (A.41) constitute a set of N+ 1 equations for the N+ 1 unknowns
(i.e., Il’ 12, e IN’ B). The system can now be solved by standard means.
If the end condition is applied at the other end of the antenna, i.e.

I(+L) = 0, then the following equations should be used instead of Eq. (A.41):
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- -+ =
151, - 101, +3L, , =0 . (A.42)

Eqgs.(A.41) and (A, 42) will be referred to as the 3-point end condition formula, In
order to estimate the accuracy of the results, computation has also been done

by using 4-point and 2-point end condition expressions. These have been obtained
by applying the end condition I(+L) =0 and retaining 4 and 2 terms in the Tay-
lor's expansion respectively. The relevant expressions for these two cases are:

- + - =
5Iy g+ 211 , - 351 +35I =0 , (4.43)

SIN- IN_l =0 ., (A, 44)

The above completes the theoretical discussion on the numerical procedure
to be followed in the determination of the current distribution for the loaded

linear antenna.

~
6. EVALUATION OF THE TRANSFER FUNCTION fe( 8, w)

In the previous section we discussed the numerical method of obtaining the
current distribution I{z, w) on the antenna for the harmonic time dependence
case. After introducing the sampled values of I{z, ) in Eq. (A.7), fe(G, w)
is obtained numerically with the help of the following equation:

~ W sin 8 j=z cos b '

£ (6, w)= j— == 21 e 01 Az, (A.45)
n n

n

where we have used the notation I{ Zn) = In and z'= z is the coordinate at
the center of the section /_\zn. The pulse approximation is good for transfer

function calculation because the current distribution is linear as mentioned before.

7, PRELIMINARY NUMERICAIL RESULTS

In this section we discuss briefly some preliminary numerical results
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obtained for a few simple cases. The motivation behind this section has been
mainly to ascertain the correctness and accuracy of the numerical technique used
for later investigation.

7.1 Uniformly Loaded Antenna L =)/2.

For the case of uniformly loaded dipole of total length 2L =X, there is no
variation of loading along the antenna, i.e., RS (z)= ri ohms/meter. Fig. A-2
shows the real and imaginary parts of the current distribution on a uniformly
loaded dipole for two values of ri‘ . These results have been obtained by using
Egs. (21)-(23) with N =30, In Fig. A=2 we have used the notation ¢i= 2Ari/n0
where A is the wavelength and 770 is the intrinsic impedance of freca?L 2space.
The results shown here compare very well with those of King, et.al. . Thus
it proves the correctness of the computation followed here.

7.2 Non-Reflecting Loaded Case L =A.

Here consider a one wavelength long linear antenna non-uniformly loaded
according to Eq.(A. 16). The radius a of the antenna element is chosen such
that Q = 2 1n%—= 11.5 . This value of 2 is chosen so that our results may
be compared with some available published results. Wu and King3 predicted
from theoretical considerations that a purely outgoing traveling wave of current
is sustained on the antenna loaded according to Eq. (A. 16) provided the constant
C is chosen to be equal to 60 Yo with Yo =5.3 . In other words the antenna

considered in this section is loaded as follows:

60 Yo

L-]a| (A.46)

R, (z) =
with Yo = 5.3 (Note: in this notation, r = 60 (jzgar/L). The Y« notation is used
here to correspond to that used in Wu and King~. Figure A-3 gives the amplitude
of the current distribution on the antenna as obtained by numerical computation
using pulse approximation with N =30, The current distributions obtained for the

same antenna by Taylor23 and Shen18 are also shown in Figure A-3 for compari-
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FIG. A-2: Real (I )} and imaginary (Ic) parts of the current dis’tribu}ion
on uniférmly loaded dipolé. L=x/2,  £=9.92, p= 2/,
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FIG, A-3: Current distribution on non-reflectively loaded monopole. 2 =11.5, wL{ ¢c =27, ya=5.3.



son. The results of Shen have been obtained experimentally and those of Taylor
have been obtained by numerical solution of Pocklington integral equation for
the current distribution. Figure A-3 indicates that our computed results agree
fairly well with Shen's experimental values.

7.3 Exponentially Loaded Case

Fig. A~-4 shows the current distributions on a one wavelength long monopole

loaded exponentially. The loading function used is

R (z) = o1zl , (A, 47)

where c' is a constant and o is another constant which determines the rate

of loading. In order to compare the results of Fig. A~4 with those of Fig., A-3 the
constant c¢' is chosen tobe c'=604a=60x5.3. Fig. A-4 shows the current dis-
tributions obtained numerically with the help of Egs. ;‘(A. 21)-(A,23) with N =30 for
two cases with «=2.2 and o¢=-2.2. The case with «=2.2 corresponds approx—
imately to Shen's18 and it clearly shows the existence of a traveling wave type of
current distribution. For o =-2.2, the loading decreases towards the end and

the current distribution obtained is of standing wave nature.

7.4 Phase Distribution of the Current

Fig. A-5 shows the phase variations of the current along the length of the an-
tenna for the different non-uniformly loaded cases considered above. The pro-
gressive linear variations of phase for the non-refiecting case indicates the exis-
tence of a pure traveling wave of current in the antenna. It is interesting to ob-
serve from Fig. A-4 that for the exponentially loaded case with ¢' =60 x 5,3,

o =2.2 the antenna may be considered to be approximately non-reflecting. This
observation may have significant implications for theoretical analysis of such
antennas. No such conclusion can be made from the phase variation for the
exponentially loaded antenna with o=-2.2.

