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Abstract

Expressionsforthetransientradiated

array ofsourcesare developedforelements

electricfieldsofa planar

havingknown fielddistribu-

tion,as wellas time delay,locatedon an infinite,perfectly-conducting,

ground plane. The analysisofsuch“arraysisbased on a Greenls function

approachtothe electricvector.potentialproblem. Planar arrays oftwo-

dimensionalsources are analyzed@ thismanner usingnumerical compu-

tationofthe appropriatesuperpositionintegralsand the relatedspace-

time Green!s function.Plotsofthetime historyofthe radiatedfar-fields

are”presented forvariousconfigurationsand observation

constantamplitudedistributionson each array element,
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SEXXKNI

INmQMJCTIw

The generalapproachto the simlationof a nuclearelectromagnetic

plse usinga radiatingsystm consistingof planarsourceshas recently

‘1]andmethodsof launch-beenconsideredfrcma qualitativepointof view,

ingthe requiredtransientfieldsarecurrentlyunderinvestigation.Such

planararraysconsistof aperturesourceshaving tangentialelectricfields

whichare excitedin the appropriatetimesequenceand spatialdistribution

to obtaina desiredfar-fielddistribution.Techniquesfor Munching the

reqpiredwavesfor the simulationof an electromagneticplse havebeen

[2,3,4,S,6]discussd in previcuswrk onpulser arrays.

The ~rpose of thisinvestigationis to arkilyzethe transientradiated

fiehlsof planararraysof sourceswhichmightbe USedto simulatea

nuclearelectrcxmgneticpulse (R&J. l%ismrkwill not considertheproblm

associatedwiththe excitationof theplanarsources,and,consequently,the

arraysstudiedtillconsistof sourceswithknmn aperturefielddistri-

butionand “time-dela~’distribution.

The firstphaseof theinvestigationconsistsof the analysisof the

time-historyof the far-fieldsof an arrayonN infinitelylongslotsin a

perfectlyconductinginfiniteplaneas shownin Figure1. The analysisof

thisarrayhavingknownelectricfielddistributionsis basedon a Green’s

functionapproachtotheprobkm A two-dimensionalspace-timeGreents

functionfor a s~le lineof unitamplitudelocatedon theplaneis pre-

sented,and theactualtimeand amplitudedistributionfor eachsourceis

incorporatedin the solutionforthe far-fieldsthroughtheuse of appro-

priatesuperpositionintegralsandthe Green’sfunction,The relatedin-

6
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Figure1. Planararrayof two-dimensionalslotsources.
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vestigationof SectionsH ad IIIis based on the manericalevaluation

of thismathematicalfo~ation.
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In this

derivedas a

an infinite,

SWI’1ON 11

TRANSIENTRADIATEDFIELDSFORA SINGLESLOT
IN AN INFINITEPLANE

section,the transientradiatedfieldsof-asingleslotare

firststepin the analysisof the arrayof-planarslotsin

perfectlyconducting,groundplaneas shownin Figure1.

Thus,the idealizedproblemconsistsofahown tangentialelectricfield

distributionin theplanewherey=O whichis outlinedin Figure2. For

simplicity,onlythe electricfieldcomponent,Ex(x,t),is assumedover

the slotwidthd, and

zeroelsewhereon the

however,the analysis

the tangentialelectricfieldis assumedto be

planeas a resultof the idealizedconductingplanes;

of the relatedz conpnent or the combinationsof

x and z componentscan be obtainedin a similarmanner. The two-dimensional

coordinatesystemused in themathematicalformulationis shownin Figure3

wherethe requireddistancefactorsaredefinedfor the

fieldpoints. The mediumis assumedto be thatof free

N=UO, o=Ofory>O.

Becausethe tangentialfielddistributionis known

assumedsourceand

space,i.e.E=E ,0

everywhereon the

Y=O plme, the mlysis reducesto a problemofdevelopingmathematical

expressionsfor thedirectcomputationof the transientradiatedfields.

