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Abstract

This note presents a complete parameter study of the resonant fre-
quencies of a perfectly conducting spherical chambér with an inner spher-
ically shaped impedance loaded damping structure. Frequency shifts are
given for a wide range of damper location and loading. The resulting cav-
ity damping is given for several lower order E and H modes.
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I. INTRODUCTION

This report addresses itself to one aspect of a simulator concept
described by Baum1 for simulating EMP-in exoatmospheric regions by
the incorporja}tiiroznrpfﬁat spherical vacuum test chamber. Many important
features affect the electromagnetic interactions of a space system with
this type of spherical cavity. One of these is the problem of resonance.
This report considers only the technique of an impedance loaded concen-
tric shell inside but not in contact with the wall of a spherical cavity to
damp the interior resonances ofithe cavity.

Ideally, in a system of this kinld, the objective is to obtain the most
damping possible through the proper selection of parameters involved.
However, there exisf rhany cavity resonant frequencies for many modes
(n in the spherical vector wave index) and concentrating on damping only
one of these does not produce an optimum simulator design. A reasonable
selection of parameters is also desifable. Therefore, only the first few
resonances of the first few modes are considered here for a fairly wide
raﬁge of parameters.

Within this framework then, this report is an attempt to supplement
previous work with a comprehebnsive numerical study of the shifts of vari-
ous spherical cavity resonant frequencies for an arbitrarily positioned
sheet liner. In addition it is intended that calculations and graphs pre-
sented will give some general insight to pole patterns as well as aid in

establishing design optimization criteria.



II. MODEL FOR NUMERICAL STUDY

Natural frequencies for an objeci: are values 5, (complex frequency)
for which the object has a response without an incident excitation. That is
the s, are those frequencies that produce a nontrivial solution to the re- .
sponse vector of some homogeneous vector wave equation by making the
system impedance vector vanish. Damping the complex resonant frequen-
cies s, then corresponds to moving these poles off the imaginary axis in
the complex frequency plane. By maximizing IQal/lwa[ where s =
Qo: + iwa the optimum damping' can be achieved.
Figure 2.1 illustrates the geometry of the object considered here,
The perfect conducting sphe;ical shell of radius a has a concentric spher-

ical sheet with impedance Zs at radius b. The electrical parameters in

the cavity as well as between the spheres are those of free space.

The solutions for the interior modes of this geometry are based on
the spherical wave functions and are solved for by Bauml in terms of E
and H modes. The resonant frequencies for the E modes are solutions

of

Z
h'ain('ra)] ' { 1- z-(:['rbkn(?b)] '[’Ybin(’)’b)]'}

Z .
+ [rak_(va)]' 52{[wi ('} = 0 (2. 1)
S




The H mode resonant frequencies arise from

Z Z
. 0 - _ _o . 2 i}
i(ra) {1 + Z;vbkn(vb)'ybln( yb)} k (va) Z_ {'Ybl.n('}’b)} 0 (2.2)
where
q = E.a.'. = saNi €
v ] o O
(2.3)
L
7z, = ._0.
o €
o

The kn and in functions can be expressed in terms of the spherical Bessel

and spherical Hankel functions, respectively, as

i (¢) =i (&)
(2.4)
_ .-n-=2,(2)
k (¢) =i~ “h (&)
with ¢ = ig.

All derivatives are taken with respect to the argument of the function.

For convenience let z, = Zs/zo and equations 2.1 and 2.2 can be rewrit-

ten as

. ['yain('ya)]'{zs - [vbk (P0)]'[vbi (v0)]'} + [yak (ya)]* {['ybin(’yb)]'}z =0 (2.5)
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and
2
vai (va){z_ + vbk (vb)vbi (b)} - yak (va){vbi (0)}" = 0 (2.6)

As Zs — o and/or b — a (equivalent to removing the damper) the

E mode resonant frequencies (equation 2. 1) reduce to

['yain('}'a)]' =0 (2.7)

and the H mode resonant frequencies (equation 2. 2) reduce to

in('ya) = 0 or 'rain('ya) =0 (2.8)

For Z = 0 the cavity resonances of equation 2.1 can be written
s

[vbi (0)]' = 0 (2.9)

and

[vai, (v)]'[ybk (D))" - [vak (va)]'[vbi_(¥0)]' = O (2.10)

Equation 2. 2+for Zs = 0 reduces to

in(')fb) =0 or ')fbin('yb) =0 (2.11)

and

in('}'a)kn(vb) - kn(va)in(vb) =0 (2.12a)
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or

vain(va)vbknwb) - vakn(va)vbinWb) =0 (2.12Db)

Equations 2.7 and 2.8 give the resonant frequencies for a sphere of radius
b while equations 2.10 and 2. 12 give the resonances between two perfectly
conducting spherical shells. These equations are used to identify the re-
gion from which a pole might arise and subsequently help define a given
pole trajector;y. Thinkiﬁg in terms of ir;creasing loading from zero to in-
finity for a fixed d/a, equations 2.7 and 2.8 determine where trajectories
originate. Of-course all trajectories must terminate (infinite loading) as*;
equations 2.5 and 2. 6.

A definition made in reference 1 concerning the solutions to equa-

tions 2.7 and 2.8 should be reiterated here. Let va = un be a solution

.1’

to equation 2.7 and va = Vi be a solution to equation 2.8. These sub-
’

nl
scripts give a "handle' to any va of concern. The n designates the order
of the spherical Bessel and Hankel functions and né denotes the ordinal
number of the resonance frequency encountered moving positively along
the iw axis for the unloaded (zS — o) cavity. Obviously the terminal posi-

tion (in terms of increasihg zS) of any pole trajectory is some u or

!
o

It is necessary to extend this definition to better describe the var-

»

v "
n, n
0

ious poles and their loci for changing parameters as encountered in this

report. With the addition of a superscript define



(0)
u H = t
n, n n, 0

{2.13)
(0)

v t v 1
n, n n, no

il

The empirical considerations of this definition become apparent with the

definition below. A fairly comprehensive listing of u;O)Il, and V;O)n' is
t 4 2

given in table 2.1.

(0), and V(O),
n,n

Jn 3

While the values of u are under consideration it might

be noted (as was pointed out in reference 1) the significance of the ratios

(0 L0
b _ n,n! b . _n,n'

u n v n

n,n n,n

where n'' > n' > 1. If the resistive sheet is located at one of these val-
ues (a null of the tangential electric field) no damping will occur for some
resonant frequency of that mode. Table 2.2 gives a somewhat expanded
listing of these unwanted values to augment those found in reference 1. An
obvious lack of damping for d/a values close to these undesirable ratios
can be seen from the trajectories in section III. Care should be taken in
using this table, if some other frequency bound is chosen, that isg, if a
lower bound will delete values of d/a and a higher bound would add them.
Since this report is a parameter study of all the resonant frequesncy