7.5 Results for a Long Antenna 2L =5X

In the previous sections numerical results have been given for an antenna
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having total length 2L =2X. During the process of obtaining the transfer func-
tion of the antenna as a function of frequency, the effective length of the antenna
becomes very large at the high frequency end. The computer capacity as well

as the accuracy of the numerical resulis restrict the highest frequency for which
the transfer function can be evaluated. For long antennas, the computer program
should be modified for retaining satisfactory accuracy of the results without tax-
ing the computer. For small antenna length the usual pulse approximation for
the current in each section Azn provides sufficient accuracy as has been found
in the previous sections. As discussed in Section 4, for long antennas we use the
quadratic approximation to the current during the numerical evaluation of the
current. We study the accuracy of this procedure in this section. In addition

to this we also investigate the use of 4~, 3- and 2~point end conditions for the
long antenna case. The results of a sample computation done for the case with

2 L =5X with different values of the loading parameter in Eq. (A. 16) are discussed
in the present section.

Figs. A-6 -- A-8 show the current amplitude distribution, the current phase
distribution and the transfer function respectively of the non-reflecting loaded
linear antenna of length 2 L =5A with the loading parameter C=60x 5.3. All
these curves have been obtained by using Eqs.(A.36)with N =30. In each case
the results obtained by using 4-, 3- and 2-point end condition expressions are
also shown in Figs, A«5~~A-7, It can be seen from Figs. A-5-—— A-7 that the results are
not appreciably different among the three cases. However, near the end of the
antenna the results are found to differ with each other slightly. From a study of
Figs. A=b and A-6, in particular, the phase variation near the end of the antenna as
shown in Fig. A-6 it is concluded that the 4-point end condition expression given by
Eq. (A.43) is more accurate and hence should be used during the numerical com-
putation of the transfer function of the antenna for high frequencies. Figure A-9 'shows
the amplitude of the current distribution on the antenna as a function of the IO:CE;g

parameter C =60y obtained by Eq. (A, 36) with N =30 and the 4~point end condition.
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It is interesting to observe here that on the basis of King's work, the ex~
pansion factor ¢ is a fixed value for one particular size and frequency. That
means only at this specific value of loading (60¢ o) and specific frequency, we
can have a reflectionless current wave on the antenna. For C < 60 x 5, the
reflection effects on the current distribution become quite appreciable as expected.
While C > 60 x 7, Fig. A-9 tells us the nonreflective nature. The higher value of load-
ing on the antenna supresses the small amount of reflection that occurs due to the use
of a value of ¢ slightly different from the specific value referred to above.

On the basis of the results given in this section, we have decided to use the
4-point end~condition expression during the numerical computation. Six subsections

per wavelength to divide the antenna is required to guarantee the accuracy.,

8. CURRENT DISTRIBUTION I(z, w) ON THE LOADED ANTENNA

In this section we give the numerical results obtained for the amplitude of the
current distribution I(z, w) for the harmonically excited loaded antenna. The
loading used is of the form given by Eq. (A. 16} with C variable. Figures A-10a-
A-10d show the amplitude of the current distribution on the antenna with antenna
length as parameter for different values of the loading.

The amplitude of the current in general increases as the frequency is in-
creased. The value of the magnitude at the same frequency is surpressed by the
higher loading as expected. The current distribution is not strictly linear as
those of the transmission line found by Baum. It is due to the factor ¢ which is
a function of the thickness ratio of the antenna and the frequency used. So it is
not possible to excite a traveling current wave for all frequencies on an antenna

of fixed size.

~
9. TRANSFER FUNCTION OF THE LOADED ANTENNA fG( 6, w).

In this section the magnitude and phase of the transfer function of the antenna

are given as functions of wL/c for different values of the loading parameter C.
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These have been obtained numerically with the help of Eq. (A.45) and the sam-
pled values of the current distributions discussed in the previous section. Figures
A-1lla-A-11d give the variations of the magnitude and phase of the transfer func-
tion in the broadside direction (8= 7/2) of the antenna and for four values of

the loading parameter c. Similar results are given for 6=7/3, 6=7/4,

6 = /6 in Figs. A~12--A-14 respectively, Each figure contains four different
values of the loading factor C. In all the curves shown,l?(;( 0, w)l approaches
zero as W approaches zero, which corresponds to the fact that there is no
radiation at zero frequency. For higher frequencies, |’f;( B, w )| appears to be

an oscillating function and tends to decrease with increase of the frequency. The
phase of ?6 (6, w) falls steadily to a positive constant. Wu and K:'Lng3 proved that
the asympotatic value of the transfer function is a constant. However, within

the range of the computations covered here the transfer function in Figs. A-11=~-A~14
does not reach its asymptotic value especially for 6 =7/6. For an unloaded

thin linear antenna, we know that the transfer function would be zero for L =nA

at the broadside direction ( where n is an integer) when the current is sinu-
soidal. Fig. A-lla shows that the values at kL =27, 47, 67, 87 are minimal,
For higher values of C, the loading reduces the ringing which is due to the
reflection from the end.

It is appropriate to mention here that the impulse response of the antenna
may be obtained by numerically carrying out the inverse Fourier transform.
However, the data for ?é (6, w) obtained so far is not sufficient to get reasonably
good results. Taylor has shown that the transfer function reaches its asymptotic

value at a certain frequency which is beyond the value wL/c =25 considered here.

10. NUMERICAL RESULTS

In this section we discuss the numerical results for two different shapes of
voltage input. Spectral density is obtained by multiplying the transfer function

with the input pulse spectrum. The waveform of the radiated signal is then
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obtained by using Fast Fourier inversion technique.

10. 1 Spectral Density 'é‘G(G, w) and the Time Domain Solution ee( g, t) of the
Radiated Field Excited by Gaussian Type Pulse

In this section, results are given for the spectral density '59(9, w) and the
time domain solution 3'9(9, t) excited by a Gaussian pulse input. The form of
the input pulse and its Fourier transform are given by Eqgs. (A. 10a) and (A.11la). For
the time domain results shown here, the antenna length is taken to be L =1 meter.
This implies that the transit time on the antenna for centerfed case is 7=L/c=3.33
nanosecond. The radius a of the antenna element is chosen such that
Q=21In -2-31‘[-= 11.5 in all cases.