One approachto thisproblemis to invokethe surface-equivalencetheorem

to obtainequivalentsurfacecurrentsfrm whichthe desiredfieldscan

be corrrputed!7]In thiscase,fromFigure2 and 3, onlya magneticsurface

currentdensityexistsjwhichis

d

(1)

9
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p*9~o

~x-Directed Electric
I / Field, Ex

Etangential ‘0 , / ~tangential= 0
/)(

-(V2 dt2 ~&oun(j Plane O

Figure2. Geanetryfor slotin an infinite,perfectlyconducting
groundplane.
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Three-dimensionalccmdinates
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9

R=((x-w+y~)l/~
JX,y)

=((/3Cos+ -X’)2
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whereEx is the assmed electricfielddistrilmtionexistingon the

infinite-lengthslotof the originalproblemandthe=ts are theunit

vectorsin the space, The equivalentproblemfory > 0 consistsof an

electricconductorin theplaney = O (i.e.)zerofieldsforY < ~) ~th

a magneticcurrentdensity,KS, residingon the surfaceas depictedin

Figure4A. Thisequivalentproblm canbe fomulatedin termsof image

theoryto obtaina solutionfor theoriginalboundaryvalueproblm where

the totalmagneticcurrentdensityis

!T= 17/@)=

Hence,the equivalentproblemof

Mz d(y)~z= 2E&

a sheetor ribbon

(2)

of magneticcurrent

as shownh Figure4B can be usedto analyzethistwo-dimensionalproblm.

An expressionforthetransientfieldsof the stripof mgnetic current

can be derivedin termsof electricvectorpotentialfromkkxwell’sequa-

tionsfor

scurceof

equations

and

timedependentfields. Thus,sincetheprobleminvolvesonlya

mgnetic currentdensity,i.e.j~= o> P = o> Pm = o> well’s

forthisproblm in freespacebeccine

whereall field

(3)

(4)

v* Fr=o [5]

v’ ??=0 (6)

quantitiesare functionsof bathtimeand space. In this

homogeneousmedia,the electricfieldcan be representedin termsof an

electricvectorpotential,T,as
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Magnetic Surface
Current Density

//, x,x’//////////
I ‘(

< Electric
Conductor

Figure4A. Equivalentslotproblem(zis pointingout
of thepage).

Image In Electric
Conductor Plus

[

Magnetic Surface
Current Density

1 x,x’

—

K.)

Figure4B. Equivalentslatproblm usingimagetheory
(z is pointingout of W Wge).
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E=-vx T (7)

becauseanydivergencelessvectoris thecurlof sme othervector. With

thisvectorpotential

intermsof~ andthe

where$m is the

it canbe shown

wherea LOrentz

representation,themagneticfieldcan be represented

gradientof a scalaras

(8)

magneticscalarptential. Fromthepreviousequations,

thatthevectorpotentialxmst satisfythewaveequation

at’

gauge

(9)

(lo)

1/2andR= R“(x,z,t)6til.is assumedforc = V (l.loeol

The far

tentialfrom

of the known

fieldsCan bee-ted interm.sof

thepreviousequationsif equation

magneticcurrentdensity. h this

the electricvectorpo-

(9)can be solvedin terms

case,it is desirableto

reducethepotentialwaveequationwithassociatedbcundaryconditionsto

an integralexpressionwhichis mre amenableto numericalanalysis.Such

an integralexpressioncan be obtainedthroughthe applicationof the

Greenlsfunctionmetbd for the solutionof differentialequation.

The problemasshownin Figure4 reducesto a tw-dimensionalproblem

in freespacewherethe solutionis validfory > 0, and equation(9]be-

comesa scalarwaveequation,

14
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~2v2f ~2fz
Xy z - ~“ ‘2 %(x’z’t)’~)

(11)

becausefromequation(2)onlya z ccuqxmentof 1$ exists. Sincethis

is a freespaceproblan,therelatedspace-timeGreen’sfunctionis the

principalsolutionof the generalequation,

..

2
a2G0

Vxly?‘o ->~
= -d(x?-x,y’-y,T-t)

whichhas the solutio
~81

.’

‘“;l

o,

Go(x,y,tlxf,y!,r)=

k

for

(12)

R>c(t-~)

(13)

i

1 A,R<c(t-T)

c2(t-#-R2]

R= I[x’-x)’+ (y’-y)’l
k A.

as definedfor a generalunit line-sourceh

5A. Specialboundaryconditionsat infinity

dictatethissolutionwherethevariablesof

(14)

both spaceand timein Figure

and causalityrequirements

(11)havebeeninterchangedto

insureproperfimctiondependencein the integralsolutionof equation(11).

