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This note extends the formalism of the singularity expan-
sion method (SEM) beyond the currents (and charges) induced on
objects of finite size in free space to include the associated
fields. These are the scattered fields if a wave is incident
on the object of interest, or the total fields if the object
is an antenna with appropriate sources. From the current on
the object the scattered or radiated fields can be calculated
and these fields can be expanded in terms of natural modes.
Using retarded time concepts one can define retarded natural
modes and far natural modes for the electromagnetic field quan-
tities. From these there results what are in effect both time
and frequency domain pattern functions for far fields.
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There seemed to be no use in waiting by the little door,
so she went back to the table, half hoping she might find an-
other key on it, or at any rate a book of rules for shutting
people up like telescopes: this time she found a little bot-
tle on it ("which certainly was not here before," said Alice},
and tied round the neck of the bottle was a paper label with
the words "DRINK ME" beautifully printed on it in large let-

ters.

It was all very well to say "Drink me," but the wise 1it-
tle Alice was not going to do ¢that in a hurry. "No, I'll look
first," she said, "and see whether it's marked 'poison' or not,"
for she had read several nice little stories about children
who had got burnt, and eaten up by wild beasts, and other un-
pleasant things, all because they would not remember the sim-
ple rules their friends had taught them, such as, that a red-
hot poker will burn you if you hold it too long; and that if
yvou cut your finger very deeply with a knife it usually bleeds;
and she had never forgotten that if you drink much from a bot-
tle marked "poison," it is almost certain to disagree with you

sooner or later.

However, this bottle was not marked "poison," so Alice
ventured to taste it, and finding it very nice (it had, in
fact, a sort of mixed flavor of cherry tart, custard, pineap-
ple, roast turkey, toffy, and hot buttered toast), she very
soon finished it off. .

"What a curious feeling!" said Alice. "I must be shutting
up like a telescope.”

And so it was, indeed; . . .

(Lewis Carroll,
Alice in Wonderland)



-currents and charges on objects, at least as the primary em-

I. Introduction

Previous work has considered the singularity expansion of .
phasis. In particular there is now a modest amount of infor-
mation on this method as it applies to the currents and

charges on finite size objects (refs. 1 through 10). While

this has primarily been stated in terms of the response of the
object to an incident electromagnetic wave (the interaction or
scattering problem as in figure 1lA) the method applies to an-
tenna problems (with sources on the antenna as in figure 1B)
as well. The results for finite size objects carry over with
the coupling coefficients describing the coupling of the poles
to the antenna sources instead of the incident field. Integ- -
ral equations can be written to describe the scattering and
antenna problems for the currents and charges on the object.
The given (or known) excitation term in the integral equation
corresponds to. the incident field in the scattering problem
and to the sources in the antenna problem, so the formalism is

very similar for the two cases.

A previous note® discusses the first order pole terms in
the singularity expansion for current and charge densities.
This note extends these considerations to radiated and scat-
tered fields. The convenient implied integral notation of the
previous note is used in this extension. We first consider
some of the properties of the field natural modes from which
we define retarded natural modes and far field natural modes
(associated with finite size objects). Using the free space
Green's function one can then calculate the various field and
potential quantltles from the current on the object. From
these expressions one can calculate field and potential natu-
ral modes from current natural modes. The fields and poten-
tials can then be singularity expanded in terms of these modes,
although there is some flexibility in our choice of the forms
of the resulting coefficients associated with entire functions
of the complex frequency S.

The remalnder of the note can be roughly lelded into two
parts. In the first part consisting of sections II through IV
the natural modes are considered from a differential equation
point of view for definitions and properties. In the second
part consisting of sections V through VIII the natural modes
are considered from the viewpoint of their lntegral relations
to the current density natural modes; this gives explicit for-
mulas with normalizing constants for calculating the field and
potential natural modes from the current density natural modes.
A recent notel® treats the numerical calculation of the far
field natural modes and the resulting far fields from a loaded
linear antenna, showing a practical implementation of some of
the concepts discussed in this note.
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II. Fields and Potentials

‘. - - - This section considers electromagnetic fields and poten-
tials from a differential equation point of view as a prelude
to similar considerations for the natural modes for fields and
potentials. Write Maxwell's equations as

) V x E = -suyH - 3
m
) 3 3 3
V X H=3scE + J
3 -3 .
V «B=YV . (uH) = O )
R o (2.1)
VeD=Y. (eB) =3 )
VeJd = -Sp
VeJd = -sp
m - °Fn
" The tilde ~ over the quantity indicates the Laplace transform

(in general two sided) over time with the resulting Laplace
transform variable being s, the complex frequency. In equa-
tions 2.1 the magnetic current density Jm and magnetic charge
density 0y are added for completeness sake and are generally
taken to be zero (as being unphysical) but can be useful as
fictitious gquantities in certain cases. For much of our con-
siderations we will be considering free space regions for
which one has (away from the object of interest)

J=3 =3
(2.2)
For finite size objects some region of space (volume V with

surface S) will contain current and charge densities as well
.’ as permeability and permittivity which are possibly different
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from the free space values. These effects can all be lumped
into the electric and magnetic current densities so that the
fields and potentials can be calculated as integrals over
these quantities as will be discussed later.

Combining the equations 2.1 appropriately we have wave
equations (transformed) as

2.5 3 d
[V x V¥V x + yvy7]B = suo3 Vv X Jm
(2.3)
XVX+2§‘VX§ —S):
v Y°lH = - se d

where p and ¢ have been taken as their free space values so as

to be independent of the coordinates and where the free space
propagation constant, propagation speed, and wave impedance
are

Y=§'f C=—‘—]‘-—, Z_ = ° (2-4)

There are alternate forms for eguations 2.3 using the operator
identity

VXV x = yy . -y2 ‘ (2.5)

which implies

2 2.% 3 i — hed
[V = ¥71E = suOJ + = Vo + V X Jm
o
(2.6)
2 2. _ * * 1 -
[VS = ¥®]H = -V x J + saoJm + ﬂ; me

In solving Maxwell's eguations for the scattering or an-
tenna problem for finite size objects the scattered fields or
resultant fields, as appropriate, must satisfy certain bound-
ary conditions including those at large distances from the ob-
ject. This boundary condition at infinity is the radiation
co§gition which can be stated for the electromagnetic fields
as



. ->
“1lim r|v x + Y8 x =9 (2.7)
L H(r,s) H(T,s)
or
-Z ﬁ(;,s) E(;,s)
o -
lim r + e X = 3 (2.8)
o0 3 > r > -
E(r,s) ZOH(r,S)

where s is evaluated on the imaginary axis (s = iw) for the
historical derivation and use of this radiation condition.
Later in this note the integral form for the fields in terms

of the currents on a finite size object is considered. 1In
"this integral form the radiation condition is contained ex-
plicitly in the form of the terms with a leading term of e~ YY/r
for large r (distance from the object). This effectively ana-
lytically continues the radiation condition from the iw axis
into the rest of the complex frequency plane. Note that equa-
tions 2.7 and 2.8 only apply to radiated or scattered fields
from finite size objects, and not to incident fields. As
stated in equations 2.7 and 2.8 the radiation condition applies
in the right half plane including the iw axis, i.e., for Rels]

> 0.