poles, that arise in a spherical cavity with an impedance loaded sheet



n' =1 2.74371 n' =1 4,4934i
2 6.1168i 2 7.72531
(0) 3 9.3166i (0) 3 10.9041i
9y, n! 4 12.4859i Yi,n' 4 14.0662i
5 15.6439i 5 17.2208i
6 18.79631 6 20.37131
n' =1 3.8702i n' =1 5. 76351
2 7.4431i 2 9.09501
(0) 3 10.7130i (0) 3 12.32291
Y9, n 4 13. 92051 Yo,n' 4 15.5146i
5 17.1027 | 5 18. 63901
6 20.2720i 6 21,8539
n' =1 4.9734i n' =1 6.9879i
2 8.7218i 2 10.41711
u(o) 3 12, 0636i v_(o) 3 13.69801
3,n' 4 15.31361 3,n' 4 16, 92361
5 18,5242i 5 20.12181
6 21,7139i 6 23. 30421
n' =1 6.06191 n' = 1 8.18261
2 9.96751 2 11.70491
(0) 3 13.38011 (0) 3 15.03971
U4, nt 4 16. 67421 V4,n 4 18. 30131
5 19.9154i 5 21.5254i
6 23.1278i 6 24, 72761
n' =1 7.14021 n' =1 9. 35581
2 11.1890i 2 12, 96651
u_(o) 3 14.67011 v(0) 3 16.3547i
5,n' 4 18.0085i 5,n' 4 19. 65321
5 21,2815 5 22.9046i
6 24.5178i 6 26,1278i
n' =1 8.2108i n' = 1 10.51281
2 12.3915i 2 14.20741i_
u(0) 3 15,9387i V(o) 3 17.64801
6,n' 4 19.3212i 6,n' 4 20.98351
5 22.6263i 5 24,26281
8 25.88731 6 27.50791
n' =1 9.27551 n' =1 11.65701
2 13.5787i 2 15,4313i
u(o) 3 17.1896i v(0) 3 18.92301
7,n' 4 20.61541 7,n' 4 22,2953i
5 23,95281 5 25, 60291
6 27.2390i 6 28. 87041
Table 2,1. The First Six Resonant Frequencies for

the Unloaded Spherical Cavity for the First Seven E and H Modes



b/a d/a
“(10)1/“(1(3)2 . 4488 .5514
u(ltz)llu(l?)?, . 2945 . 7055
ui?)zlui(:)g . 8585 . 3435
ugz)l/u(z(j)z .5200 . 4800
u(z(:)llugz)B . 3613 . 6387
u(z(:)zfu;(z )3 . 6948 . 3052
ug’))l/ué?)z . 5702 .4298
ugj)l/ug)z . 6082 . 3918
v(ﬁ)l/v(f:)z .5817 .4183
vg)lfv(z(j)l . 6337 . 3663
vgj)lfvgi)z . 6708 . 3292
Table 2.2.

Ordered Unwanted
d/a Values

. 3052
. 3292
. 3435
. 3663
. 3918
.4183
.4298
.4800
.5514
. 6387
. 7055

Unwanted Values of-d/a for the Lower Order

E and H Modes with an Upper Normalized

Frequency Bound of 10.5ia/c

-10-



liner without restrictior_l to d/a or z some designation of the various
poles is desirable. Two distinct kiﬁds of poles are immediately apparent:
first, those arising from the innermost resonances, and, secondly, those
originating between the liner and the shell itself, The predominance of
the first or second kind of resonant poles is of course dependent upon the
parameter values (d/a and zs) under consideration. Naturally for lower
frequency considerétions the innermos;c resonances trend to dominate for
smaller d/a values, whereas for larger d/a values the resonances from
between the sheet and wall are more significant. The following definition |
is made in order to aid in identifying the multiple pole activity as

0 < d/a < 1. Let u(k) and V(k)

-— —_— ! 1

’ N, I

be a solution to equations 2.5 and 2.8,

respectively, for z = 0 (or simply equations 2.8 and 2. 10) where

n is the order of the spherical Bessel and Hankel functions (same
as above and reference 1)
n' is the ordinal number of the resonant frequency along the iw axis
for a given n and d/a (same as above and reference 1)
and
k is an identifier that denotes interior resonances (k = 1), reso-
nances between the sheet and shell (k = 2), or the unloaded cavity
mode (k = 0)
This definition provides a convenient label for identifying from where tra-
jectories arise, especially for cases where d/a is fixed and the resistively

loaded sheet varies as 0 < zS <. It should be noted that

w11~



(0) = u(1) V(0) _ V(1)

n, n! n, n' d n,n'  n,n' d
—=0 ._:0
a a

and

(0) (2) (0) _ _(2)

n,n' r"n,n' d vn,n' ivn,n' d
al a !

An entire trajectory, for fixed d/a and changing z s can be identi-
fied by its initial position (zS = 0 where k = 1,2) or its terminal position
(zS = where k = 0) since both are unique for a given d/a. The approach

taken in this report will be to reference trajectories from their initial posi-

tions (ZS =0 with k = 1, 2).

The position on the iw axis of any given resonant pole for Zgy 0
(equations 2.8 and 2.10) is a function of the parameter d/a. The complete

solution for this special case (unloaded concentiric spheres) with 0 < d/a <1

(2)

0 n|) resonances. Fig-~
]

is plotted in figures 2.2 and 2. 3 for the E mode (u

ures 2.4 and 2.5 give the H mode (V(z)

0 1’1') resonant solution. Since there
s

exists an unlimited number of poles (n!) for an unlimited number of modes
(n) these figures represent a frequency bounded solution. As can be seen
from the graphs

u(2)
n,l1

T
il
(e}

-12-



tends toward i(n(n + 1))1/2 and

(2)
u

n, n'
=0, n'>1

®[a.

increases without bound as does

(2)
Vn,n'
.q'.:o
a
As d/a — 1 u(2) .- (0) . as does v(z) ;- V(O) L.
n, n n, n n, n n,n

The uﬁwan’ced values of d/ a mentioned above are also graphically

illustrated in the figures for two concentric perfectly conducting spheres.

(2)

These objectionable damper positions occur at the intersections of wo
s Il

(0)

and constant u Y (dotted line). Also observable in these same figures

n,

is the difficulty in damping the higher order modes (n) as d/a approaches

1.

=13~



Sheet
Impedance
(ZS)

Figure 2,1,

Perfect
Conductor

Impedance Loaded Shell for Damping
Cavity Resonances
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Figure 2.3, Location of Natural E-Mode Resonances for Two Concentric
Perfectly Conducting-Spheres (Dotted Line Represents

Constant un(') nr)
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III. IMPACT OF VARYING RESISTIVE LOADING AND
LINER LOCATION ON RESONANT FREQUENCIES

It was determined in reference 1 that the trajectories or pole shifts

(Au 0t and Av n') of the resonant poles are circles in the normalized
24 L]

complex frequency plane for a changing resistive loading (zs) for small

d/a. Typical trajectories for small d/a along with the asymptotic form

as presented in reference 1 are illustrated at the end of this section. The

object here is to explofe the exact pole patterns for a fairly wide speétrum

of d/a wvalues (0 < d/a < 1) and resistive loading quantities (0 < Z < ooi.
In order to calculate the trajectories of poles in the complex fre-

quency plane a standard Ne*;ivton—Raphson iteration technique was employed

with the derivative of the E» mode function (equation 2.5) taken as
St @z - [391{ (sE ]'[sp-' St—)]}+[8k (S) '{[SE' st ]' ‘.
ds n s a n\"a 2 n\"a n ] an a) } -

s (o, (3] 25 62

N @

-19~



where
b
S=va = —, S-é- = vb (3.2)

and all derivatives are taken with respect to argument of the modified
spherical Bessel and Hankel functions.
To evaluate equation 3.1 the derivatives of modified spherical

Bessel and Hankel functions are taken from

¢ (0) = i7" g (9) (3. 3)
so that
. d[gincg)] N, . .
[81 (O = ——g— = i Kejj (&) +3 ()] (3.4)

where ¢=1ig, Similarly,

digi, (9]

N £ S ,~n~2 2! 2
[ee (0] = —ge— = i [en? (&) + n2(2)] (3.5)

The second derivatives are taken, using the Riccati-Bessel function

relation, 2 as

2
[ei (o1 = S22t Dy (g (3. 6)

¢

-90-



Similarly,

2
fex (0 = 2RI D e (o)

(3.7)
9

The derivative of the H'mode function (equation 2. 6) is taken as

2
d | b b\ob. [ob b. (b _
_dS Sln(S){ZS + Sgkn<Sg)Sgln (Sg)} - Skn(S) [Sgll’l(Sg)] ( =

' 2
b, ([<b\b[b. («b\]' (b ,
-ZSkn(S)Sgln<S;>E[Sgln(s-g)] - [Sb1n<8g)] [Sk_(S)]' (3.8)

Again S = va = sa/e, S(b/a) = vb and the i, and k function being taken

as given in equation 2.4.