ThisGreenlsfunctionis the characteristictwo-dimensiomlsolutionfor

the scalarwave equationcausedby an infinitelinesourceexcitedat ~ = t.
}

“d

Actually,sincethe lineconsistsof manypointsourceswhichradiate

spherically,a responseat somedistanceR. is firstexperiencedat ~ = t

ardsubsequentresponseoccursforTIS > t; thus,the res~nse decaysaccord-

ingto equation(13)as shownin Figure5B.

15



Figure5A. lineSoume representationfora two-dimensional
hen’s function(picturedfory!=O).

Go

b

C(t-r) R

Figure5B. Space-timeGreen’sfimctionfortwo-dimensional
waveequationh freespace,



Throughtheuse of the appropriateGreen~stheorem and initial

conditions,a solutionoftheinhcmogeneouswaveequation(11)can be

expressedintern’sof a superpositionintegraland thisGreen’sFunction

as

T.co
fz(x,y,t]=

[H
Mz[x!,y’,r)Go(x,y,tlx’,y’,~)dx’dy’d~ (15)

o ---

wherethe requiredfreespace

all contourcontributionsand

boundaryconditionsand causalityeliminate

T exceedsany timet at whichthe solution

may be scught. Now, sincethe sourceexistsonlyinthe x-z plane (y=O),

i.e.Mz[x,y,r)= MZ(X,T)t5(y),thenequation(15)beccmes

T --
fz(x,y,t)=

H
Mz(x’,~)Go[x,y,t~x’,O,~)dx,d~

()-m

(16)

whichis an integralfornulafor cmnpting

forplanartw-dinensionalsourcesoflamm

the electricvectorpotential

electricfielddistribution

throughtheuse of equation(2),

The tiutedependentor transientfieldsradiatedin the far-field

of the two-dtiensional,planarsourcecan be expressedin termsof equa-

tion (16)withthe aid of the expressionsof equations(7)and (8). Thus,

T.
E= -v x ?2

\J
Mz(x’,d Go(x,y,tlx’,O,~)dxfd~ (17)

()-03

and [HT.H= -Eo&z 1Mz(xt,T) Go(x,y,tlx’,O,~)dx~d~
()-w

(18)



wherethe scalarpotentialccuponentof theR-fieldeqpationis zeroin

thistwo-dimensionalproblem In the three-dimensionalcase,thisterm

can be droppedbecauseit has a higherinversepowerof distancethm the

timederivativeterm,and,therefore,the scalarpotentialcontrition

is smallerthanthevectorpotentialcontributionto the fieldat large

distances.FWever, the scalarpotentialcontributionccdd be expressed

in term of thevectorpotentialusingtheLOrentzconditionof eqyation

(10]and,thereby,includd in a completethree-dimensionalformulation.

The fieldfonmlationsof equations(17)and (18)arenot readilysolved

usingnumericaltechniquesin theirexistingform.s,bt for somesimple

magneticam-rentdensityrepresentationstheseexpressionscanbe reduced

to fmms withtractablenumericalsolutions,(he simplificationwhich

greatlyrexlucesthemmerical computationrequiredis theuse ofa step-

functiondependencein timesuchthat

Mz [X, T) = Mz(x) ~(T) (19)

whereothertimedependencescanbe obtainedfroma superpositionintegral

[91basedon the sumationof stepfunctionresponses. For thiscaseof

a pl=r amay excitedat T = O witha stepfunctiondependence,the field

expressionbemnes

and

H!
m T-

E=-vx~z Mz(x’) Go d~

-m o

.