Associated with the electromagnetic fields we have the
vector and scalar potentials from which the field guantities
cah be calculated asl4

—Vé - SK - gL v x K

tmiye
Il

m

(2.9)

T

=_J.'_VXK—V®—SZ
1-IO

where Km and %y are sometimes referred to as antipotentials
One might also refer to A and ¢ as electric potentials and Ap
and %y as magnetic potentials. These potentials satisfy



2 2. 3
[V - y7la = -u_Jd
2 ¥ 1.
7% - v*18 = - =5
o}
(2.10)
2 2.F 3
[v Y ]Am = EoJm
2 2.% 1 .
(Ve = y71¢ = -—0
m B M
and have the Lorentz géuge relations
V-K+—§2—<§=o
c
(2.11)
VeR +253% =0
m c2 m

The radiation condition for the potentials (radiated or
scattered) isl2,l4

lim r[-é:-}]—:-+ Y]ﬁ =0

r—+w

lim ri{s— + YJ@ =0

X+ -

(2.12)

lim r 2 + Y}K = 3

T -

lim r|s— + Y}é = 0

r+~ L

yhere Re[s] > 0. Note that the cartesian components of A (and
Ap) each satisfy scalar differential equations of the same
form as ¢ (and %p). The general form for large r is e~YX/r as
with the fields (for finite size objects). This will appear
in the explicit integrals for the potentials in terms of J, p,
Jms, Pm On the object. Note that generally we will be con-
cerned with the case where Ap and @5 are both zero so that
often only A and ¢ are used.
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The electric and magnetic

it

- . ->
ﬁq = B + qiz H , Z

(2.13)

and the electric and magnetic current densities can be simi-

larly combined as

|

% = x.
Kq = 3 +q:zO mn

(2.14)

Given F+ and F- the electric and magnetic fields can be read-

ily reconstructed.

Since we are usually concerned with only -

electric current densities then K4+ and K- are usually the same
ghing, but Jy can be also reconstructed from the two forms of
K. In this form the Maxwell equations for the combined field
and current density vectors reduce in free space to

> -
V= givy]F_ = giZ K
[ aivyl q qiz q
or
R =
[Vx-q3 gE]Fq = ququ

Similarly the combined charge

- S
Qq = p +qzoom

so that we have the relations

- Kg T sy
vV eE = -2
¥q = "3t %
1
Vi . f = __..Q
- g Eo g

density can be defined by

(2.15)

(2.17)f

(2.18)




The radiation condition for this combined field vector from
eguations 2.7 becomes

lim r[Vx + Yérx]Fq =0 (2.19)

I«

and setting the currents to zero at large r gives (from equa-
tion 2.15)

lim r[gi + e x]F_ =0 (2.20)
T+ I d

which is a rather compact form. Again note for these last two
equations we constrain Re[s] > 0 and consider only radiated or
scattered fields.

Another form for the combined field equations is found by
combining equations 2.3 to give

2.3 3
[VxVx + v ]Fq = [--suO + inOVx]Kq (2.21)
This will be useful in some of the later explicit solutions

involving Green's functions.

The combined field concept can be extended to combined
potentials. Define

- >
& =%+ qiz E_

g
(2.22)
¢q = ¢ + qlzo®m
The combined field is then
?q = ~V§g + [-s + qicVXIEq (2.23)
The combined potentials satisfy
2 2.% 3
V4 - y418 . = -1 X
[ ! q Fokyg
(2.24)
2 2.7 1 =
V - = e
[ Y19, Eoéq

10



with the Lorentz gauge

" VAR Pt

S =
+ _c___2_¢)q = 0 (2.25)

P2

g

Thus the combined:pbtentiaié have propei%ies much like the
electric and magnetic potentials separately. The radiation

» condition for the combined potentials becomes
: C limr+ 18, =3
¢ 3r + Ti%q

haprgle ™

(2.26)

i
o

Lin rlg + 114

>

where Re[s] > 0 for the radiation condition.

11



ITI. Natural Modes for Fields and Potentials

One of the important parts of a pole term in a singular- .
ity expansion is the natural mode. This is the spatial dis-
tribution function for the electromagnetic quantity of inter-
est at the natural frequency sqg of interest. The complex nat-
ural frequency sq is a frequency at which a pole occurs in the
complex frequency plane. At such a natural frequency Max-
well's equations have a solution (the natural mode or modes) .
with no forcing function (incident field and/or sources set
equal to zero). This section considers the natural modes for
fields and potentials from a differential equation point of
view. Later sections will give integral definitions of the
various natural modes.

Previous notesl,8 have considered the current and charge
density modes and how to calculate them from general integral
equation formulations. Let us now consider natural modes for
various other quantities from a differential equation point of
view based on the differential equations discussed in section
II. One use of the combined form for the fields and poten-
tials is to help in defining the interrelations among the var-
ious combined quantities for the natural modes for the fields
and potentlals. Besides making the natural modes dimension-
less one can also define a set of normallz1ng constants (also
dimensionless) which relate the various natural mode guanti-
ties and can be chosen for convenience in the problem at hand.

Let 'us begin with the current densities. One can write
the current density in the forml,8

5(E,s) = §2<;,s> + -}3(;},5)

3 > 3’)-(3) -

Jp(r,s) = EOZVp (r,s) (3.1)
33 > oz 3@ 2 2@ 3(J)

Vp (x,s) fp(s)Up (r,s) VpO (r,s) + VPw (r,s)

where E, has dimensions of volts per meter (and might be an

incident field amplitude or normalized antenna source magni- .
tude) and I is an appropriate normalizing constant with dimen-

sions of conductivity (Sm~l). The object part of the normal-

ized response for the case of first order poles is -

<

N
;z’(§,s) =5 fp<sa)ﬁa(€1,s)3§3’(?)(s -s)™h G

12



and the waveform part is

R i-‘p(s) - Ep(sa)

(5 o ) >(J)
pr (r,s) = Z (el,S)va (r) 5=, (3.3)
o4

Here %p(s) is the Laplace transform of the waveform function
for the incident wave or the antenna sources and may apply to
two polarizations (p = 2,3) for the case of an incident wave.

For the case of higher order poles the delta function re-
sponse has the general form

—';( ) _  ~ > ->(3) - _na 2’>(3) > >
6,7 Ee) = D0 A, G Brs-sy YRl @E e Gl

In general one should include the entire function % in the ex-
pansion for completeness although studies have shown cases in
which it is not needed. 1In expanding the object and waveform
parts of the response higher order poles can be included by
considering the behavior of the waveform function and coupling
coefficients near s = sy. The present note is primarily con-
cerned with the case of first order poles, ng = 1.