The trajectories of the resonant frequency poles can thus be deter-

mined by nurnerically3’4 evaluating the spherical Bessel and Hankel func-

tions (jn(g), jh(g’), hi(g) and hi'(g‘)) for arbitrary values of the param-
eters.

Two conclusions can immediately be drawn concerning the location
of the natural frequency poles. As both Baum5 and Tesche6 point out the

natural resonances occur in conjugate pairs in the left half plane of the



complex frequency (or Laplace) domain, For this reason, only the upper
left half plane (2 < 0 and iw > 0) of the normalized complex frequency
plane will be represented in this report.

The circle approximation or the resonant frequency trajectory natu-
rally begins to deteriorate as d/a is increased. As can be seen in figure
é. 1 for the trajectories originating from uii)n, the asymptotic form is
very good for dfa = .05, but the difference becomes significant, as the
locus begins to bulge for larger d/a. A similar result is shown in figure
3.2 for the H mode resonant shifts. The higher one goes in frequency (n'})
or mode (n) the faster the deviation from a circle for a fixed dfa. As
pointed out in reference 1, for the asymptotic approximation to be correct,
the higher the order of the resonant mode the smaller d/a must become
so that d is still small compared to the complex radian wavelength.

An interesting and somewhat predictable phenomenon occurs in the
trajectories as d/a continues to increase. The path of a given pole from
u(1) (V(l) (0) (0)

nnt Vn, n')’ that has a terminal position (zS =w)ofu_ | (v

} for
n, n n,n'

small dfa, diverts to a terminal position on the imaginary axis in a

direction toward u(o) (V(O)

oot n n'+’)' Larger resonant frequencies

(smaller wavelengths) would be expected in the innermost cavity as its
radius decreases. This upper shift in frequency is illustrated in figure
3.3 for the lowest order E mode resonance with arrows indicating the
movement of the pole for increasing Z Equivalently the resonant fre-

quencies arising from between the linear and the outer shell decrease

-99-



@

(longer wavelengths) and the trajectory shift is downward for increasing

(1)

o, 12ve of special interest in that coales-

d/a. The trajectories from u

cence occurs on the negative Q axis for some d/a values. This pole will

be dealt with ix;,mor,e, detail below. Again, all poles whether arising from

the innermost sphere (k = 1) or from between the liner and the shell (k = 2)

(0) or v(o) , (including u(o)

o 0, n n, 0 and possibly

must terminate at some u

u<0) ) for all d/a.

n,

Obviously some bounds must be imposed on the number of resonant
frequencies presented and/or the region in which these resonant frequencies
occur. For the purpose of this report the normalized complex frequency

bounds will be taken as Olg iwa/c]g 10.5 and -8.0 <N a/c < 0. This upper

(0)

71 for the E modes which in-

iva/c limit is taken to be approximately u

(0)

5 1 for the H modes. The number of resonant frequencies

cludes up to v
for each of these modes is n' < 3. Occasionally these limits will be ex- -
ceeded for the purpose of illustrating comple’;e trajectories.

Tables 3.1 through 3.12 summarize and somewhat extend the numer-
ous initial and terminal positions of trajectories found in this section.
Given in these tables for d/a at .05 intervals is the position of the various

(k) (k) (0) ((0)
WV

poles (u and v_ ' ) at z_ = 0 and their terminal positions u ,
n, n' n, n S n,n' ‘n,n

' ’ ©
1 v 1
n,n' n,n

)

as z —». The uniqueness of n' in u ) for a given d/a is appar-

ent when both k = 1 and k = 2 are considered. The bold line in the tables

separates trajectories found in this report from those not included.

(1)

The individual lower order loci that originate (zS = 0) at u

, and

(1)

V. o are represented in figures 3.5 through 3.15. These plots

H

~923-
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-9 2740 o) eror W% east wW{%hfazsa W% usaam oYy

Table 3.1, Initial (u&k) ;) and Terminal Positions (u&o) ;) of E-Mode Trajectories for Increasing z
from 0 to s




®

AR N AL A A

.05 4.07i u(z?)l 7.831 ué‘f’z 11.28i u(z(:)a 14. 654 u(z?)q 2.511 u;‘.”m

.10 4.30i ugj)l 8.271 u;?)z 11. 901 u;‘?)a 15.471 u(;jn 2.581 uf,;.))s

(15 4.55§ u(;)l B. 761 u(z‘”2 12. 60i u(;f)4 16. 381 " 2.66i u‘z‘f’a

.20 4.84i u:‘;:’)‘ 9.30i u(z(?)s 13.39i u(z(?)“ 2. 74 u‘;f)z 15. 951

.25 5.181 u(z?)z 9.92i u‘z‘f’a 14.281 u(z(j)4 2.83i u(;f’l 12. 88i u;‘f)ﬁ

.30 5.53 u‘z(:)z 10. 63 u;‘?’a 15.30% ugf)“ 2. 921 u;‘f’l 10. 881 u(z(?)s

.35 5.95 u(z?)z 11.45 “:(:.0,)3 16. 481 3.03i u(;?)l 9.49i  u)

.40 6.45i u‘z‘?’z 12. 401 ug?)‘i 3. 141 u(z(f)l 8.50i uff’g 16,03

.45 7.041 u‘z(j)s 13.55¢ u(z?)‘i 3,268 u(z?)l 7,778 u(z(?)z 14.35% a‘;)ﬁ

.50 7.74i u‘z‘f)a 14.89i ug?)s 3. 391 u(zl?)l 7.26i u;(f’z 13.05i u(z?)4

.55  8.60i ugfL 16. 54 u;(:)s 3.51i u(z?)l 6.92i u(;f)z 12. 021 u(z(?)a

.60 9.68i u;‘f"‘ 3.631 u(z(?)‘ 6. 741 u(z(?)z 1210 S TRTT

.65  10.06i u(;j)s 3.72i u;?)l 6.71i u(2('))2 10. 59 u(;")s 15.10i uf:"

.70 12.90i u‘;f’s 3.79i u(z(?)l 6. 821 uf;f’z 10.18i u‘z‘f’s 123wy

.75 15.48i u;‘f’s 3.84i u(z('))l 7.041 u;(?)z 10.00i g | 13.59 uy

.80  19.35% 3. 861 u(z('))l 7.26i u‘£’2 10.13i u(z?)s LTI

.85 3.88i u;('))l 7.39i ugf’z 10,461 u(z(?):s 13. 381 u(;?)‘

.90 3.871 u(z(?)l 7.441 uf:)z 10. 674 u(z(?)a 13.78i u(z‘m 16.78i

.95 3.87i u(z?)l 7,441 u(zo.)2 10,714 0(2(.))3 13.92{ u(2(‘))4 17.094
(k) {0) ‘

Table 3.2. Iitial (uy ") and Terminal Positions (u;, _,) of E-Mode Trajectories for Increasing z