The spectral density 'é'e( 9, v} of the radiated waveform shown here has
been obtained by multiplying the transfer function of the antenna by the Fourier
spectrum density function of the input signal. The waveform e 6(9, t) of the
radiation field produced by the antenna excited by the Gaussian signal has been
obtained by numerically carrying out the integral in Eq. (A.8) with the aid of Fast
Fourier inversion technique.

The results shown here have been calculated in the directions 8= 7 / 2,

7/3, /4 and 7 /6 from the antenna, where 6 =7 /2 corresponds to the broadside
direction. Three different values of the width of the Gaussian pulse have been
considered for 6 = /2, while only 2 narrow pulse has been obtained for the other
directions. These pulses are chosen such that the spectral density will converge
to zero at high frequencies. Four different values of the loading constant are used
in each case. Figs. A-15-~A=17 show '%’(w/2, w)‘ versus kL and ee(vr/z, t) ver-
sus t for these cases with 0=0.471 nsec., 1 nsec., 3.33 nsec. respectively.
From the frequency domain results, we observe that for a wider pulse only the
low frequency portion of the transfer function is responsible for the overall
response. For example, when ¢ =3.33 nsec., we only have to consider the
frequency spectrum up to kL = 3. 5 as shown in Fig. A~17. For a narrow pulse,

a wider frequency domain of the antenna transfer function has to be considered.

However, if the width of the pulse is too narrow, then the computing time re-
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quired becomes excessive. For practical consideration of the computing time, we
we have chosen ¢ =0.471 nsec. such that the upper frequency spectrum limit
corresponds to kI. =25,

Fig. A-15a shows |e9( 7/2, w)l for 0=0,471 nsec. For values of C=60x4
and C = (60 x 5, the ringing phenomenon enters the picture. For C exceeds 60 x 8
the ringing disappears.

From the time domain results shown in Fig. A-15b, it appears that the
initial part of the waveform represents predominantly the time derivative of the
input Gaussian pulse. The general shape of the waveform depends on the radio
o/T as expected. It is also seen that after the second zero crossing, e(r/2,t)
remains positive for all positive values of t and the magnitude decreases with
the increasing C of the resistive loading.

Corresponding results are shown in Figs. A-18~-A-20 for three other directions
with o =0.471 nsec. and for four different resistive loading. The general charac-
teristics are similar to those discussed above. Due to the difference of the path
length, the reflection occurs at different frequenciesl'é"e( 6, w)| . The strength
of the far field is maximum at 6 =7 /2 and decreases as 6 deviates from the
broadside direction. In every case, the effect of loading in general reduces or

climinates the ringing.

10.2 Spectral Density ©.(6, w) and the Time Domain Solution e {0 t) of the
v
Radiated Field Excited by a Gamma Pulse

In this section, we consider an input voltage function represented by a Gamma
pulse. The equations which define this pulse and its transform are given by Egs. (A. 10b)
and{A. 11b). Unlike the Gaussian pulse, the Gamma pulse is defined here for positive
values of t only.

The spectral density "e'e(e, w) shown here, again, has been obtained by
multiplying the transfer function of the antenna with the Fourier Spectrum of the
input signal. Then Fast Fourier inversion technique is used as before.

The results shown in Figs. A-22 —~A-25, correspond to one particular pulse width
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at four different directions. For each direction in space, four values of loading
have been considered. The width d of the gamma pulse is chosen to be
1.7x 109 / sec. which approximates the same width as that of a Gaussgian pulse
with 0 =0.47. Figure A-21 shows the input gamma pulse reproduced by using the
Fast Fourier inversion program. This computation is to show the round-off
error involved in the F. F.T. program for sharply rising pulse. The truncation
of the high frequency portion of the spectrum also induces error. The error
results in the oscillating portion for negative value of t and the shift of the
starting point to the left instead of at zero. Similar error would be introduced
in computing the time domain solutions based on gamma pulse input.

Since gamma pulse does not converge to zero as fast as Gaussian pulse,
the spectral density shows small ogcillation at high frequencies as shown in
Figs, A~22 ~-A-25, The truncation of a gamma pulse also introduces a larger error
than that of a Gaussian at the same truncation frequency. Except for these minor
variations, the general behavior of the time domain solution presented previously

for the Gaussian pulse also applies to the gamma pulse.

11. CONCLUSION

The waveform of the far-zone field radiated by 2 non-uniform resistively
loaded linear antenna excited by a voltage pulse has been investigated by numeri~
cal means. Results have been obtained for a Gaussian pulse with three different
pulse width and for one particular gamma pulse at four directions of observation.
Various values of the loading parameter have been considered.

In general, the resultant waveform corresponds to the convolution of the
harmonic response and the input signal. The initial portion of the resultant wave
however, appears to be proportional to time derivative of the input signal.

The result shows that the amplitude of the current distribution on the har-

monically excited antenna is almost linear, being independent of the loading resis-
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tance when the latter exceeds certain value. The phase of the current represents
the characteristics of a traveling wave. Thus, the analysis of Baum1 based on the
transmission line model appears to be a valid description of the current for a
resistively loaded antenna too. Our study also verifies the work of Wu and

K;ing3 who examined the problem only for one particular loading at a single
frequency. In the broadside direction, the waveform exhibits a compression

in pulse width as the loading resistance is increased. No general trend is ob-
served in other directions.