Reviewing the steps in calculating the terms in the sin-

gularity expansion for the current using the abbreviated in-~
tegral notation introduced in a previous note we haveS8

3
<,

C.'+e

>_ L Integral equatlon

B 24

> . > -1 .
U = E n.v (s - Sa) Form of solution

o4 e . . - -

Natural frequencies, natural modes,

and coupling vectors



(o]

3 -+ \ -
? = E (s - sa)nikn
oy (3.5)
O=750(s - s )"t +
= nvis a > Expansion near S,

n=>
(s = Sa) In
e }

<Hrzg>

n(sa) = Coupling coefficient at s

<i§;fl:3:>

HR
il
R

o]

~

-
Here T is the kernel of sQme integral equation describing the
antenna or scatterer and I and U are respectively the normal-
ized gxcitation and normalized current response. The natural
mode v for the current is chosen to be dimensionless and the
coupling coefficient f has dimension inverse seconds.

Two common forms of coupling coefficients are

- ' 3.7
(sa sit <M’Io Class 1 coupling coefficient

UG(S) = ¢ + for turn on time t!

(3.6)

§ (s) = <:ﬁ;f(sﬁ> Class 2 coupling coefficient
Ny, NN {convolution form)
<:u;F ;v

These are not the only forms but are useful for illustrating
some of the options to be encountered later in discussing the
more general coefficients for the field and potential modes.

In calculating the natural modes for the current density
one usually normalizes the mode function in some convenient
way, such as by making an appropriate component of it have
maximum value 1. The choice of this normalization also af~
fects the numerical values for the coupling coefficient.

What has been discussed in terms of the natural modes for

J on finite size objects can be applied to the magnetic cur-
rent density Jp as well, provided one has some defining

14



equation for Jm such as an appropriate integral equation. We
will not be concerned with calculational procedures 1nvolv1ng
Jm in this note. However, one can write a general form for Jm

directly analogous to equation 3.1 as R

3 > - >
3m(r,s) = sz(r,s) + Jm3(r,s) )
@) 7
J (r,s) =E Z 26 I (?,s)
oo 'p
P
(3.7)

- > >
~ (J ) o ~(J) ~(J) N
VoM (Z,s) = E ()T (F,s) = VN (F,8) + V. (F,8)

P P p Pq j o

Note that an addltlonal factor Zo is 1ntroduced to make the
delta function response ] dimensionless. This is consistent
with the form of the combined current density in equation 2.14.
One can then expand the magnetic current density in a form like
that in equation 3.4 as

) () -n
MEs) = YAy BrsT, M s - sy ©

e
a

5
U
P

(J)

i (3.8)

The same formalism carries over from current density (electric)
to magnetic current density with appropriate subscripts m
added to the coupling coefficients to distinguish them.

The combined current density natural modes then take the
form from equation 2.14 as

(X,) 3 (3,)
=g’ = (J) .y Tm
Vi = Vv, + qln&va (3.9)

where n{ is a constant independent of the excitation (assuming
nondegenerate modes) since these natural modes are solutions
of the homogeneous equations. Note that we have

15
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~ ->
nma(el,S)
ﬂ& = (3.10)

n@(el.S)

so that for nondegenerate modes at a simple pole the coupling
coefficients should have the same frequency dependence for the
two types of current density provided the same form of coupling
coefficient is used. Since the coupling coefficient types all
reduce to the same thing at s = sq then some ambiguity in cal-
culating ng can be eliminated.

Within the restriction that pp,= 0,one can describe per-
meable object response in terms of Jnp, J, or some combination
of the two. In this context there is some flexibility in
choosing how Kg is defined but the end results for the fields
must be independent of this choice.

From the current density modes various other modes can be
derived through the differential equations in section II.
Consider the charge density modes which we define from equa-
tions 2.1 and 2.18 as

a —->
\)(p) - - %y . -\’;(J)
o [0
o
v(pm) _ _io_ﬂv . §(Jm)
o Yy o
(3.11)
>
{(Q ) a (K_)
Vg, T = -2y . 3@ q
YOE
(Q ) {p_) S
q’ _ . (p) . m = <
Vo = Vo + qln&vu 4 Yo = T

Note that one coefficient ay is chosen for both electric and
magnetic types of modes so that the combined modes have the
same form. Here ay is chosen to be_dimensionless (in contrast
to its choice in two previous notesl:8). The resulting elec-
tric and magnetic charge density modes are dimensionless. For
a given magnitude of the current density modes as one goes to
higher frequencies (sqg) the spatial derivatives tend to get
larger; this is offset somewhat by dividing the result by vyg
so as to keep |ag| near 1 for magnitudes of the charge density

modes near 1.

16



which have the same forms as equations 3.11.

-

For some purposes it may be convenient to set ayg = 1.
This would be appropriate in considering 4-vector current den-
sitigs (electric and magnetic) combining J and p on one hand,
and Jp and pp on the other. The 4-vector (and 4-tensor) form
of Maxwell's equations is not considered here but may provide
some useful insight into the natural mode relations. Perhaps
4-vector forms can be considered in future notes.

In converting current density expansions to charge den-
sity expansions one applies equations 2.1 to equations 3.1, -
3.7, and 3.9. 7”I§§:¢xpans;9ns for o, Pmr and Qg have addi-
tional coefficients 1/(agc) in ‘the pole terms in their respec-
tive expansions with the modes switched from current density
(vector) to charge den81ty (scalar)

Consider next the vector and scalar potential natural

modes whlch can be related through the Lorentz gauge as

w8 o oy, (A

a - Y,a, OL,,, B

(@) 7175;W77 ai@;;f -
Vg = —;?—V * Yy

(6 ) a,, +(Eq) (3.12)
Vo, = -;E;V * Vg
: (€ ) oz (&) (0 ey (¢ )

v, T =3B iy ™ v, &= (P 4 ginty ™

This occurs be-
cause the vector and scalar potentials are related to the cur-
rent and charge densities through the same forms of equations
as in equations 2.10 and 2.24.

In converting vector potential expansions (either electric,
magnetic, or combined) to the corresponding scalar potential
expansions one includes an additional factor of c¢/ay when re-
placing the vector potential natural mode by the corresponding
scalar potential natural mode. Letting ag = 1 would be con-
venient in considering 4-vector potentials.

- In relating the vector and scalar potentials to the cur-
rent and charge densities for natural mode definitions one can

modify equations 2.24 to the form

17



>
(C.) (K.}
2 2.7 79 _ 2x'g
[vo - Ya]va = -b YV
(¢ ) (Q.)
2 2 q’ _ 2 q
[v: - Ya]va = _baYav
[Vz - Y§]3éA) = -bayiz(J)
(3.13)
2 - 2y, (@) b vy (P)
YolVa oYa
> -
(A_) (J_)
0% - v219, ™ = —pylS T
(p_)} (p_)}
2 2 m° _ 2 m
[ve -~ Ya]va = baYav

This assures dimensionless potential modes and gives a dimen-
sionless constant by for choosing potential mode normalization
if desired. One can set by = 1 for convenience in certain

cases.