&? (20)

(21)

L -L

18
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wherethefunctionaldependenceof theGreen’sfunctionhas beendropped

for simplicity.h thepresentform,eq=tiom (20)ad (21)re-

quiredcubleintegrationtocomputethe fieldquantitieswhichis usually

undesirablein numericalanalysis;however,the”mtegralin thedumnytime

variableof theGreen’sfunctioncan be obtainedin a closedform. From

equations(20)ad (13),thisintegralbecomes

J
t-R/c 1

%=%
o [c2(t-~)2-R2]1/2

(22)

and,if thechangeof variables~ = t-~,dn = -d~,amlIVc = b areusd,

then

(23)

Wte thattheupperlimitof (23)is evaluatedatT = t-R/cbecauseGO=O

forT > t-R/c. The unit steprespnse, Gl, of an infinitelylongline

of magneticchargedensitycan be obtainedin a closedformusingthe

[101indefiniteintegralform,

as

~
dx/(x2-a2)1/2= Hl(x+(x2-a2)1/2)

Gl(x,y,t]x’)

Finally,the field

writtenin termsof the

23)as

L .-b

(24)

expressionsof equatiom(20)and (21)canbe

stepresponseof the infinitelylongline (equation

IT= -v x Zz JMZ(X’] Gl(x,y,tlx’)dx’
-a

(2s)

i9



and r T

IJK = -Eo$Fz = !j(x’] Gl(x,y,tlx’)dx’ (26)

t- -m 1

fieldcomponentscannow be obtainedin c~limirical

in Figure3 as

The individual

coordinatesdefined

(27]

-a

(28)

and

Hz “ -Co j Mz(x’) -#x’ (29)

-m

wheredifferentiationunderthe integralsignis validin all casesbe-

causethe limitsandvariableof integrationare independentof the

differentiationvariables.If the chainrulefordifferentiationofcom-

positefunctionsis used,thepartialderivativesof the integrandsof equa-

tions(27)and [28]canbe evaluatedas

aGl aG1
\[x,y,t,x’)= ~ = ~ ● ~

[t[t2-@/c)2)1’2+t2][p”x’cos$]

2W Rz[t@ @/C2) 1/2+tz - NC) 2]

(30)

-[t&2-@/c)
2 l/2+t2X,sti+

2fiRz[t[tZ:@/c]‘)1/2+t2-(R/c]‘]
(31)



2)

whereG1 ad R

aredefinedin

and

suchthat

al-d

Equations

terms as

are

the

differentiableovertheregiont

plar coordinatesof Figure3 as

R= [f)zSi112(b + @ cost+ -X’)2]1/2

P [X2+yz]1/2

NJ. P-x’Cosl+
ap R

aR - px’ Sin$
~’ R

>R/cmi Rmdp

(27),(28),and (29)canhow be expressedunsimplified

!+!= pzw I$,x,y,t,x,)tif
-w

rE=-’ Mz(x9~(x}Y,t,x’)ti’

(= -~Mz[xt] ~[x,y,t,x,]dx,
-m

whereljandta redefinedk~tim (30)and (31)and

LJx)Y,t,x’)= aG1/at o‘O

‘o 1

‘x
@2-(R/c)2)1/2

(32)

(33)

(34)

(3s)

(36)

(37)

(38)

(39)

Xtions C36),(37),and (38)are generalexpressionsfor the three

far-fieldcomponentsprcducedby a two-dimensiomlsourceof z-directd

magneticcurrentdensityfor an assumedstepfunctionexcitationin time.

d
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These field componentscan be related to known x-directedelectric field

distributionsthrough the use of equation (2).

22
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SECIION111

SINGLE-AND MJLTIPLE-ELIWIWTARRAYSOF SUYTS
WITHCONSTANTSOURCEDISTRIBUTION

S13WIJ3SrAm

In this‘investigation,slotsourcesof

fielddistributionare of primaryinterest.

knownconstantelectric

@nsequently,as a first

stepin the solutionof the relatedproblen,the singleslotwithan

x-directedelectricfielddistributionsuchthat

Nz(x’)= 2Eo[u(x’+d/2)- u(x’-d/2)l (40)

is analyzed.The transientfieldcomponentsforthe singleslotof

Figur@3 and 4B with constantsourcedistributionare,fromeqwtions (36)

through(38)and (40),

J

d/2
.%=2

‘4 EO Kl(x,y,t,x’)dx’

-d/2

(41)

d/2

e .>=-2-. . .
J

K2(x,y,t,x’)dx’
P ‘o -d/2

(42)

d/2
‘oHzand hz ‘—= -2Z0

J
K3(x,y,t,x’)dx’ (43)

‘o -d/2

whereeachcomponenthas beennormlized to an appropriateconstantand Z.

is the characteristicimpedanceof freespace.