For a Gaussian pulse, our numerical results check very well with the
analytical solution which indicates that the computing program has been properly
executed. To simulate practical problems, we have considered the excitation
to be presented by gamma pulse. In general, much of the result obtained using
the Gaussian pulse also applies to the gamma pulse. One significant difference
concerns the computing error involved in the two cases. For a gamma pulse,
the truncation error appears to be prominent. As a whole, it appears that a
"eritical' damping can be achieved when the loading resistance attains a certain

sufficiently high value, corresponding to C > 60 x 10,
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APPENDIX B

ANALYTICAL INVESTIGATION OF WAVEFORMS RADIATED
BY A RESISTIVELY LOADED LINEAR ANTENNA
EXCITED BY A GAUSSIAN PULSE

ABSTRACT

The far field waveforms radiated by linear antennas loaded non-uniformly and
continuously with resistance are investigated analytically. The antennas considered
are symmetrical and excited at the centers by slice generators having Gaussian
pulse type of time dependence. Expressions have been developed for the far field
waveforms produced by such antennas in any direction. The analytic results have
been compared with those obtained by direct numerical means. The general agree~
ment between the two results has been found to be satisfactory. It is thus concluded
that the various expressions given may be used to study the behavior of waveforms
radiated by a resistively loaded linear antenna excited by Gaussian pulse type signals.
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1. INTRODUCTION

The present report discusses analytically the far field waveforms produced by
symmetrical linear antennas loaded non-uniformly and continuously with resistance.
The antennas considered are thin cylinders and excited at the centers by slice genera-
tors having Gaussian pulse type of time dependence. Emphasis is given here to a
specific type of loading in which the amount of loading increases continuously towards
the antenna end—points.

Direct numerical investigation of such a problem has been discussed in
Appendix A, Here we derive theoretical expressions for the waveforms produced by
the loaded linear antenna excited by Gaussian pulse type time dependent signals.
Fourier transform technique is utilized in obtaining the final time dependent results.
Numerical results are obtained by computing the various expressions derived. These

results are then compared with those obtained by direct numerical means.

2. BASIC RELATIONS

Let us assume that the linear antenna of length 2 L be aligned along the z-axis
of a rectangular coordinate system with the origin located at the center of the antenna
and that it is excited by a slice generator located at the origin. The far electric
field produced by the antenna when excited by a harmonically time dependent slice

generator of unit strength consists of only a f-component and is given by the following

expression:
F=’i56(r,61,w) vt , (B.1)
where,
LW
~ jwn sind Jet L j-‘-"-z'cose
0 r~ c
F(r, 6, w) = I(z',w)e dz' (B.2)
d7 ¢ r
=L
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O

T = P is the intrinsic impedance of free space,
o
1 . . . .
c = G is the velocity of light in free space,
J o o

r, 8, § are the spherical polar coordinates of the far field point with origin

located at the center of the antenna,

T( z', ) is the current distribution on the antenna due to the harmonically
time dependent slice generator.
'f 9( r, 8, w) is the time independent far electric field produced by the antenna and
may be looked upon as the transfer function of the antenna. For convenience we de-

fine the following modified form for the antenna transfer function:

_ — i%r
fe(e,w) = rFe(r, 6,w) e
jwnosine L ~ j%z'cose
= ——————-I I(z',w)e dz! s (B.3)
d7c

- L

Notice that in the modified transfer function given by Eq.(B. 3), the dependence on the
factor r as well as the phase shift suffered by the signal in traveling from the an-
tenna to the field point are both suppressed.

Let the time waveform of the input voltage signal be given by:

2
~t% 2
V(t) = e /20 ) (B. 4)

where ¢ is proportional to the width of the input Gaussian pulse. The Fourier

~o
transform V(w) of V(t) is obtained as follows:
P
~ iy
Vie) = f vi(t)e ™ at = fTroe 2 (B.5)

-
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By making use of the linearity of the system along with superposition theorem and
‘. the concepts of Fourier transform technique, it can be shown that the modified time
dependent far field produced by the antenna excited by a Gaussian voltage pulse is

given by the following:

©
1
ee(G,t) = 3 e (6,w)e
- 00
108
- 'fv(e,(JJ)'\‘/"(LL))eMt . (B.6)
2T ]
- 0

In Eq. (B. 6) the quanntity' '59( 6, w) =?;( 8, w)V(w) may be looked upon as the spectral
density of the far field wave. Notice that by definitien e 9( 6, t) and ge( 8, w) are

related to each other by the following transform relationship

~ ~juot
ee(e,w) ee(e,t)e dt

- 00

'f;(e,w)'\‘/:(w) . (B,7)

3. TRANSFER FUNCTION OF THE ANTENNA 'f;( 6, w).

In this section we discuss the evaluation of the modified transfer function of the

antenna as given by Eq. (B.3). To obtain f (6, w) it is necessary to know the current
distribution I (z, w) on the antenna e=xc1ted by the harmonically time dependent unit

slice generator.

Let the antenna be resistively loaded in the following fashion:

C
rs(z) = L_|Z|0hms/meter , (B.8)
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where C is a constant expressed in ohms. For some special value of C, the loaded .

linear antenna sustains a pure outward traveling wave of current for the time harmonic

case ’ 4 . In particular, for the non-reflecting case the necessary loading is,
ny
. _o 1
I‘S(Z)" o7 L—|Z| (B.g)
RS
which means that the constant C =2—?T ., where ¥ is obtained from the expansion

parameter as defined by King and Wu 2.(Note: in this notation r0= C/L). As dis-
cussed in the references cited, the current distribution on the antenna loaded
according to Eq. (B.8) and excited by a harmonically time dependent unit slice
generator is given by:
jwL/ 3%z
2 c izl c

T(z, v = 1- e ) (B. 10)
E + -
n Y {1+l L

We shall not go into more discussion of the current distribution on the antenna. The
parameter ¥ in Eq. (B.10) is very slowly varying function3 of w and will be assumed .
from now on that ¢ is a constant for an antenna of given length L and Q= 24n %— s
where a is the radius of the antenna element. For the non-reflecting case
¥=5.3. Thus Eq. (B. 10} gives the complete description of the current distribution
on the non-reflectively loaded linear antenna excited by a harmonically time depen-
dent slice generator of unit strength.
After introducing Eq. (B. 10) into Eq, (B. 3) the following expression is obtained for

the antenna transfer function:

~ _sind (jut) (jur)
fg (80} = =0 “Trjur

0

1
xf (1-|v] ) o~V JurveosE (B. 11)
-1
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where,

T = = ig the transit tirne of the signal on the antenna.

olt

The integral involved in Eq. (B. 11) can be carried out in closed form and is

given by the following:

1
f (1-]v]) e—Jlev]er'rv cos 6 dv
-1

1 e—]w‘T( 1-cos @)

) jwuT(l-cos6) | jwT (L-cosb)

1

+ 1

- +
1 . jwuT (1 cosG)_

jwr (l+cosf)| juwrt (1 +cosb)

1

+1 . (B.12)

After introducing Eq. (B. 12) into Eq. (B.11) we obtain the complete expression for the

antenna transfer function ;f;( 0,w).

4. SPECTRAL DENSITY OF THE FAR FIELD WAVEFORM: Ee(ﬁ, w).

In this section we obtain the spectral density function 'é'e( 6, w) for the antenna

when excited by a Gaussian pulse. This is done by making use of Egs. (B.5), (B.7)
(B.11) and (B. 12) and the final result is given by the following expression:

2 2
~ _ g [T (jut) (jwT) oW/
ee(G,w)— w\/’;sme T+ 07 e

-jwTt (1-cosB)
1 1 e -1
% jwT 1-cos @ { (jwT) (1=-cos6) +1} (B.13)

-jwTt (1+cosB)
+ .1 1 e -1 +1
jwT l+cosé (jwt) (1+cosb)
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In particular, in the broadside direction of the antenna 6=« / 2 and we obtain the

following simplified expression for the spectral density of the far field waveform:

2 2
- w/ : .
~ T _ g 2 (jur) (jwt)
99(2“")‘\)2” v 1+jur
. -jwr/

1 1 sinwt/2 2

- - e . (B. 14)

juT  juT  wT/2

All the important frequency domain results pertinent to the antenna may be obtained

from Eq. (B. 13). It is useful to investigate the high and low frequency behavior of

'é'e (6, w) analytically. After studying the behavior of ’é’e(e, w) as given by Eq. (13)

in the low and high frequency limits it is found that

2 2
~ a7 i w/2
ee(e,w)"-‘-‘; 5 (jwT) sinb e , for wr K1 (B. 15)
2 2
~ [0 l i w/Z
ee(e,w)'vw |}27r i , for wT>>1 . (B. 16}

The above two relations indicate that for all @ #0, 'é"e( 8, w)—>0 as w->0 and co.
After study Eq. (B.13) for 8 0 it is found that g (6, w) =0, Thus it is concluded

that for all values 6, the spectral density function tends to zero in both the low and
high frequency limits.

5. EVALUATION OF THE FAR FIELD WAVEFORM g

After introducing Eq. (B. 13) into Eq. (B.6) and some algebraic manipulations the
far field waveform can be written in the following form:

e, (0, t) = g 7% sine[r(v,t)ﬂ(u',t)] , (B.17)
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where

2 .
-0 W ) . -jw
1 /2 1 e W wr
L, t)= o7 e (ﬂ)j(;w:) oy 2 2 a (8,19
! (jun” v
- Q
v = 1~cos @

. (B'lg)
v'= 1+cos 6 ’

The integral in Eq. (B. 18) may be carried out by applying the convolution theorem.

For this purpose it has been found convenient to write Eq. (B. 18) in the following

form:
I(y,t) = Il(v,t)+I2(v,t) . (B, 20)
where, © Y wz/
1 2 (jwr) (ur) 1 juT
I = —
1(v,t) oy e e jm_ye do |, (B.21)
- 0
rY —ozwz/ - jwTy
L(v,t) = == e 2 (jur) Jur) e =L T4 . (B.22)
2 2 1+jwr Y
. (jwr)” v

Let us consider the integral given by Eq. (B, 21) first. It can be shown that
I (v, t) can be written as follows:

Il(v,t)=Il' (v, t)+Il”(v,t) , (B. 23)
where, ® _ozwz/
1 1 . 1 2 jwr
! S —— —
I, (v, t) o f (Jw)1 5 e e dw (B, 24)
-0 2
T
811' (v, t)
1} 2 o A ——
I (v, t) T ” . (B.25)

We now make use of the following two Fourier transform relai:ioms:25
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-t 2 - cr/
/ZGF—) 27 o e 2 , (B. 26)
1r're— t/T 1
N ’.L.{. 2 . (B.27)
7 tw
T

After using the relations (B.26) and (B. 27} and making use of the convolution

theorem Eq.(B. 24) can be transformed into the following form:

“ (t )2 2 ol
-(t-o -\
L) = [T 1 fe /26 . [r o

-— B.28
2 ov ot ( )
-
From Eg.(B.25) we obtain I‘{ (v, t) as follows:
(03] 2
2 -(t-e)), 2 -laf
I”(v,t)=—J—£_--—T— 9 e /20 e /7 do . (B.29)
1 2 ov 2
ot
-0

Before evaluating the integrals in Egs. (B. 28) and (B. 29) we discuss the integral

I2 (v, t) given by Eq. (B.22). It has been found convenient to write 12 (v, t)
in the following form:

Iz(v,t)= Izl(v,t)-Iz}_(z/,t-'rv) (B.30)
where, 9
@ -0/,
I (v, t) = -— 5 & J¥ qu (B.31)
21 2T v 1+ jwr
-

It can be shown that 121 {v, t} can be written as follows:
= I + I B. 32
Izl(v,t) 121(u,t) Izl(v,t) , ( )
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where