2, n'

from 0 to «©

2, n'




g g0 @ @ w0 @ @ @ (o @ (0
Usy Yz Yz p Uz Uz U | Uz Uz U3 U U35 Y3

.05  5.24i ug?’l 9.181 ué?)z 12.70i (3?’3 3.55i

.10 5.53i ugj)l 0.691 uy | 13.40i u'y| 3,650 <3?)4

5 suesi oy 10260 ol 1ete o] s o

20 6221 uiy| 10.90i ul’y 1s.081 ul, | s.em )

25 6.63 ugy| 11631 ul’y 3.991 (3?’1 13,201

.30 7.10i u;?)z 12.46i (30’3 a3 a1

.35 7.651 uff’z 13.42i u(;’s 427 ugh 9.9 u(3?)4

40 8.20% (30)3 4411wy 9.t01 g‘f’z

45 9,041 u(30)3 4.551 (3?)1 8.51i (3?)2

.50  9.95i (30’3 4.69i u(a?)l 8. 161 g?)z 13.52i

.55 11.05% ug))‘; 4.80 (30’1 8. 011 (:?,)z 12.591

.60 12.43i (30’5 4.881 (3“”1 8.031 (3‘:_”2 11.921

.65 14,21 (30’5 4.93i ;?’1 8.20i f;?)z 11.51i

.70 4.961 u(30)1 8.42i (3?)2 11. 381

.75 4,97 g?’l 8. 601 (3?’2 11,551

.80 4,971 (3'?)1 8.691 (:?.)2 11.861

.85 4.97i g”l 8. 721 (3?’2 12,021 ;‘?’3

.90 4.9% g”’l 8.72i ;‘3’2 12. 061 (3?’3

.95 4,97 ué?)l 8.72i ‘3"”2 12,061 ul
Table 3.3. Initial (u(k) 1) and Terminal Positions (u(go) ) of E-Mode

Tragectorles for Increasing

-26-

Zg

, n!



IR RN

.05  6.38i uiO)l 10.49i 2’2 4.59i u‘(;,)),?

.10 6.741 20)1 11.08i 21?)2 4.71i uff)4

15 7,13 “‘(10)1 11.73i f;,’)s 4,851 ufl°)2

.20 7.58i ‘(10)2 12,461 5.00i 510)1

.25  8.08% ui?)2 13.20i 5. 151 20)1 13. 60

.30  8.66i uiog 14.24i 5. 32i ;?2 11.79i

.35 9,33 ‘(10)2 5.481 uff)l 10. 62i 10)3

.40 10.10i ‘(10)3 5. 651 ufzm1 9. 87 u(f)z

.45 11,021 5,791 540)1 9.44 (40’2

.50  12.12i 5.911 510)1 9.26 20)2

.55 13,471 5.98i uiy  9.200 w1334

.60 6.08i uff’l a6t uy), | 12,860

.65 6.05i 2?2 9.69i g?g 12,714

.70 6. 061 540)1 9. 86i (2)2 12,87

.75 6.061 uff)l 9. 941 10)2 13, 161

.80 €. 061 (40’1 9. 961 20)2 13. 33i ff)s

.85 6.06i (40)1 9.97i u(g)z 13. 381 ff”’s

.90 6. 061 u(40)1 9.97i (40’2 13. 381 51(,))3

.95 6. 061 (40)1 9.971 u(;’.)z 13. 38i ff)3
Table 3,4, Initial (u&k)nr) and Terminal Positions (uS;O)n )

of E-Mode Trajectories for Increasing Z

-927-



AR A A AT
05 7z oug | ot ol | siem
.10 793 O 5.7 ul)

U5y us,g
.15 8.40i (5‘3’2 ' 5.94i “(50,)1
.20 8931 ul) 6.12i ugp)
.25  9.52i f,f’z 6. 301 (5‘:)1 14.091
.30 10.20i (5(’”2 6.491 (5(2)1 12.40i
.35 10.98i 6. 681 (5?)1 11.37i
.40 6. 851 (5‘3)1 10. 771
.45 6.98i u(5°)1 r0. 50i
.50 7.06i (5?)1 10.49i gf)z
.55 7.11i (5?)1 10. 651
.60 13 Wl | 1080
.65 7.14i (50,)1 11.07i
.70 7. 14 “(5?)1 11.16i (5‘3)2
.75 s of | s o
-80 RV B SRRT I LA
.85 7. 14 (5(1)1 11.19i u(scf)z
.90 7.14i (5?”1 11.18i u(so,)z
.95 7.14i (;)1 11.19i u(£)2

Table 3, 5. Initial (ufﬂ.-,}[{)n ) and Terminal Positions (uf:,o)n')

of E-Mode Trajectories for Increasing zg

-28-



of E-Mode TraJectorles for Increasing Zg

-20-

(1) (0) (2) (0)
" d/a Ys, 1 U n' %6, 1 %6, n'
.05 sestul) 6. 65i
.10 9.121 :5(,))1 6.83i ul,
15 9.66i w0 7.03i ul®
' Y, 2 6,1
.20 10. 261 (6"?)2 7.23i ul?)
.25 10. 951 7.45i ui)
.30 7.661 éo)l
.35 7.85i u(s?)l
.40 8.011 230)1,
.45 8.1151 ag. )
.50 8.173i 2.0)1
C () .55 8. 1981 uéO)l
.60 8.2071 go’l
.65 8.210i 230)1
.70 8.211i u(s?)I.
.75 8.211i ug?)l
.80 8.2111 ug))l
.85 8.211i 20)1
' .90 8.211i 20)1
.95 8.211i ué‘?’l
) Table 3,6, Initial (u(6 ) 1) and Terminal Positions (u(SO)n;)



d/a “le.)l “sz?)n' “Srz,)l , ug(:)n,
.05 8. 761 u(,‘f.”1 7.68i )
.10 10. 311 u‘,ff’l 7.891 u(.f"’B
.15 10.91i 8.11i ufg)l
.20 8. 351 ufff’l
.25 8.59i u(,f)l
.30 8.81i uffj)l
« 35 ' 9,011 ug?)l
.40 9.14i u(,f)l
.45 9.222i u(,f)l
.50 9. 2581 ug?)l
.55 9.271i uf;f’l
.60 9.274i uff” A
.65 9.275i ug?)l
.70 9.275i u(,f)l
15 9.275i uffj’l
.80 9.2175i1 ug(j)l
-85 9.2751 o4
.90 9.275i ufff’l .
.95 '9.2751 ,ug‘f)l .