In converting electric or combined current density expan-
sions to corresponding vector_ potential expansions an addi-
tional coefficient of uo/(baYé) appears; in converting elec-
tric or combined charge density expansions to scalar potential
expansions an additional coefficien% of 1/(egbyY§) appears
which is a coefficient of Zy/(aybyYgy) related to the current
density. For converting magnetic current density to magnetic
vector potential the additional coefficient is e/ (byY4); for
converting magnetic charge density to magne%ic scalar poten-
tial the additional coefficient is 1/(ugb,Y§) which becomes a
coefficient of 1/(ZpagbyY§) when related to the magnetic cur-
rent density expansion.

Next we have the field natural modes. From equations
2.15 let us write

L (EY L (R
[Vx ~ qua]va = qic,Y,V,
> (3.14)
~Fg) (B
Vg T = véE) + giv

18
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where the vy 1s included with the combined current natural mrode
to correspond to the Vx and yy operating on the combined field
mode. A set of coefficients cg is included to give some flex-
ibility in the mode normalization; cg may be set to 1 if de-
sired. Note that we use this equation to define the electric
and magnetic field modes as well with additional constants.

This will be useful when considering far field modes.

Another set of equations for the field natural modes
comes from equations 2.3 and 2.21. This gives wave equations
(transformed) for the field natural modes relating them to the
current density natural modes as

L L (F) ()
Ue 1 277 a 2 : > q
[VxVx + Ya]va = ca[ Yy + ququ]va
I r o (3 ) '
275 (E) 2> (3) m (3.15)
[VxVx + Ya] o = ch Yo Vo, Yan&vaa ]
; - N (3 )
s v w22 (H) >(J) _ 2 _,>'"m
[VxVx + Ya]va - ca_yanva Yan&Va }

where a factor of yq is used with each term not having a Vx
operator for dimensional consistency. Note that the ¢y coef-
ficient must also be included so as to make the relations of
the field and current density consistent with equations 3.14.
The first of equations 3.15 can be derived by operating on
both sides of the first of equations 3.14 with the operator
Vx + qu(},'

In converting combined current density natural mode ex-
pansions to those for the combined field an additional coeffi-

" cient Zo/(cqYqy) appears with each term. The same additional

term appears when calculating the electric field (E) expansion
but the additiongl factor reduces to 1/(cqYe) when writing the
magnetic field (H) expansion from the current density expan-
sion. ©Note that n{/Zo is already included with the magnetic '
current density before it is combined with the electric cur-

.rent density.

Now relate the field and potential natural modes. From
equations 2.23 together with the various coefficients to be
included with the various modes we have

19



>
=3 c Z n' (A )
@) _ S f__1 o @ _ 2@ _ Ny
Vo = bu l aaYaVva Vo O£V><\)O£ (3.16)
- c n' (@) (A )
3(H) = 2l _ & gy ™ o n‘3 o4 AE-VXG(K)
o} ba a Yy © o Yo o

The Maxwell field equations can be written for the natu-
ral modes as

>
- > (J )
>(E}y _ __ >(H) _ m
Vv T = YV YooV
> > >
>(H) _  >(E) > (J)
VXV T T YoVg T T GV
> * c (3.17)
. 2(E) _ _ I © ) B ] (p}
v Vo, = Cav Vg aa‘yava
= (J_) c (e_)
L@ ey .3 J % P
v Va canav Va - aa'Yanava
In combined form we have
> -
F K
[Vx - giy ]3( @ _ gic_y 3( 7
al Vo a'a’a
> (3.18)
(F.) (K.) c (Q_)
v.v @ =—cv.v T =yy 9
s [0 o3 aacxcx

Let us now try to summarize the normalizing conventions
for the natural modes. The various quantities have an expan-
sion for the delta function response in the form (for simple
poles)

20




T, 8) (3.19)

where X is the guantity to be expanded and where it might also
be a scalar in which case v is also a scalar. Note the entire
function W added for completeness. As it will turn out from
later portions of this note there are other convolution forms
involving the natural modes which change the form for s # sq:
the difference can also be included with the entire function.
It need not concern us here as it will not affect the addi-
tional coefficient Y.

Choosing Y = 1 for the case that X is the current density
J or the combined current density Kq'then equation 3.19 is in
a form consistent with the form of the current density expan-
sions in equations 3.1 through 3.6. Table 1 lists the addi-
tional coefficient Y associated with various electromagnetic
gquantities. ©Note that the factor Epifp is needed to multiply
by the delta function response as in equations 3.1 so as to
obtain the desired electromagnetic quantity.
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Electromagnetic Additional

quantity coefficient
X (or X) Y
current > >
densities Kq o J 1
F 1 .
m Mo
charge 0 0 1
densities q a, c 4
1
Mo
Pm ac
o
vector ' z Z Ho
potentials q b 2
a¥a
)
Y - €ooNy
m b 2
oo
scalar ¢ o Zo
potentials qg f 2
a b vy
o a'a
L}
o i
m 2
aabaYa
field F E fo
le S ’
4 CaVa
ﬁ 1
CaYa

Table 1. Additional Coefficients Needed in
Expansion of Electromagnetic Quantities
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IV. Retarded and Far-Field Forms for Fields, Potentials,
- and Assoclated Natural Modes

When dealing with radiated or scattered fields, particu-
larly at large distances from the object, 1t 1s convenient to
define a retarded time as B

r
* = - =
t t s (4.1)

T

where r = I;! is the distance from the coordinate origin as
indicated in figure 1. In the complex frequency domain this
time shift corresponds to multiplication by eYr, Thus we de-
fine retarded electromagnetic quantities from

F,s) = V% (F,s) (4.2)

bad gl

ret
where X here is a vector or scalar quantity, or even a matrix
quantity if desired.

Now the fields, potentials, Green's functions, etc. be-
have as e~YY¥/r for large r. The retarded quantities then fall

- off as 1/r. This suggests that far field quantities be de-
fined as . S
3 3 ->
rX.(r,s) = lim rX (r,s)
£ o Tt !
- ~ = 1lim re'FX(F,s) (4.3)
e

Here rﬁf is independent of r and is written in this combina-
tion to point out that it is an r times field (potential, etc.)
product that is being calculated.