2 2
© -0 w/2
1 1 e jwuT
I' (v, t) = - ~=-— — € dw (B, 33)
21 v2 2w 1+w27-2
-
I (v, t) = =7 2=1! (v, t) (B.34)
217 ot "21°7° ’ '

Following the similar procedure as before, Eq. (B, 33) can be transformed into the

following form:

' - fjr L1
I (v, t) J; > °f e

vV T

-(t-ar)z/

2 -Ial
20 /7 da (B. 35)

1'2'1(1/, t) can be evaluated by making use of Eqs. (B.33) and (B, 34).
It can be shown that Il’ (v, t) as given by Eq.(B. 28) may be expressed in the

following form:

02/ 2
' I 27
Il(v’t) 2v1'e
t/
.1l t . a T
X -{l+er1. —\E (?+T)}e
t
S S A 3 /7
+{1-eriﬁ (=+7) e , (B. 36)

where the error function is defined as follows

X

) 2
erf x = ;/—_2'= fe t dt . (B. 37)
T

0
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After using Eqgs. {B. 36) and (B, 29), I_![' (v, t) is obtained as in the following

I”(v t),__,_.f.._l_ _2...1 e-.t%‘?o'z
17 2 vrT VZ o
2
-0/ 2 -t/
27 L.t _ g 7
- e {(l+erf&,(6 T))e
t
1 t o /7
+ - = -4 =
(1 erfﬁ (6 T))e } . (B.38)
Introducing Egs. (B. 38} and (B. 36) into Eq. (B,23), we obtain the following expression
for Il(v, t):
2
o/ 2 —t/
=T | _g, /2T Lot _¢g T
Il(v,t)--vcr - e {1+erf\f§.(cr T)} e
2
-t 2
1 /26
+ —
NG e (B. 39)
I,'21(V’ t) as given by Eq. (B. 35) can be evaluated in closed form and is given
by:
s t)= - —— e erf = (= -2 e
21 2 2 vz o
£
1 i o /'r
+(l-erf — (< +7F) e . (B. 40)
{ v o7 }
After using Eqs. (B. 34) and (B. 40) Ié’l(v, t) is obtained as follows:
2
o7y 2 -t/
1 2T 1 t o T
T (V,t)'-"- E___e —{1+erf——(—-—-)}e
o
21 2 2 = -
t
l t o /7'
+{1-erf\{—§-(;+;)}e . (B. 41)



By making use of Egs. (B, 40), (B.41) and (B. 32) we obtain:

2
o 2 -t
1 927 1,t g /+
121(1/,1:) -7 zTe {1+erf ( —T)}e . (B. 42)

v V2 o

Introducing Eq. (B.42) into Eq, (B, 30) we obtain:

0'/ 2 -t/
T o 2T 1 t O T +
= —— = -(1+ —_— (= =
Iz(v,t) oyl i { erf‘/5 p- T)}e
_t-Tv
1l t-7Tp o T
+{:1+erf 2( p —T)} e . (B. 43)

After introducing Egs. (B.42) and (B, 43) into Eq, (B, 20) we finally obtain the following:

2

2
-t 2 -t/ 0'/ 2
7| 1 "'/26° o 1 1 t o r /27
= — | = -=(1+= + —_—(=-=
I(v, t) 7o | VT © T(l v) {l erf\@'(a T)}e e
02/ 9 _t=Tv
g 2T l  t-tv o T
+ = +erf= (=% -Z . (B.44
~ © {1 erf\ﬁ( . 7)} e ( )
Changing v to v' in Eq. (B.44) we obtain:
2 2
-t 2 —t/ cr/ 2
Cy et | L 26 g o toapfi (L C Te /27T
I(v',t) oo | 77 © - (1 v') 1 erfz((r -) e e

(B.45)
Thus we obtain the following expression for I (v, t) + I(v', t):

2
1 TH/942

oy x| L1, 1
(v, 6) + T, 8) = 2| = (4 e
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-t/ 43 2
1 +
L T /27 l+erf—‘(%~g) V_i+
T J2 T 2 ot
t-v7
2 -
o/ 2 T
g 2T l , t-v 17 ¢ e
+ = (1+ exf—/( =))
2
T \/'2' T ”
t-v'T

!
b1 terfa (KT _C)) 8

\/'2_ o T v‘2

(B. 46)

Introducing Eq. (B, 40} into Eq. (B.17) we obtain the following expression for the far

field waveform produced by the antenna:

—t/ 2
T T 1 1 1 20
x - — 3 e o

ee(e,t) 11”/2 s1n6ﬁ.(y v') e

2
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o 0/272 t-v 1 _g
+ = e 1+erf'—( )
T J2
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02/27'2 t-v't o i
+Z ¢ 1+erf= -=)
T /5 T
where,
v = 1+cos @,
! = 1l-cosf,

In the direction 6=7/2, v=p'=1 and we obtain from Eq. (B.47):
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At time t=0 the Eq. (B.47) reduces to the following:
¢,(6,0) = ﬂ sing| = (%4 —)
w V2 v
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g °2/272 1 -erfa [XL4+2 il- (B. 49)
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The broadside field produced by the antenna at time t=0 is obtained by setting
6=7/2 and v=v'=1 in Eq. (B.48) and is given by:

2
(Z,00=Z 37| =-22 27 et (2
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For both large positive and negative time, i.e., t >>7, and 7> 0o, it can be

shown that Eq. (B. 48) can be approximated by the following:

s
T avV2 e o
e (=,t)~
6" 2 v 5
‘t{>>7 9
0/272 _t/'r
+2 ¢ 1+ erf (e=2) e .
T 20

el >> 7, >0 (B.51)

It can be seen from Eq. (B.50) that e9(7r/2, t}—>0 as t—Yow which is as it should be.