(k) (0)

Table 3.7, Initial(uy, 'n!)and Terminal Positions (u7,'n')
of E-Mode Trajectories for Increasing Z
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..'[8_

@

T
.05 a0 v B3z v, a0,
.10 4,993 v(l('))l 8. 5841 v(l(?)z 12. 1161 "(1(,))3
.15 s.asst vi0) o.080i v, 12, 8281
.20 sei viY) 0.657 vy 13. 6301 o )
.25 s v, 10,3000 v\ meni 9,
.30 64101 vl ozt v 10.60a0 v
.35 sotat v, issst vi0 CRVITEA
.40 T8 0, 12,8750 v, possi o,
.45 st W%, moas v, nami o)
.50 s.osmt v\ 6572 WO

1,1 1,2
.55 p.osst vl sossi %)
.60 s VO s.ea00 %) .60 %
.65 .83 vy, saom vl o.043 v,
.70 ot v, so W0 san WO,
.75 4.8380 "'(1(.))1 8. 796 "(1(,])2
-80 aessi v satat W%,
-85 asa v s.osoi o7,
-0 asea WO Tan v
-89 4o v s Y, .05 vi%
Téble 3.8. Initial (vglf)n,) and Terminal Positions (v(l?)

n'

) of H-Mode Trajectories for Increasing Z



_zg—

A T A R

.05 6,067 vy .51 vy, ot v

-10 64081 vy 10,0060 v, 13,6020 vy

.15 6.7811 v 0,700 v,

.20 7, 2041 v(z?)l 11,3601 v;i))S 15, 431 v(2?)2

.25 1685 v, ERTT S e o

.30 R 12903 Vi, osesi v

.35 8.867L vy, 13902 vy, BT

.40 96050 vy 15,158 Vi, pasn O

.45 104790 vy T v,

.50 52 vy, T N TR

-53 12808 v, s.6s00 vy | 1.7 Vo

- 50 14. 4001 V(z?)z 6,351 'v(z?)x 111418 vg?)a

-85 6123 vyl 04Tl vy,

.10 sosl vy 5,055 vy

.75 s.esel vi) 0.5700 vy,

-80 5.8000 vy 0.3100 vy

- 8% s vy 0184 vy,

- 90 51850 vi o0 vl

- 95 T4l v s.0050 v, 12325 iy
k) (0)

Teble 3.9. itial (vh

nt) and Terminal Positions (v

2, '

) of H-Mode Trajectories for Increasing zg



[ ]

(1) (0) (1) (0) (2) (0) (2) (0)
d/a V3,1 V3, n V3,2 Y3, V3,1 V3, n Vs,2 V3, n
, (Q) . (0)
.05 7.355i v3’ 1 10. 9651 V3,2
, . (0) , (0)
.10 7.7641 V3,1 11.5751 v3‘2
.15 8.2211 v(o) 12,2551
3,1
.20 8.7351 V;0)1 13.0211
25 9.3171 v 13.180i 0
: : 3,2 : 3,1
. Q) . (0)
.30 9.983i V3’2 11.246i 3’ 1
R L)) . (0)
.35 10,7511 v3.2 9.924i1 v3 i
. (0)
.40 8.991i 3'1
.45 8.323i (O)
3.
. {0)
. 50 7.845i v3'1
. (0)
.55 7.509i 3‘1
. (0)
. 60 7.280i 3' 1
. (O)
.65 7.1351 3’ 1
. (0) , (0)
.70 7.051i 3’1 10, 839i 3'2
, (0) . (0)
.75 7.010i 3, 1 10.597% 3'2
. (0) . (0)
. 80 6.9931 V3,l 10.473i 3.2
. (O) . (0)
.85 6.98091 3' 1 10.427i 3.2
. (0) . (0)
.90 6.988i 3, 1 10.418i v3,2
. (O) . (O)
.95 6.988i 3’ 1 10,4171 3, 2

Table 3.10. Initial (V(Sk)n,) and Terminal Positions (vgo)n,) of H-Mode
TraJectomes for Increasing Zg
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H-Mode 1frajector1es for Increasing zg

-34-

<05 .8.613i 20)1 12.3214 \}2)2

.10 -9.092i 5_20’1 13.005

.15 1 9.6261 ,__.\(fﬁ)l

<20 10.2231 —Vg}?z | 16,4791 vfﬁ)l
.30 11.6891 v 510)2 117321 gg)l
.35 £2.288i :s};fg’z 10. 5071 fo)l
.40 13.837i "f_;(zo?z 0. 6721 51(,))1
<45 14.8771 | ;0)2 9.101i itj)l
- 50 8.717i 513)1
.55 8.469i vf:)l
-80 8.319i vy,
~65 5.2381  vi
.70 8.201i EL(.))1
.75 8.187i vfﬁ)l
-80 8.1831 2’1
-85 B.1831 vy
- 90 8. 1831 ff")l
9% 8.183i gfz
Table 3.11. hnhal(v(),)and'TernunalPosﬁnons(vi nﬂ of



d/a V(Sl,)l v(50,)n' "(s:)z v(‘&'?,)n' véz,)l V(SC,))n'
.05 9. 8481 v(s?)l 13.649i v(s?)z

.10 10.395i vg”l

.15 11.007i v(s?)l

.20 11.695i vg")z 16.851i vg‘f)l
.25 12. 474 vg")z 14. 0491 vf,f’”l
. 30 13.365i v(s?)z 12.313i vg”)l
.35 14.394i v(s?)z | 11.1911 vf,f)l
.40 10. 4561 v(s?)l
.45 9.980i vg'))l
.50 9.682i vf_f)l
.55 9. 5081 v(5?)1
.60 9.417i vg,’)l
.65 9. 3761 v(s(,’)l
.70 9.361i véc'))l
.75 9.357; vg”)l
.80 9.356i vf,f)l -
.85 9. 3561 v(s?)l
.90 9.3561 vg")l
.95 9.356i "(5?)1

s k
Table 3.12, Initial (vg )n') and Terminal Positions (V(BO)n') of

H-Mode T'rajectories for Increasing zg



demonstirate the trajectory of a given pole through the entire z spectrum
for a fixed d/a. Note that in these graphs only the pole designated has
been plotted with no attempt to illustrate various other poles that might
come into play in that region of the complex frequency plane of concern.
Additional graphs will hopefully clarify the trajectory interaction of the
poles originating from the innermost sphere (k = 1) with those from be-
tween the liner and the outer shell (k = 2). This approach is simply an
effort to organize the data presented and avoid the confusion from the
multipliciiy of pole patterns that arise for a given area. Because of the
extreme variation in pole paths and wide d/a range more than one graph is
sometimes employed to avoid undue loss of detail.

As a rough guide to the relation between the pole shift and the change
in the registive load, some trajectories are tagged to indicate the loading
at that point. The parameter value at these points is z T 2, 4, .6,
The arrow indicates the direction of movement as Z increases.

The trajectories of-the E and H mode resonant poles arising from
the region between the resistive liner and the shell wall are represented
individually in figures 3.21 through 3.44., Again several graphs are em-
ployed to avoid loss of detail in widely varying loci.

The pole originating at ul(qz )1

is of special interest in that it coalesces
on the negative §I axis for certain ranges of the d/a parameter as the
loading varies 0 < Z <w. Interms of increasing Zo the pole which

coalesces with its image from the lower half plane (complex conjugate)

-36-



splits and proceeds positively and negatively along the 2 axis. The pole

moving negatively along the © axis coalesces again with yet another pole

with a positive movement on the € axis. After this second collision the

trajectory returns to some u;O)n' along the iwa/c axis as Z = ©. The
»

"second' positively moving pole is possibly from infinity (uilolo) or some

9

higher n' pole of the same order. Figure 3.15 depicts the movement-in-
volved in the double coalescence. It is obvious that this entire pattern
could be repeating any number of times outside the limits under investiga-

tion. The interaction of this returning pole with other poles in the regicn

(2)
1,n'

The point of coalescence and the corresponding resistive value is

for n =1 (before other u come into play) is given in figure 3. 186.

taken as the definition of critical damping for a given mode (n). Figure

3. 17 gives the resistive sheet loading plotted against d/a for critical

damping of the lower E modes.

-37-



k3 1 I}

-.30 -.24 -.18
Qalc

A. Trajectories from u

-.36 -.12

(1)
1,1

-.60 -.45
Qalc
B. Trajectories from u

-.80 -.75

-.30

(1)
1,2

4.60i T

4,50i

4,301
iwa
—

4,201

4,101

4,001

3.901
\ (0) i I !

b

C. Trajectories from u

Figure 3. 1.