The expressionsof equations(41),(42),and (43)are of the super-

positionor convolutiontypeintegralformwhichcan readilybe represented

in graphicalform,as shownin Figure6,

consistof the convolutionof a constant

(x’)and the appropriatesharplypeaked,

In thiscase,theseproblems

amplitudepulsefunctionin space

kernelfunction,Integrable

23
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Kernel Function

[

Normalized Fie
I Distribution

\

d/2 O ‘d/2

d

‘t= R/cor ~=x--

Figure6. Graphicalrepresentationof the fieldintegrals
for a singlestrip.



singularitiesof the kernel functionsdo appear in the spatial coordinate

-1)—
x’ for t=R/c where R is the distancebetween the field point and source

point. Thus,for a givenpointin space(x,y)and a the (t),themagni-

tude of the field is related to the total area underneath the curve de-

fined by the shaded section in Figure 6. For the general case (4 > 0), a

solutionwhich increases from zero to a maximum value followedby a mono-

tonicallydecreasingmagnitude as a functionof time can be obtained for

the e and hz field components.
$

However, the expressionsfor the e com-
P

ponent is a direct functionof x’ and sin $ (see equation 31), and this

componentvanishes on the plane y = O (+ = O,n). In addition, this

functionaldependence can change the polarity of the integrandof equa-

tion (42)becausex’ is an odd functionwhich leads to field expressions

for the epcomponent that are either positiveor negative dependingon

geometry of the problem. The magnitude of the time-historyof the e com-
P

ponent is similar to that of the e
4’
and hz field componentsunless the

origin of the coordinatesystem lies within the slot. The single slot of

Figure 4B is symmetricallyspaced about the center of the coordinate

system, and, as a result of the “oddness”of the integrand, the time-

history of the e componenthas both positiveand negative excursions.
P

The rise-time of each of the waveforms of these field componentsis

related to the “delay-time”between field contributionspropagatingfrom

the closest and furthest source points on the slot in relation to the field

point (See Figure 3 for geometricalconfiguration). This rise-time*,tr,

can be defined as the time required for the field to increase from zero to

one-hundredpercent of its maximum or peak value. For narrow slots, it is

a direct function of the width for e
$’

ep (in all but the special cases),

*This rise-time definitionis valid only for single slot element re-
sponses which increasemonotonicallyas a function of time to some peak
value.

25



and hz as is anticipatedfromthe “turnon’’pointsinthe graphicalrepresen-

tationof spaeialconvolutionin Fi~re 6. Forlargedistances,it can

be shownthatthe previouslydefinedrise-timeforthesefieldcomponents

can be expressedin normalizedformas

= tr/(Ro/@ = (d/RJcos+ [44]
‘r

whereR= RO-dcos+,tr is the totalrise-time,~ is thedistancefromthe

centerof the slotto the fieldpoint,andd is thetotalwidthof the

slot. Equation(44),thoughapproximate,clearlyindicatesthatthe

nomalizedrise-timeis a sensitivefunctionof the angle$, particularly

around4=Tr/2,and thatthe smllest risetimesare obtainedforbroadside

propagation[$=~/2) and smallwidth-to-distanceratios.

h approximateexpressionfor late-timebehaviorof the e component
@

of the radiatedelectromagneticat largedistancescanbe obtaineddirectly

fromthemagnetic--field,hz. In the far-field,i.e.d/RO<<l, theelectric

fieldis relatedto themagneticfieldby thecharacteristicimpedance

of freespace;thus,fromequation and (43),

J
d/2

dx’
‘+=-+

-~fz [(ct)2+211/2

(45)

whent>R/c suchthata responsefromeachpointon the slotis experienced

at the fieldpoint. Equation(45)can nowbe expressedas

J
d/2

1 dx’
‘$=-i z 1/2

-d/2 [a+bx’ + CX’ ]

(46)

whichis integrablein a closedform,wherefromthegeometryof the

singleslot,

26
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a = (ct)2- ~

b = *ROCOS$ (47)

and c= -1

This integralhas a solution

J_dx’ -2cx-b
= —: Sin

-1
1/
2<

(48)
[a+ bx’ i-cx’2] -c G

thus,an approximateexpressionforthe electricfieldcomponentin the

$ directionis obtainedin the form

[

.