It can be seen from Egs. (B. 47} and (B. 48) that the radiated waveform is different
from Gaussian and also that it is a function of the parameter o/7. It is thus antici-
pated that the radiated pulse shape will strongly depend on the ratio of the input

pulse width to the transit time on the antenna.

6. TIME DEPENDENT CURRENT DISTRIBUTION i(z, t)

In some cases it may be of interest to know explicitly the time dependent current
distribution on the Gaussian pulse excited loaded antenna. The current distribution
on the antenna excited by a harmonically time dependent unit slice generator is given
by Eq. (B.10). For a Gaussian input signal of the form given by Egs. (B.4) and (B. 5),
the time dependent current distribution on the antenna is obtained by using the follow-
ing relations:

iz, t) = ZLW T(z, ) V(w) ™ do (B.52)

& Sy 3

where 1( z, w) and "}’,(w) are given by Egs. (B. 10) and (B. 5) respectively. The integral
in Eq. (B.52) can be evaluated in closed form in a manner discussed in Section 5. The

final expression for the time dependent current distribution is given by the following:
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V(t) = e 7 is given by:
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7. NUMERICAL RESULTS

In this section we discuss some of the selected results obtained by numerical
computation of the waveform expressions derived in section 5. Figs, B~1 and B-2 show
ee(‘g' ,t) vs t for o= 1.0ns and ¢ = 0.471 ns respectively and for two different
values of the parameter /. In both cases the transit time on the antenna is 7= 3. 33 ns.
The corresponding values of e e(g' , t) obtained by direct numerical investigation
are also shown in the same figures for comparison.

The direct numerical investigation of the problem has been discussed in a
Appendix A. However, it is appropriate here to give a very brief outline of the
numerical method. In this method, at first, the current distribution AIJ( z, ) on the

harmonically excited loaded antenna is obtained by numerically solving an appropriate

"~/
form of Hallen's integral equation. The transfer function f 6( 8, w) of the antenna and
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the spectral density “e'e( 6, w) of the radiated waveform are then obtained by
numerically evaluating Eq. (6) with the help of fast Fourier inversion technique.

The results shown in Figs, B-1 and B-2 indicate that the agreement between the
analytical and numerical solutions may be considered to be satisfactory. In particu-
lar, in the main pulse region the two results agree very well.

Figs. B-3 and B-4 show the radiated waveforms obtained from Eq. (B. 47) for
three different values of 6 and for ¢ =1 ns, and o=0.471 ns. The transit time on

the antenna is 7=3. 33 ns.

8: CONCLUSION

In the above we have developed analytic expressions for the waveforms radiated
by a resistively loaded linear antenna excited by Gaussian pulse. The antenna is
assumed to be loaded such that it sustains a pure traveling wave of current. The
analytic results have been compared with those obtained by direct numerical means.
The general agreement between the two results has been found to be satisfactory.

It is thus concluded that the various expressions given above may be used to study
the behavior of waveforms radiated by a resistively loaded linear antenna excited

by a Gaussian pulse.

154



——— analytical solution

100 | 9  numerical solution

8.15 9.78 11.41 13.04 14.67

t in nanoseconds ——

/

/ FIG. B-la: Far field waveform in the broadside direction.

-120- oc=1ns8; 73.33 ns; Y=5.

o\

- 16J \\//

T




9¢1

150 A

——— analytical solution
¥~ numerical solution

/ﬂ% |

8.15 9.78  11.41  13.04

t in nanoseconds ——

FIG. B-~1b: Far field waveform in the broadside direction.
c=1ns; 7=3.33 n; ¥=8.



T
e (5, t)
——— analytical solution
3%  numerical solution
300
200
1007
\—-__~ Weaas ae
: = - P MM hitamamnas. 1 S e —
-1.3 0 6.5 7.8 9.1 10.4 11.7 13.0
-100 T
t in nanoseconds ——>
=200 T
2 \ ,/ FIG. B-2a: Far field waveform in the broadside direction.
. 6=0.471n8; 7=3.33 ns; Y =5.




8¢1

300 T

—-——  analytical solution

—¢—¢ numerical solution

t in nanoseconds _—

FIG. B~2b: Far field waveform in the broadside direction.
0=0.471 ng; 7=3.33 n8; ¢ = 8.




ee(g, t)
L 400 T
- 300
- 200
100

6.9 7.8 9.1 10.9 11.7

t in nanoseconds -——

FIG. B-3a: Far field waveform in the direction 6= 7/ .
oc=1ns; t=3.33ns; Y=8.




w ]

-3.9

081

- 300

200
L 100

t ¢ ' . 3.9 /\
-9.6 -1.3 13 5 6 5!2 t L } t -+ ———
. . . 6.5 7

N 100 .8 9.1 10.4 11.7
-\~200 t in nanoseconds —=

-300
"\ -400
i -500

FIG. B-3b: Far field waveform in the direction 6 =17 /4.

L -6 o=1ns; 7=3.33 ns; ¢ =8.
- =700




(3
500 I
400
300
200

[
=
(o=}

191

FIG. B-3c:

\
-

e

6.5 7.8 9.1 10.4

t in nanoseconds —

Far field waveform in the direction 8 =7/3.
o=1ns; 7=3.33 n8; Y =8.

11.7



+ 800
+ 600
T 400

- 200

1.3

2.6

3.9 2.2 6.5 7.8 9.1

-200

-400

-600

-800

-1000

FIG. B-4a:

t in nanoseconds ——)

Far field waveform in the direction 6 =7 /6.
¢=0.471 n8; 7=3.33 n8; Y =8.




v L
-(1000
- 800
600
400
/ -r\200
F —+— = i | e ; = —
-3.9 ~-2.6 ~1.3 3.9 5.2 6.5 7.8 9.1 10.4 11.7
- 200 |
P
N
w -400 4
t in nanoseconds ———
-600 +
-800 T .
FIG. B~4b: Far field waveform in the direction 0 =7 /4.
-1000 + 0'=0.471n8; T=3.33n3;¢/=8.