The retarded and far field definitions have equivalent
time domain forms as

> > > >
* =
Xret(r,t ) X(rrt)

>

> >
rXf(r,t*)

il

lim ri

ret(

T+

lim rX(T,t)

r=*co

r,t¥*)

with t* constant
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The choice of coordinate origin r =0 is arbitrary as
long as it is within a finite distance of the finite size ob-
ject of interest. However there are advantages to choosing
r = to be at the "center" of the object in some sense so as
to equalize as much as possible the transit times of radiated
or scattered waves out 1o a,given r in all directions from the
object. In particular r = 0 should be chosen to lie on points,
lines, and planes of symmetry to the extent possible. This
will retain the object symmetry properties in the retarded and
far-field gquantities, thereby simplifying their computation
and the understanding of their properties. This symmetry will
also carry over into the retarded and far-field natural modes.

Next we define retarded natural modes from the general
equation

X) 2, - o

2@ e (4.5)
o

i
]
<+

Vv

where this also applies to scalar quantities etc. The far
field modes are defined through

5 3,
[0

11
o
-
3
|
<

Y Fy :
& (X)(r) (4.6)

In this definition the retarded and far-field natural modes
are still dimensionless. A characteristic length %y {(dimen-
sion meters) is introduced for giving some flexibility in nor-
malizing the far-field modes. This length %y might be chosen
as some dimension of the object independent of o. It could
also be chosen as 1/Yy or 1/(dqYy) where dy would be another
dimensionless constant.

Having chosen the form for the far-field modes there are
various relations among them. Since the fields and potentials
fall off as e~ Yr/r then the radiation condition relations in
section II can be used to find far field relations by multiply-
ing by eYr (the factor r being already included}. Equation
2.20 can then be written for the far field natural modes as
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64
. >
g viE = ) (4.7)
a a _
e — ) .
+ 2@ _ @
a a

so that the electric and magnetic field natural modes are
transverse in the far field and form ap orthogonal set of vec-

tors including the radial unit vector ey.

~ In spherical coordinates (r,0,¢) we have the differential
operatlons

1 )
r Sin(8) 3¢

$r s

s _ 1 3,2, 1
Vv '”X = —-2—:8—(1' X ) + __F"‘r s:.n(@) e(Sln(e)X ) + _—.‘__Sln(ej a¢ ¢

2 9r r
r
5 1 3 _ 1 3 (4.8)
Vx){—erET?K?ngmnﬂwx) _?ERFT§$%J
> 1 5. 1 3, )
+ ee[r SLn(e)'Efxr r Ef(rx¢q

For quantities with dependence at large r of the form
X! (6,6)e~YE/r + O(e~YX/r2) we can write these differential op-

erators so as to include only the resulting terms of order
e~Yt/r, givipg



VX = -Zryx + o(e Y /r?)

Vo« X = ~YX, + O(e_Yr/rz)
(4.9)
T _ - -YIr 2
v x X = eeyx¢ - e¢YXe + O(e /%)

= _Ygr x § + O(e—Yr/rz)

The potential functions then have the far-field form of
the Lorentz gauge condition (from egquation 2.25) as

. Yx = Y3 =
lim re -yC + =& } =0
o0 [ q, c g
, Yel[_. 3 3] -
lim re ~-YA_ + L¢| =0
oo r c } (4.10)

L=

lim re'* -Yi + L ] = 0
m cm
r+o r

This has a natural mode form from equations 3.12 as

(6_) (€ )
g’ _ d
Vv ; a v
£ a’f,
r
(2) _ ()
Vfa = auvfa (4.11)
X
(¢) &)
A\ = a v
fa o fa
r

The natural modes for the fields and potentials can be related
in the far field from equations 3.16 giving
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—>
(F) ¢ g (9.) (€ )
gt _ Ta)l g ol - iz T g
Ve =5 (a Ve + [-1 qlerx]vf
o o o o} o
) o ) N (4.12)
Ca Vi -> - ;+ (cq)
= 5—{-[1 - rer] + —qie x]\)f
o
and similarly
-»(E) _ COL > > —»(X) + > +(Z—§.m)
Ve T B 1% % VE Nar™Ve
o o o o
ST ITOTE S Sr mmmemT  me o (4.13)
> P C (A ) -> ->(X)
(#7) _ _o) o o2t mt
yfa - ba{naerxerxvf erxvfa

Thus the far field natural modes are simply related to the
transverse part of the far potential natural modes.

Having defined the far fields and far potentials by mul-
tiplying by reYY and letting r + » then we can write a general
equation for the delta function response in the far field for
the case of first order poles as

3(-}2) > 3'»(?() -
Uf (r,s) = lim re'*g (r,s)
p e P
T S R
_ 2 : - >(X) ,» _ -1
- na(ells)YfoQ (er)(s sa)
o -
N (4.14)
+ W(X)(e , T, 3)
bl 1
_-P
1
Y. = .Y = Y
£ o daYa

The Y coefficients for the expansions of the various electro-
magnetic gquantities in equation 3.19 and table 1 can be car-
ried over directly to far field and potential expansions as in
equations 4.14. The length coefficient %5 or the dimension-
less coefficient dy enters directly. Note that an entire
function is included in equations 4.14. There are also other

L



forms for the expansion in eguation 4.14 involving operators
on vf, which keep it as the far natural mode for s = sy but
alter it for s # sg. Even with such changes the Yf coeffic-

ients will still be the same.
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V. Free Space Green's Function

In calculating the fields and potentials as integrals
over the currents one uses scalar and dyadic Green's functions
appropriate to free space. These are introduced in various
books.13,14,15 nNote that no boundary conditions or effects of
media are included. The radiation condition at infinity is

included, however. This section considers some of the charac-

teristics and representations of the free space Green's func-
tions.

" For the scalar wave equation we have the scalar Green's
function which satisfies

172 - v216_(F,2'5s) = =8 (F - ¥7)
(5.1)
: 3 oo(E T, =
lim r[§; + y]Go(r,r ;s) =0
>
It has the explicit representation
YRR -z -z

~ o > _ e _ e _ e
Go(rlr'ls) = :1——|—+_::_|-_ Y it A ,—» —».I

Tle -¢ T =¥ (5.2)

- -

Note that

N N 1 for r'* €V
f S(r - ') = N (5.3)
\Y ' 0 for r' ¢ VvV

In terms of a spherical Bessel function Go can be written asl

L mw -
~ 5> > Y . o
G (r,r';s) = -~k (g) = ———- (5.4)
o T 'Th 4w o 4w|?-—§'|

A differential equation for éo in terms of ¢ can then be
obtained from

P



2

c?lzk_(2)1" - [% + nn + 1)]gk (2) = 0

(5.5}

2

c?kp(2) + 2ck1(2) = [£% + n(n + DIk (2) = 0

where a prime is used to indicate differentiation with respect
to the argument of the Bessel function, . In terms of the
complex frequency s we then have

(5.6)

A first order differential equation with respect to the com-
plex frequency s can be obtained by inspection as

[__:E_~_ 2 4 1]@0(2,E';s) =0

(5.7)

{with r -zt assumed constant). Note that éo and its deriva-
tives with respect to g arg never zero in the finite s plane,
excluding s = 0, for |r - r'| nonzero but finite.