-1 cos@+d/2R0 . -1 cos~-d/2R0

‘+ =
- ; s. ~- -sln+c-

.

where~
o = t/(Ro/c),and

[49)

* 1/2

‘o ? [l+(d/Ro)cos@+(d/Ro)1 (50)

for late-timebehavior.Of course,equation(49)is relatedto an exact

closed-formexpressionforhz basedon equation(45),i.e.ez=Zohz; and

for $=Tr/2,the equation(49)reducesto a form

2.-1 d/2Ro

‘+=-xsm
c T:-1

[51)

whereit can easilybe seenthatthesecomponentsdecayin time. Note
1/2

thatfor To= [l+(d/lRo)2] in equation(51),whichis at thepeakof

thewaveform,

‘6 = ‘1 (52)
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forthe specialcasewhen$=Tr/2,In addition,it is recognizedthat

equation(49)is qyitegeneralandcan be employedto c-te the complete

late-timebehaviorafterthe peak has OCCUI-IWI forboththe hz and e$

componentsfor mall.slot-width-to-distanceratios.

A numericalsolutionprocedureforcmqmting the time-historyof

the fieldcmponentsof equations(41),(42],and {43)has beendeveloped

andprogmmmd foradigitalmnputer. l%isprocedureis a straightforward

applicationof numericalintegrationusingan open-endedGaussquadrature

formla for the treatmentof the sin@arities of thekernelfunctions.

The applicationof numericalintegrationin time-dominprobkns dis-

cretizestherepresentationoftheintegral,i.e.,the totalfieldis the

sumof weighted}time-shiftedcontributionsfrana finitesetof points

on the slotbecauseof the inherenttime-delaybetweenintegrationpoints.

As a result,caremustbe exercisedto insurethatthe spatialvariable

of integrationis “sampled”at a sufficientnumberof pointsto obtaina

convergentintegration,especiallyin the rise-timeregion. Thisproblem

is pronouncedfor smll observationtimeincrements,and an insufficient

numberof integrationpints resultsinan irregularwaveformconsistingof

a serratedshapeduringthe early-timeresponseof the function.

The time-historyofthe ccmputedfieldcomponentsusingthisnumerical

procedureis hrzterizd h F_iguxes7 through 15 as a functionof

nonnalizalparameters

To “ t/(J$/c) (53)

and $/(m/2)forthreeslot-width-to-distanceratios,d/I$,alongwith

approximatefieldsfromequation~49). As canbe seen,eache@ and hz
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fieldcanponentexhibitsa finiterise-timecharacteristicfollowedby a

decreasingmagnitudeas a functionof timewhichrapidlyapproachesa

limitinglate-timebehavior.Notethatthepeakof the functionsoccurs

laterin timeand thatthepeakvaluedecreasesfordecreasingvaluesof

$/@/2). This“spreadingout”of thewavefoms is a resultof the time-

delaymperiencedbythepmpagated wavesfromthe slotas a functionof

anglewhichis relatedto the ‘Dispersioneffect”in the frequencydomain.

The ccmputedtransientbehaviorof the fieldsof equation(41)can be used

to illustratehowthe “spreadi@’or totalrise-timeof

as a functionof observationanglefor the e component
+

as shownin Figure16. Againthe curveemphasizesthat

thewavefom varies

of the singleslot

therise-timeis

dependenton angleof obsemationand thatit changesmostrapidlynear

broadside($=w/2].