(1)
2,1

0o Y,1 -.90 -.75 -.60 -.45
Qalc
D. Trajectories from u

-.30

(1)
3,1

for 0 < Zs < o of E-Mode Resonances, d/a a Parameter
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-.90

-5 -4 -3 -2 -1 0
fale ()
A. Trajectories from Vi
1
L 6,751
- 6.501
- 6.251
iwa
c
- 6.001
S0
2,1
- 5. 751
| 1 1 | 1
-75 -.60 -45 -.30 -.15 0
Qalc (1)
C. Trajectories from Vo

Figure 3.2,

L

1

.01

. 8i

.61

L4l
iwe

.21

-1.0

Trajectories from v

-.8

-.6 -.4
Qalc

1,2

L

.21

.01

. 81

iwa

LG

-1.0

Trajectories from v

-.8

-.6
Qalc

3,1

Asymptotic Approximation (Dotted Line) Compared to Trajectory
for 0 < z < of H-Mode Resonances, d/a a Parameter
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T T T T T T Ti
. 6
4. s

! u(0)
J— 1,2

- 7 1 6i

.5
.45
3 4 7 91
iwa
c
.35 .
- .25 = 4l
.2

s 4 3i
(0)
%11

L 1 | t L ! 1 i 21

-4.5 -4.0 -3.5 -3.0 -2.5 -2.0 -1.5 -1.0 -5 0
Qalc
Figure 3.3. Upper Shifting of Trajectories from u(ll)l as d/a

« 2 «
Increases, 0 < zg < o0; Arrow Indicates Increasing zg
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Qalc
A. Values .2 < d/a< .65 from u Yy

(1)

Figure 3.4. Trajectories from u,

®

1
)1 for Increasing Zs’ 0 < zS < o with d/a a Parameter

T T I 121
d
%5 = .75
o a
e .6 ~ lli
- 4 101
i
u(0)
055» \_,\“‘ 1’3
B =4 9i
iva
. 65 ¢
R - 8i
: & 14 7
5 .55 o9
1,2
1 ] 1 Gi
-4.8 -4.0 -3.0 -2.0 -1.0 0
Qalc
B. Values .5 < d/a< .75 from u(ll)l
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(1)
u

A. 1,2

Figure 3.5. Trajectories from u(l1 0

£ £
I

, for Increasing Z_s 0< z_ < oo with d/a a Parameter

-1.2

BC

-1.0

ey
1,3




-8%-

®
o

14i
(0)
2,4

4131

1121

B 114
- (0)
Y2,3
iwa
c
L 10i
15 | 9i
- 4 4.01i (0)
2,2
1 ! ! ! 3.61 ’ L L 41d
-4.8 -4.0 -3.0 -2.0 -1.0 0 -4.8 4.0 -3.0 -2.0 -1.0 0
Qalc Qalc
A, Values .15< d/a < .55 from 11(21)1 B. Values .45 < d/a < .65 from u(zl)1
Figure 3,6. Trajectories from u(l) for Increasing Z 0< Z < w0, with d/a a Parameter

2,1




—ﬁ?—

8.0i

L@

Figure 3. 7.

"'1.5 —1.0 o

Qalc

Trajectories from u

(1)
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for Increasing z, 0<z <o, with d/a a Parameter
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10.8i

10.0i

9.01

8.01

6.01

0
3,1
4,8i

-
4.8  -4.0
(1)
Ao ug iy

-3.0

(1)

Figure 3.8. Trajectories from g

n!

for Increasing Z

=2.0

(1)

B. u3’ 9

0 < z <, with d/a a Parameter
|

-1.5

-1.0
Qalc

11.4i

11,01

10. 51

9.0i
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1 12i T 1 T T
114 - 1 12i
R 111i
d. 15 u(0)
ey a 5,2
4,2
: 11i
L 0i
» 101
u 9i
iwa
c
- 9i
- 8i
- 8i
- 7i
.1
(0) 40
Y 4,1 51
! 61 ! ! ! : 6.61
-4.8 ~4.,0 4.8 -4.0 -3.0 -2.0 -1.0 0
Qalc
(1) (1)
Be gy Be U5
Figure 3.9, Trajectories from uI(‘ll)]. for Increasing Z 0<g Z < o, with d/a a Parameter
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-4 13i

(0

6, 2
12i -

e
6,1

81 1 1 1 1

(1)

A.
Y, 1

Figure 3.10. Trajectories from u

(1)

n, 1

ey

B.
7,1

for Increasing zs, 0< zS < o0, with d/a a Parameter
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T T I
\5\5‘_
B 10,01
X55
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6 a 9.01
.65
45
N -] 8.01
.55 ~{0)
.4 vl’2
.35
» - 7.01
3 iwa
c
- .25 6.01
T2
N - 5, 01
Vg.o)l
1 1 1 J /4.,4:1
4.8 4.0 -3.0 -2.0 -1.0 0
Qalc
(1)
A, VL1

Figure 3.11.

Trajectories from v

(1)
1,n

.25

wlo
1
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4 11,01

. (0)
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1 10,01
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(1)
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with d/a a Parameter
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. ) a
[ e e
T T T T 12,01
L 10, 51 d_ 5
a
N 10.0i - 4 11.5i
. 9.05)1
/V§,2 - 4 11.0%
L 9. 04 :
-15 ] : T -t
b= 8. 51_ v
iwa - 4 10.5i
c .
- 8.04 tw
c
b -~ 7. 51 » I0,0i
5 - 9,51
o V(0)
2,2
L 1 1 1 1 1 1 2,1 ! 1 3 ) 9,01
40 -3.5 -3.0 -2.5 -2.0 -1.5 -1.0 -5 0 -2.4 -2.0 -1.5 -1.0 -.9 0
Qalc Qafc
(1) (1)
A Vo B. V59
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IV. OPTIMUM DAMPING

For any given trajectory in the complex frequency plane, there ex-
ists a point and correspondingly the determining Z in its path where max-
imum damping occurs. Naturally this maximum damping point shifts as
d/a changes. In addition, the loading that produces an optimum or maxi-
mum damping for one particular pole is seldom the best value for another,
Thus the selection of a d/a parameter within a given normalized frequency
limit must consider not only the number of poles within this frequency
limit, but where these poles are optimally damped. This fact becomes
even more important when tradeoffs between which poles might be damped
are considered. Moreover it has become obvicus from figures 2.2 through

2.5 in conjunction with the trajectories in section III that as the parameter

(1) (2)

d/a increases the trajectories from u ot and W (and correspondingly
those from vill)n' and vilz) .} dramatically shift and eventually effect a
3 ¥

complete interchange in position and consequent importance.
With the above information in mind then, the graphs in figures 4.2
through 4.11 are presented in an effort to show just how this optimum

damping (position and loading) changes with d/a. The graphs are pre-

sented as pairs from u;k)n, or v1('1k)n’ with k = 1,2 to represent the pole
3 L
interchange around u(o) and V(O) as d/a increases. The resistive

n, n' n, n!

load is also plotted and labeled as z;k) with the superscript k represent-

ing pole type association. It might be noted that although the trajectories
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make a smooth transition as d/a increases the optimum damping position
does not. The reason for this stems from the coalescence that occurs be-
tween the interior (k = 2) and exterior (k = 1) poles. Typical discontinui-
ties from coalescence are illustrated in figure 4. 1.