P91

T 800
T 600
+ 400
- 200
1.3 2.6 3.9 5.2 6.5 7.8 9.1
4 q - . ! I - =y - T —y—
~2.6 -1.3 ﬂ
-200 -
t in nanoseconds ——
-400 T
- 600 T
_800 1 FIG. B~4c: Far field waveform in the direction 6 =x /3.
a=0.471 ng; 7=3.33 ns; Y =8.
-1000 +




9a.

gb'

9c¢,

10,

11.

REFERENCES

Baum, C. E., (October 1968), AFWL EMP 1-4, Vol, 4, SSN-65, Some
Limiting Low=Frequency Characteristics of a Pulse-Radiation Antenna.

Baum, C. E., (January 1969), AFWL EMP 1-5, Vol, 5, SSN~69, Design
of a Pulse~Radiating Dipole Antenna as Related to High~Frequency and
Low=Frequency Limits,

Wu, T. T. and R. W. P. King, (1964), The Cylindrical Antenna with
Non-Reflecting Resistive Loading, IEEE Trans,, AP~13, No. 3, pp.
369-373.

Baum, C. E., (1970), Resistively Loaded Radiating Dipole Based on a
Transmission Line Model for the Antenna, AFWL EMP 1-6, Vol. 6,
SSN-81, pp. 1=27,

Wu, T. T., (1961), Transient Response of a Dipole Antenna, Journal of
Math. Phys., Vol, 2, No. 6, pp. 892-894,

Morgan, S. P., (1962), Transient Response of a Dipole Antenna, Journal
of Math, Phys., Vol. 3, No. 3, pp. 564=565,

Brundell, Per-Olof, (1960), Transient electromagnetic waves around a
cylindrical transmitting antenna, Ericsson Technies, Vol. 16, No, 1,
pp. 137-162,

Latham, R, M. and K. S. H, Lee, (1969), Pulse Radiation and Synthesis
by an Infinite Cylindrical Antenna, AFWL 1-5, Vol, 5, SSN=73,

Latham, R. M. and K, S, H, Lee, (1970), Radiation of an Infinite Cylin-
drical Antenna with Uniform Resistive Loading, AFWL EMP 1~6, Vol. 6,
SSN=-83,

Latham, R. M, and K. S. H. Lee, (1970), Transient Properties of an
Infinite Cylindrical Antenna, Radio Science, Vol. 5, No, 4, pp. 715=723.

Marin, Lennart, (1970), Radiation from a Resistive Tubular Antenna
Excited by a Step Voltage, AFWL EMP 1-8, Vol, 8, SSN-101,

Harrison, C. W, and R W. P. King, (1967), On the Transient Response
of Infinite Cylindrical Antenna, IEEE Trans., AP-15, No, 2, pp. 301~302,

Bennett, C. L. and A, M, Auckenthaler, (1971), Transient and Time-
Domain Solutions for Antennas and Scatterers, SRRC~RR~70-61, Sperry
Rand Research Center, Sudbury, Massachusetts.

1

165



12.

13.

14.

15.

16.

17,

18,

19,

20,

21.

22,

23,

24.

Schmitt, H. J., (1961), Transients in Cylindrical Antennae, Proc. IEE
(London)., Mimeograph No. 377E, April 1960, pp. 292-298,

Sayre, E. P., (1969), Transient Response of Wire Antennas and Scatterers,
Technical Report TR~69-4, Electrical Engineering Department, Syracuse,
New York.

Taylor, C. D. and T, H. Shumpert, (1971), Electromagnetic Pulse
Generation by an Impedance Loaded Dipole Antenna, AFWL EMP 1-8, Vol.
8, SSN-104,

Shumpert, T. H., (1971), Some Theoretical~Numerical Procedures for
the Study of the Impedance Loaded Dipole Antenna, AFWL EMP 1-~8,
Vol, 8, SSN-105,

Merewether, D, E,, (1968), SSN-~70, Transient Pulse Transmission
Using Impedance Loaded Cylindrical Antennas.

Merewether, D. E,, (1960), SSN=~71, Transient EM Fields Near a
Cylindrical Antenna Multiply Loaded with Lumped Resistors.,

Shen, Liang~Chi and T. T, Wu, (1967), Cylindrical Antenna with Tapered
Resistive Loading, Radio Science, Vol. 2 (new series), No. 2, pp. 191=
201,

Mei, K. K., (1965}, On the Integral Equations of Thin Wire Antennas,
IEEE Trans., AP-14, No, 3, pp. 374-378,

Harrington, R, F., (1968), Field Computations by Moment Methods,
The Macmillan Co., New York, Chapters 1, 4.

Shen, Liang=Chi, (1962), An Experimental Study of the Antenna with Non-
Reflecting Resistive Loading, IEEE Trans,, AP-15, No. 5, pp. 606«611,

King, R. W. P,, C. W, Harrison and E. A. Aransen, (1966), The
Imperfectly Conducting Cylindrical Transmitting Antenna: Numerical
Results, IEEE Trans., AP~14, No, 5, pp. 935-542.

Taylor, C. D., (1968), Cylindrical Transmitting Antenna: Tapered
Resistivity and Multiple Impedance Loadings, IEEE Trans., AP-16,
No, 2, pp. 176-179,

Shen, L~C., and R, W, P, King, (1965), The Cylindrical Antenna with
Non-Reflecting Resistive Loading, IEEE Trans., AP-13, p. 298,

166



25.

Magnus, Wilhelm and Oberhettinger, (1949), Formulas and Theorems
for the Special Functions of Mathematical Physics, Chelsea Publishing

Co., New York, 11, p. 115,

167