For the vector wave egquation we have the dyadic Green's
function for free space which satisfies

3 -
[VX7x + Y21§O(Z,§';s) = 5(F - 297

I S . 5-8)
lim r[Vx + yerX]Go(r,r';s) = 3

r-ro

N , ) S ,
where I is the identity dyadic. It has a representation in
terms of the scalar Green's function as
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&

-3
> ~ > >
S (F,%'5s) = [1 - L v |[E (F,7:9)T]
o 2 o)
Y
3 1 ~ > >
=|I - —= VV|G _ (r,r';s) (5.9)
Y2 o)

Both the scalar and dyadic free space Green's functions are
symmetric in the forms

éo(g,;';s) = éo(g',?;s)

3 3

G, (E,5'5s) = C_(¥',%;s) (5.10)
I .- 3T > »

Go(r,r',s) = Go(r,r';s)

where the superscript T indicates the dyadic or matrix trans-
pose.

In obtaining a more explicit form for the dyadic Green's
function introduce a spherical coordinate system R, 0y, ¢R
centered on r = r' with

R=|r-7' = (5.11)

< [

The polar and azimuthal angles 6r and ¢r are given from some
convenient choice of an axis through the origin R = 0 and a -~
convenient choice of the direction ¢r = 0 perpendicular to
this axis. Using the differential operators for spherical co-
ordinates from equations 4.8 we have

> _ _3_~ > >,
VGO(r,r 1 S) eRZMQGO(r,r 1 8)
xf_ 5 e © + li
- 3 e ® _ .
: T eR 4T 3z T T Cr 4y Ko(®)
S li 2 xi -2 ~1,.-¢
= ep gy Ky = epygpl-t T -0 Tle
o s 1. -2 -1 -yR ’
- - - - ==ep g-R " -YR T]e (5.12)



The gradient of the scalar Green's function itself is important
for some integrals as indicated elsewhere. There are alternate
forms in which this result is found such as

> -+
vV x §_(F,758) =V x [E,(F,T':8)T]
~ > > - e
= VG (r,r';s) x I i
o
2 :; -
= —L 5
4TTkl(?;)eR x I (5.13)
where
-
- > > > > > >
I =ee, +e, e + e, e

R™R °2 %2 9r %R

a4

EQ
Ixe (5.14)

0+
X

By inspection a first order differential equation for YGo _
and its other forms as above is

2
c ., c |2 N Loy - , B
i[ﬁ + : ;]as + l}VGO(r,r 1 8) ]
(5.15)

{[l + E]JL + 1}?@ (¥,7';s) = 6

. :
where gR and R (and thus ; - r') are assumed constant. Simi-
larly a second order differential equation can be obtained as

2
2 B 4 2cR & 4+ RZIVé (F,£':8) = 0
2 3s j

9s o
(5.16) )
2
{iéj + 2 g% + 1}VGO(?,?';s) -3 -




' U51ng equatlon 5. 577” th R constant) "another second order equa-

tion is

(L2
{E 2 - 2 2. IV@ (;,;'78) =0 (5.17)

_ . _ e . >
1.»> = > > 1.2 > _
- Ve, = =[e, e +e e ] ==[I-e_e.]
R R GR eR ¢R ¢R R R™R
(5.18)
-> > -
From these we find
3 3 k,(z) =
~ > >y - Y _3_ > Y 1 _ 2=
VVGO(r,r',s) 47 ngl(C)eReR 4T z [f eReR]
o -3 2, -1, -zx =
= I [2¢ + 2z + ¢z Tle eper
.—).
R R T S
+ [-¢C rT%1e” % T eReR];
el P Far3r 33?22
v g z z g z e "eper
(5.19)
This gives the dyadic Green's function as
T o, 3 2 1 3 2 1 > >
G (rix'ss) = }W%[c’ AR PR U ST R s PSS
' Y -2, =T+ > 3 -2 -1 -z;-—: > o>
=4—{[ -2 -2c le "ee+ [0 "+ "+ Tle [I-eReR]j
" ’ ) k. (C) ] =
_ L( 2 1 —>_—>—>
= 41_(1 Z;kl(Z;)e e + [k (z) + z ][I eReR]}
- - ' [Zk. (D)1 =
_ l__.g- > > 1 >
= 7 Ckl(C)eReR z I eReR] (5.20)
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Considering the dyadic Green's function as the sum of a
radial and a transverse part we have

= k. (z)
> . _____Y_l > >
§OR(r,r',s) = - 5o 7 erer
(5.21)
* . v [Ckl(C)]' 3z 5>
EO {(r,xr';s) = v ————E————-[I - eReR]

T

For constant R we can find first order differential equations
with respect to the complex frequency (with R constant) as

2 3 >
f B _ " +2¢ + 2 > . -
I° 3t T 1 }EOR(r'r"S’ s
(5.22)
3 2 3 >
b 2o =213 37e =8
™ %% v+l T

These have rather complicated coefficients. Second order dif-
ferential equations (for constant R) can be derived from the
defining differential equations for spherical Bessel functions
as

2 3% 3 2 4 e
{C — *+ 2% 5z - & F 2 Eo (¥,2':s) = 0
5c R
(5.23)
2 > -+
212 4 2125 4+ oar 2 - 12+ 28 FEue) =8
32 It f o

For use in calculating the potentials and fields at large
distances we need the far Green's functions. Considering
first the scalar Green's function we define the far scalar
Green's function following the procedures in section IV as

3, (6 _,r';s) = réo = lim reYr@O(z,f';s)
£ T f oo
g 7!
eY T
= — I (5.24)
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‘Note that as'aéfizgzmﬁé?é'fﬂeUGéfZOHE fé;xéréénfs functions

For the gradient of the scalar Green's function in the far
field we have

lim re" V& _(¥,r';s)
£ 1 >co o

r(v&_(¥,r'ss))

_ _+ ~ (-+ —>'. )
= erYgo 7er'r ;S
) o o .
N
o . 3 (5.25)
r{VG (r,r';s) x I) = r(V x & (r,r';s))
TN I0o o
: £ f 7
EE -
- - ~ -> -> - ->
= -yg_ f(e_,r';s)e_x I

i 3 >
g. (e_,r';s) = G (r,r';s) = lim re'*g (r,r';s)
°f F °f x>
7 - e -
= & 1. -—
?9 (er,r is) [T eReR] (5.26)

are conveniently dimensionless.