It might be pointed out that a different definition from the outset
and/or different combinations of poles presented on a graph could produce

more continuous optimum damping curves. For example, consider loci

(2) (1)
1,2 and ul’ 1

ting the optimum damping of the pole from u

from u » two poles which coalesce around d/a = .47. Plot-

(2)

1.9 WP to the point of coales-

(1)

cence and the optimum damping of the pole from uy

after this point pro-
duces a continuous curve, This approach was not taken, however, to

avoid the multitude of curves that would be necessary for some poles.
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V. RESONANT FREQUENCY SHIFT RESULTING FROM
THE SHEET LINER LOCATION WITH FIXED RESISTANCE

If the sheet lineif is aliowéd to vary ffom the shell wall to the sphere
center (0 < d/a < 1) while holding its resistance (zs) constant, the resonant
frequencies shift in a manner quite different from those illustrated in sec-
tion III. With the addition of these trajectories the entire pole reaction to

parameter alteration is provided.

For very small Z the trajectory of a particular resonant frequency

(1) (1)

must move approximately as u L or v, ., as discussed in section IIL.
2 4 E)

Liarge Zg trajectories must apprnach ul(qO)n' or qua)n, as shown in the

2

asymi)totic form irrrlﬁréri:erence 1

The trajectories of the resonant frequencies (E and H) as the con-
stant resistance sheet liner moves through the range 0 <d/a <1 are given
in figures 5.1 thré)ugh 5.6. The cﬁrves are not identified as far as kind |

(k =1 or k = 2) since a smooth transition is made from one to the other

and this distinction is not the utmost interest here. In general, however,

(1) (V( L) ) while

the upper movement of the loci represents poles from u ,
n, n n, n'

(2)

the descending loci tend to be poles from u 0 (vf12)n') for increasing d/a.

’

One exception is the trajectory from u(2 which has an upward mobility

n, 1
with increasing d/a.
The graphs are arranged according to increasing mode with some

modes broken into two graphs--one with z T 2, .4 and the other with

z, = 5, .6. This arrangement is solely to avoid crowding. The values
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of constant Z selected for parameters are those that cut through inter- .
esting portions of the damping versus loading graphs in the previous sec-
tion. ’ ' “w

As mentioned in connection with tables 3.1 through 3.7, one pole

(0)

exits each W for each pole entry. The seemingly disjointed trajectory

3

loops seen in the upper portion of the graphs (e.g., Z = .4 for loci from

LS

1.0 in figure 5. 1A) are the results of the smooth transition of the tra-
-9

(2) (1)

jectory from A into the trajectory from W, o 88 mentioned above.
3 3
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Vi. COMBINED RESONANT DAMPING

From the graphs of pole trajectories in section III it is evident that
some interior resonarnrcjes will damp; V%Nhile others will not, for the same
d/a and Z e Of course it is this damping and the damping of as many |
resonant frequencies as possible that are of interest. It is not enough to
damp an individual resonance and in addition the individual modes cannot
be segregated to determine optimum parameters.

The graphs in this section are presented by mode with all the nor-
malized damping (IQQI /1 wal) of each resonant frequency of that mode plot-
ted against Z with d/a a parameter. Since the higher order modes be-
come increasingly difficult to damp as d/a increases the concentration of
this parameter will be restricted to the range 0 <d/a <.6. Of course
the number of resonant frequencies for any one mode and d/a is deter-
mined by the normalized frequency bound (iwa/c = 10.5) stated at the out-
set. These plots demonstrate the resistive loading (zs) that best damps

the individual poles from u(k) , and V;k)n'

s 11 s

as well as all the resonances
grouped by mode (n). This arrangement should prove to be very useful if
some of the higher frequencies (n') of a particular mode were deleted or
scaled according to their importance in the normalized frequency range.
Determining an optimum loading for a given d/a for all seven E
modes and correspondingly an optimum loading for all five H modes is a

challenge. Several questions come to mind immediately. First, should
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the higher resonant frequencies be scaled down in importance? Should all
modes be treated equally, that is, should the modes be scaled? If the
resonant frequencies and/or modes are scaled what method should be
used?

Although intuitively the answer to the first two questions is yes, it
is not the intent here to delve into these areas. Hopefully, ample informa-
tion is contained here so guestions of relative importance concerning fre-
quencies and modes can be answered.

Assigning a resistive loading for a given d/a value can be achieved
simply by combining all the modes for that d/a parameter. This over-
simplification results in loss of much information. Keepinginmind that the
lower order modes should (in some way) dominate, tables 6.1 and 6.2 list
the optimum loading as progressive modes are considered. The first
number in the tables gives the optimum loading (zs) and the second number
is the least amount of normalized dampipg for all the poles for the modes
considered. It should be_ noted that the approach resulting in these tables
places equal emphasis on all the resonant frequencies (within the frequency
bound) of the various modes. In addition it should be stressed that inter-

polation in this table is nontrivial.
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e e ) ' e
d/a
.1 .2 .3 4 .5 6
Modes (n) Iﬂal ‘Qal E_OLI_ IQQ‘ IQQI lgal
Considered “s lwa ‘ “s lwoz | “s lwa s lwa l %s ‘wa| “s lwa '
1 .38 .05 .60 .11 .32 .04 .40 .08 .22 .07 22,04
1,2 .39 .04 .59 .11 .32 .04 .40 .08 .08 .02 .34 .03
1,2,3 .39 .04 .57 .07 .32 .04 .15 .03 14 .01 .85 .01
1,2,3,4 .39 .04 .57 .07 .32 .04 .05 .006 .18 .008 .85 .002
1,2,3,4,5 .39 .04 .57 .07 .32 .04 .06 .005 .25 .004 .85 .0008
1,2,3,4,5,6 .39 .04 .51 .07 .45 .04 .08 .003 .60 .002 .85 .0002
1,2,3,4,5,6,7 .39 .04 .42 .06 .42 .02 .08 .003 .70 .001 .85 5x10

Table 6.1.

Resistive Loading for Optimum Damping of
All E Mode Resonances (n') in the Frequency

Bounded Solution
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Modes (n)
Considered

1

1,2
1,2,3
1,2,3,4

1,2,3,4,5

d/a

.1 2 .3 4 .5
53,1 12, | [, 12, | 1% |
z |w ' z lw ' A 'w Z lw | Z 'w l
s a 8 o s a s o s o
.49 .06 .68 .09 .6 .16 .13 .02 .49 .20
.H2 .06 .68 .09 .48 .07 .14 .02 515) .12
D2 .06 .68 .09 .25 .03 .14 .02 .16 .07
.h2 .08 .68 .09 .25 .03 .14 .02 .71 .05
.58 .05 .68 .09 . 2D .03 .17 .02 . B5 .02
Table 6.2. Resistive Loading for Optimum Damping of

All H Mode Resonances (n') in the Frequency
Bounded Solution

.65

.59

.90

.48

002

. 008

.003
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Figure 6.-1.

E-Mode Damping vs. Normalized Loading, n
Curve Label Indicates Origin of Pole Loci
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H-Mode Damping vs. Normalized Loading, n = 2
Curve Label Indicates Origin of Pole Loci
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H- Mode Damping vs. Normalized Loading, n =3
Curve Label Indicates Origin of Pole Loci
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VII. LOADING THE SHEET LINER WITH
OTHER THAN PURE RESISTANCE

If R, XL and XC represent some resistance, inductive reactance,

and capacitive reactance, then any complex impedance, Z =R + :'L(XL +
XC), can be written in terms of the magnitude (rm = !Zl) and phase

(arg(Z), i.e., 0 = 1::9.1'1-]‘[(}&'L + XC)/R])
Z =1r_e (7.1)

For the purpose here the natural log is taken as

n(Z) = In(r_ ) +i6 (7.2)
m o

with the phase angle given iis principal value 60, -7 < 90 < 7 to avoid
the multiple-valueness of 4n(Z). This is a very useful form for the
impedance for the approdach used below.