As in the case of the fields and potentials in section IV
the retarded forms of the free space Green's functions are ob-
tained by multiplying by eYY¥ to give

é (¥,2';s)
. @]
ret

eyréo(f,f';s)

(V& _(Z,T';s)) = &YEVE (3,5 s)
O (@]
ret

> >
(VE_(¥,2'5s) x ) = (V x G_(¥,%';s))
- .- — ----ret ret

35



36

(5.27)




38

(6.3)

(6.4)




VITI. Field and Potential Natural Modes from Current
Natural Modes

Now we are in a position to express the field and poten-
tial natural modes as integrals over the current or charge
density natural modes. Including the constants introduced in
the differential equations for the natural modes in section
IIT for normalization purposes the potential and field natural
modes are

o4 oo o Q.
R AL
- voi®m) _ boﬂi<éo ,v;om)>
3;Eq) - baY§<:éo ’Séiq):> N (7.1)

>
> 3 > (J )
> (B) _ 2 >(J) _ MmN,
Va - caYa<:aOa'v@ :> can&ya<iVGo Vo 7
- 7—» = (3 )
-+ (H) _ ><—»(J) 2 > L m
Vo chu<:VGo "V :> - canéya<:Goa’va P
> > -
(F_) > (K.) (K.)
3 9 - 2 .54 : & x3 g
v, c Y aou’va >+ qlcaya<:VGou F Vg >

where



o, o] o
L @
VG = VG (xr,r';s )}
o} o o
a (7.2)
e -:-l; > >
= 1
éoa = Go(rrr 'SOC) h
The far potential and field natural modes are found by -

multiplying both sides of equations 7.1 by (r/%y)eYo¥ and let-
ting r » ., This gives

@ _Pale s @
fa 2@ Ofu o
b vy
(0) a'o o~ (p}
Vg T g <go *Vo :>
o fa

- m o' /~ m
Vg Ty <g0 "V >

o fa

(¢.) by (0.)
vm=ud§ \)m

fa Ea ofa o

(C) b v (K.}
>g' _ Cala . 2q
v = <&, v

£, T Ofa o« >

() by (Q.) .

q__ococ<~ a

v g ,V

fa 2@ Ofa o :>

2~ 2

> c Yo = nly )
+(B) _ _ %Yo 3 (3) aa¥o . o+ . +'Im
vfa = T <gOf iV V> o+ z < o S ¥V, >
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where

for current and charge densities.

R

50
o
—

+(Fq)

Ve = -
o

%o, " %

o

Bed 3

S

“0 - %0
£

> +(3) COL
- y _
<gof er ’va :>
a
2 o
9T - @ + gie_ x T
[ ee. +tg
_).
,r';sa)
-
1.
i .sa)

2
naYa<:z
g.O

(7.4)

To round out the integral formulas for the natural modes
for fields and potentials consider some common idealizations

densities can be defined through

q

- 3> > - > >
q(r,S) = K, (rs,S)é(ns -(r-rs))
q .

-> > >
s(Fg) * Ky (rgr8) =0
- ~ > > >
q(:{S) = Q, (rS,S)G(nS -(r-rs))
g
3> ~
s ° Ky (rs,s) + sQS (rs,s) = 0

d

Surface current and charge

(7.5)

where the subscript s refers to the coordinates of the surface

of interest or the surface electromagnetic quantities and

where ng is the unit vector normal to the surface.

if the current is confined to a line path we have
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R (£,8) = qu(’r’g,s)a(h’Z E -6, %7 - E-F )
> et > > - 3 >
nl(rz) . Kgq(rg,s) =0 , (TQ><nR) . qu(rg,s) = 0

~ ~ (7.6)
Gy (Ers) = ng(r*,&,s)é(ﬁg CE-T (xR ¢ (F-Ep))
v, + K, (F,,8) +s8, (F,,s) =0

d d

where the subscript % refers to the coordinates of the line of
interest or the line electromaggetic quantities (current and
charge per unit length), where ng is a convenient unit normal
to the line (path) and Ty is the unit tangent vector of the
path. ,The delta functions should be interpreted such that

S{r - r') is one (or zero) when integrated over a volume
(three dimensions) while each of the delta functions in equa-
tions 7.5 and 7.6 has a scalar argument and as such integrate
to one (or zero) when integrated in the direction (one dimen-
gion} of the vector which dot (scalar) multiplies r - r', i.e.,
ng, ng, and Tg X ng.

The natural modes for current and charge densities can be
similarly modified to include idealized surface and line cur-
rent and charge densities. Ip order to keep the modes dimen-
sionless, factors of vy and yg are introduced as

(K, )
(%) s _
v, 4@ =3, T E v teE, - -2
(K )
n (ry) » v, T (x) =0
(7.7)
Qg )
Q) s _
v, LB = v, T EOv s, (F-T))
(g ) (Q )
a S S
SV, T v, TE) =0
o4

and
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U, T =Y, T ENV @, F-E8((F, xB,) - (F-F)))
(%, ) &, )
ng(@) 3, TEp =0, (Fxdy -V, T (EF) =0
. (7.8)
(0, )
(0,) s, L, . -
@ vy FEed, s ey xRy - E-E)
. (®, ) (9, )
T Yy T+ v (£,) =0
04

Equations 7.5 through 7.8 are written in terms of the combined
current and charge densities but also apply separately to the
electric and magnetic current and charge densities as well due
to the way they related through equations 2.14 and 2.17.

In calculating the field and potential natural modes as
integrals over surface or line current density natural modes
the integrals reduce from volume to surface or line integrals
respectively, and factors of yzl and vy52 respectively are in-
cluded with the coefficients. For the case of surface current
and charge densities then the modes for the combined poten-
tials and fields have the representations

>
> Eq) = +(qu)
Va = buYu<:Goa’Va >
(6 ) (QS )
al : q
Va - ?qTa<iGp ™ :>
.
(fq) 3 (qu) ) +(qu)
v, = —c v, <&, iV, :>-+q1cu<:VGOa X Vg, >
=
K_ )
(C.) b_ vy ( S
RO A R e = g
v = <3 v
fa Za Of "o ;>
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Q. (7.9)

(o) b vy s
q _ GO0 q
VE T <go Vo :>
o o fa
-3
K_ )
(F ) c.Y. = + ( [}
+q__ao¢+_-++ > = - - o
vfa = T [T - e,e, + qie X I] <gOf 'V >

For the case of line current and charge densities the combined
potentials and fields have the representations

-
+(Eq) ) +(K2q)
\)Ct = bO} <G0a'v0£ >
(64) N (qu’
Va = ba<:Goa'va :>
P >
(g ) 3 (K£ } (Kz )
-+ > > - ~ -
Vg, 1 = _ca<:Goa;Va D> + qic v, <VG, ¥V, >
= (7.10)
+(Eq) . +(K’Q'q)
Ve = E—<:go Vg, >
o. o
o
(Qy )
(o ) b L
q _ O -~ °|
Ve ) <go Vo >
o o fu
N (X, )
(F ) c_ -+ g
3f T = - Eg[f -ee. + qig X f] . <:§O ’3a q >
a a ’ £

These formulas can be split to give the electric and magnetic
guantities separately or one can simply multiply the right
side of equations 7.1 and 7.3 by Y&l and use surface modes and
integrals, or multiply the right side of the same equations by
Yaz and use line modes and integrals in place of the volume

modes and integrals. Note that with the constants aq. bg, Cor
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and %q (or dg) to be chosen at convenience one can still in-
clude any Yq dependence in these coefficients as one wishes.