Now consider an E and H mode impedance function which can be

written by solving equations 2.5 and 2.6, respectively, for “Zg as

ff(S) - -{[Sbkn(Sb)]'[Sin(S)]'[Sbin(Sb)]‘ -

[Sk_(S)] ([Sbin(Sb)]‘)z}([Sin(S)]' )t (7.3)

and
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[ ]

H ) 2 ] . e ) -1
£(S) = -{Skn(S)[Sbln(Sb)] -Sln(S)Sbkn(Sb)Sbln(Sb)}[Sln(S)] (7.4)

Obviously then zg + ff(S) = 0 for the E modes and z + fIIj(S) = 0 for the
H modes will, for a fixed geometry (i.e., d/a), describe the natural reso-
nances of the spherical cavity regardless of the complex nature of Z e

The two functions actually represent all solution of Z in the complex S

plane with the exception of the trivial solution.
H
(

S) in the
n

The scheme to be used here is to present fS(S) and f
same form as equation 7.2. The natural log of the negative impedance

functions is written as

n (ff(S)) £n<lf§](S)l> + iarg (ff(S)) (7.5a)

and

() = an(ffio)) + 1 arg (i) (7. 50)
Now a subdivision of the complex frequency plane can be made by simply
plotting constant magnitude and phase contours to produce an orthogonal
mapping such that each intersection defines a particular impedance con-
figuration. By applying the same magnitude and phase constraint around
all poles and zeros of concern the resonant shift and consequently the

damping can be determined.
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For the negative impedance function, ff(S) and fS(S). presented in

this section the phase contours have been plot’ced7 with values such that

n

Cphase = ﬂ(ﬁ'- 1) ! n =0, _-l___]-l izs %, iN; N=26 (7.6)

The magnitude contours are taken in the same increments to produce
curvilinear squares in the complex S plane. A somewhat truncated series
of contour values is used for the phase from that described for the principal

value since the entire phase map is mirrored across the imaginary axis

+ . L i
as @ Cphase As many magnitude contours
nrw
T em— = + + *eoe .
C ag T 2N ° n=0, +i, +2, (7.7)

are taken as needed to define regicns around the zeros and polés.
Note that the phase lines exist along the axes. In particular along
the ordinate the phase is either -7/2 (where n = N)or 7/2 (where

= -N) alternating between poles and zeros. The phase line extending in

(0)

the positive iwa/c direction from any u_ -,
2

(v(o) )} is -7/2 while the
n,n
phase line extending in the negative iwa/c direction (but not across
iwa/c = 0)is #/2.
Vividly shown in the contour map are the zeros and poles of the im-
pedance function. These points have previously been defined, The zeros

©) O

correspond to uk (vk ;) and the poles correspond to u ", ( .
n,n n,n'  n,n

n,n'

E
The relationship to the zeros is obvious when the numerators of fn (S) and
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H
£ (S) are factored and compared with equations 2.9 through 2.11. The
poles of the negative impedance functions stem from equations 2.7 and

2.8.

Although it might be expected from line integral theorems (of the
Cauchy and Rouche type) concerning poles and zeros in the complex plane,
it is nonetheless interesting to note some of the constant phase patterns;
for example th—e pole-zero phase line connection. A quite different pat-
tern is present about two zeros or two poles. The two-pole or two-zero
configuration is not as obvious in the impedance function presented here
as it will be in a forthcoming reportby R, F. Blackburn on the impedance
loaded loop. In addition each pole has M phase lines radiating from it
where Aphase = 27/M (here M = 24 with 12 in each half plane). The num-
ber of constant phase lines coming from a pole or zero is directly related
to its order, that is, a second order pole would have 2M phase lines for
the same A . All poles and zeros of the functions fE and prre-

phase ‘n n

sented here, however, are of thé first order.

Of special interest is the particular phase contour

B
Cphasez arg (fn (S}:)) (7.82)

and

"

H
Cphase arg<fn(sz)) (7. 8L)
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where SE is defined as

1
(e = 0
(7.9)
E t
[fn(sz)] = 0
That is, simple the saddles of ff(s) and fII;I(s). By plotting Cphasez only

through the saddle point s_ with which it is associated (even though it may

z
exist in other parts of the plane) affords a convenient method for subdi-
viding the plane into pole or zero regions. Saddle argument contours
from pole to pole encompass the associated zeros while argument con-
tours from zero to zero determine regions of associated poles. A com-
plete discussion of the use of phase and magnitude mapping as an
approach to solutions to impedance functions including saddle argument
contours is given in a recent note by Béums.

Figures 7.1 through 7.12 give the constant magnitude and phase
contours of ffand ff. The saddle argument contours are represented
as dotted lines. Poles, zeros and saddle are indicated on the graphs
as p, z and Z, respectively.

An obvious contour to be noted in the graphs is the -7 phase line
which corx“esponds to the purely resistive loading. In this case ~Zg ®

-R + 0i and has a constant phase of -xr. Since the phase is independent

of the magnitude in this case the -7 phase contour is actually the
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trajectory of the resonance frequency as presented in section III. As in
section III the intersection along its path measures various magnitudes ofi
l—zsl = |R|. Of course for other than pure resistive loading the contour
map defines discrete or interpolated points of magnitude and phase at the

curve intersection since magnitude and phase are interrelated.
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Figure 7. 7.

Constant Log Magnitude (ﬂn|f§ (S)]} and Phase (arg[fE(S) )
Contours of the Negative Complex E-Mode Impedance
Function, n = 7. Saddle Argument Contours are Repre-
sented as Dotted Lines. Arrows («—) Indicate Direction

of Increasing Magnitude, A
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Figure 7.9.

H
Constant Log Magnitude (,f*_rllfiI (8)]) and Phase (arglf, sy
Contours of the Negative Complex H-Mode Impedance
Function, n = 2. Saddle Argument Contours are Repre-

sented as Dotted Lines.

Arrows (<— ) Indicate Direction

1 i = = 7
of Increasing Magnitude, Aphase Amag [12.
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Constant Log Magnitude (g nle(S)l) and Phase (arg[fS(S)])

Contours of the Negative
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Figure 7,12,

Constant Log Magnitude (¢ nIfII;I(S)I) and Phase (arg[frI;I(S)] )
Contours of the Negative Complex H-Mode Impedance
Function, n = 5, Saddle Argument Contours are Repre-
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VIII. CONCLUSION

This report has presented an éxtensive parameter study of the spher-
ically shaped damping structure within a perfectly conducting spherical
chamber. The major effort here has been identifying, indexing, tracking,
and describing the behavior of the resonant frequencies in this spherical
chamber, Ample information is given to gain insight into these resonant
frequencies, where they originate, and hoﬁ and by what degree they can
be damped. It is hoped that this report in the future will also shed light on
pole/zero behavior in more complex structured models.

The concentration in this reporthasbeen on examining pole position
in the normalized complex frequency plane for various parameters to de-
termine the resulting damping., In the future, however, an idea that seems
to hold promise is reversing the process in that some desired response is
selected and then a determination in a least square sense of the complex
impedance that will produce this response.

If multiple activity pole and/or zero charting is to be pursued as a
viable approach to understanding theoretical EMP problems for a wide
variety of parameters, a more dynamic approach also seems to be war-
ranted. The approach of motion pictures with changing parameters in
time or some interactively produced plots (points, contours, 3-D projec-

tions, etc.) on a terminal CRT would certainly enhance comprehension.
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