Including surface and line current densities with the
definitions in this section the results for the additional co-
efficients for the pole terms for the various electromagnetlc
guantities as in table 1 can still be used. However the coef
ficient (Z) used in the expansion of the current density as in
equations 3.1 in defining the normalized response needs to be
generalized. Consider then the three forms

39(?,5) = E ZV(_J> (r s) volume density

~ ~ (T )

-+ > . -1 IS -> \ .

_ ,,Jsp(r,s) = Eozo Vp (r,s) surface density (7.11)

_).

S FL 7P I

32 (r,s) = E_L7Z 1V % (f,s) line density

o o"%0 p

where I (perhaps equal to (%%Zg)~1) has dimensions sm—1l, zo
(1mpedance of free space) has dimensions S, and zle has di-
mensions Sm. The characteristic length £ (dlmen51on m) may be

 some specific size of the object (radius, overall length,

at\«p) o

One can then summarize the coefficient relations for the
various types of current densities and natural modes as in
table 2.

Additional Additional

coefficient for coefficientr
Normalizing natural modes . for far
ceofficient {see table 1) natural modess
current > -1
. K z £ =2 v
densities q (or ( Zo) ) ¥ Yf o
surface current > -1
densities qu 2, ¥ Yf - RaY
1iﬁe current 7 > —l' '
N . /Qr = Y
densities KQ zo ¥ Yf ga

1

Table 2. Coef 1cients for Use with Various Forms
of Current Densities and Natural Modes



VIII. Alternate Forms for Pole Terms for Fields and
Potentials

In the previous sections we have taken the pole terms in
the SEM expansion of the current density (equations 3.1) and
extended the result to include fields and potentials by re-
placing the current density natural modes by field and poten-
tial (and far field and far potential) natural modes with ap-
propriate additional coefficients. In this process the coup-
ling coefficients i have not been changed in form and various
previously developed forms for #iy (such as in equations 3.6:
classes 1 and 2) can all be used in the formulas in this note.

In a form analogous to the class 2 (convolution) coupling
. coefficients one can start with the expansion of the current
density normalized delta function response (equation 3.4).
Operate on this response term by term in the sum by the appro-
priate Green's function which is left as a function of s (not
just sy). The spatial mode that results is the natural mode
for s = sg, but not in general for s # sy. One could rewrite
equation 3.19 in the form

80 e = 3 7,@,,998 5 @0 -5
o4

+ possible entire function (8.1)

The coefficient Y stays the same as in tables 1 and 2 but the
mode function changes. At s = sy we have the natural mode

X) >
(r) (8.2)

The convoluted mode is found by using Gp instead of éoa in the
natural mode formulas (as well as far natural mode formulas)
in section VII. There is the possible exception of the com~
bined charge and combined scalar potential modes since the
charge is derived from the current and one might use

Q) ac (K

v, 3 Fs) = -39 .3 9 (%) (8.3)

instead of changing s to sy in equations 3.11.

The class 2 or convoluted modes can then be defined for
the combined guantities as
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These combined modes can be readily split into the correspond-
ing electric and magnetic modes. The normalized delta func-
tion response for the far quantities is written by modifying
the first of equations 4.14 as

CH?

X) Z n (el,S)Y (X) (e )(s-s ) -1
p

+ possible entire function | (8.6)
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Note that variocus other changes of sq to s can be used to
change the form of the expansion for possible advantages in
various regimes of frequency and/or time.

Thus we can define class 1 and class 2 modes (and perhaps
other classes as well). The class 1 modes are the natural
modes (or far natural modes) while the class 2 modes involve a
convolution in the time domain. This type of class division
corresponds directly to the classes of coupling coefficients.
One can combine the class of coupling coefficient with the
class of mode to give what one might term the expansion form
which might be expressed as

T = (class of coupling coefficient, class of mode) (8.7)

This symbolic vector (or matrix, or whatever else it is ex-
panded to for flexibility) can be used to label the form of
the singularity expansion used in a particular study. The
simplest expansion form is (1,1) £for pole terms but this is
not necessarily the most useful for certain purposes, such as
convergence at early times or high frequencies.
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This note has considered the singularity expansion of po-
tentials and fields for the case of first order pole terms.
These potentials and fields can be either scattered or radi-
ated from an antenna, but in both cases the object is assumed
to be of finite size. The potential and field natural modes
can be related to the current and charge density modes through
differential equations. Using the appropriate free space
Green's functions evaluated at the natural frequencies the po-
tential and field natural modes can be expressed as integrals
over the current and charge density natural modes.

The potential and field natural modes can be modified to
give retarded and far natural modes. The far natural modes
have various properties that are somewhat simpler than the
more general natural modes for all distances from the object
of interest. The far natural modes for the fields give an-
tenna and scattering patterns applicable to both frequency and
time domains. Thus we seem to have at least one form of
answer to the question of what is a time domain antenna pat-
tern. Note, however, that the definition of retarded and far
natural modes relies on a definition of r = 0 which might be
considered the center of the ogjec%. For objects with suffi-
cient symmetry the choice for r = is clear, but for more
general object shapes this choice is not so clear but needed
nonetheless.

There is some flexibility in the choice of the form of
the singularity expansion for potentials. and fields. Not only
can one combine various types of frequency dependence with the
coupling coefficients, but also with the natural modes (and
retarded and far natural modes) as well. These various expan-
sion forms are associated with the presence or absence of a
separate entire function in the expansion. The various forms
have their own convergence properties for the series so that
different forms may be most appropriate for different portions

“of the time and/or frequency domains.

There are many interesting and practical questions asso-
ciated with the singularity expansion of potentials and fields
that require further investigation. These include how to
handle second order poles, convergence rates of the series
under various conditions, relations to other types of modes,
and efficient numerical procedures. In any event various
problems involving specific types of antennas or scatterers
can be solved. This will help give insight into some of these
more general theoretical gquestions while at the same time gen-
erating useful response data. :




Advice From a Caterpillar

The Caterpillar and Alice looked at each other for some
time in silence: at last the Caterpillar took the hookah out
of its mouth, and addressed her in a languid, sleepy voice.

"Who are you?" said the Caterpillar.

This was not an encouraging opening for a conversation.

Alice replied, rather shyly, "I—I hardly know, sir, just at
present—at least I know who I was when I got up this morning, g
but I think I must have been changed several times since then."

"What do you mean by that?" said the Caterpillar sternly.
"Explain yourself!"

"I can't explain myself, I'm afraid, sir," said Alice,
"because I'm not myself, you see."

(Lewis Carroll,
Alice in Wonderland)
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