It is interestingto notethatthe nmerical resultsof Figures7A,

8A, andlOAindicatethatthe timeresponseofa singlestriphas a short,but

finiterise-timefor 4/(7r/2]= 1.0 (i.e.jbroadsideto the slot). This

apparentrise-timeis a resultof thenumericalconvolutionalgorithm,and

it canbe shownthatthe actualtineresponsehas zerorise-timein this

specialcaseas inferrd in Figure16. FromFigure16,it is seenthatthe

earlytimeresponsefor $/(r/2)is determinedfor l<~o<[l+(d/2RO)2)1’2;

thus,equation(45)rduces to the form,

/

~~dx’
‘+’~

[54)
o (a-x’Z)l/2

wherea= [ct]2- < d 0.al/2<d/2. This integral can be evaluated as

2~dP

~‘$=-~ ~=
-1

0 41-V

44

(55)
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if thechangeof variables,u=x’/&, is employed,and theseresultsindicate

thatthenonnalized.$componentof the electricfield.isindependentof

timeduringthisintenal where&is finite,howevermall, and less

thand/2. Therefore,the timeresponsefor the specialbroadsidecase

has zerorise-timeand aconstantmagnitudeuntilresponsesfromall

pointson the slothavereachedtheobservationpoint;then,the field

decaysin a mer describd by eqyation(51).

It canbe seenfromFigure7B thattheapproximateexpressionfor

the $-componentofekctric field(equation49) is in errorfor $/(r/2)

= 0.75atd/Ro = l/5while thehz cmponentof Figure8B, as calculated

withthea~roximateequation,is exactevenford/R.= 1/5. If the slot

width-to-distanceratiois increasedto l/30,the e+ componentsjcalculated

by lmthnumericaland approximateexpressions,are ahnustidenticalas

shownin FigureIOB;and,if d/R.= 1/300,it is difficultto distinguish

betweenthetwo ccmqwtationsas canbe observedinFi~re 13B. For@/(fi/2)=1,

it appearsthatthe approximateequationisvalidevenat d/R.= 1/5 (See

Figures7A,lOA,and llA)and thatthe accuracyofthe approximationis a

functionof angularpositionas wellas distance,The late-timebehaviorof the

hz componentis exactin all casesas is evidentfromthe graphsshown

in Figures8B, lIA,14A,and 14B.

Thus,in smmary, it hasbeenshownwiththeseresultsthatthe time-

historyof the far-fieldcomponentsof theplanarslotis a criticalfunction

of bothan@ar positionand slotwidth-to-distanceratio. The e+ and

hz components,whichhavethe samebasicshape,aredistortedfromthe

peakedbroadsideresponsefor angleslessthanninetydegreesinbth

amplitudeand shape.
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MUI.XIELEMENTARRAYSOF SUITS

d

Withtheresultsalreadyobtainedforthe single.slotin thisinvesti-

gationit is relativelyeasyto extendthe theory,as wellas thenumerical

procedure,to the arrayproblmof Figure1. Hence,if the surface

equivalencetheoremis appliedto theN-elementplanararrayof slotsof

Figure17,thenthe compositemagneticcurrentdensitycan be expressedas

N
Mz(x,t)= 2~E (x’)[u[x’-(xn-dn/2)]-u[x’-(xn+d2)2)]]P@n) (56)

n=ln

whereEn(x’)is the electricfielddistributionon thenth slot,~ is

thedistanceto thecenterof thenth slot,~n is the “turn-on”time,and

dn is thewidthof thenth slot. Throughtheuse of themagneticcunent

densityof equation(56)and the theorydevelopedin SectionII,equations

(36),(37),and (38)can be usedto obtainintegralexpressionsfor the

N-elementslotar-rayofthe form (SeeFigure17 for geometry)

N xn+d/2

‘+= 21
1

EJx’)~[x,y,(t-rn),x’]dx’

‘=lxn-d/2

N xn+d/2
E= -21

1
En(x’)KJx,y,(t-~n),x’]dx’

P
‘=lxn-d/2

N ~+d/2
Hz = -21

I
En(xt)KJx,y,(t-~n),x’]dx’

‘=lxn-d/2

(57)

(58)

(s9)

wherecausalityrequiresthat (t--rn)>R/cforeachindividualtermof the

seriesexpansion,The orderof sumation and integrationhas beeninter-

changedin the foundationand the kernelexpressionsare the samefunctions
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-d

defined

(t-Tn)*

of this

in equations(30),(31),and {39)exceptthatt is now replacedby

Theseequationsstillrepresentexactexpressionsfor the fields

two-dimensionalprobleminvolvingnultipleslots.

Thus,as can be seenfrantheseexpressions,the arrayproblem

simplifiestothesunmutionof thetransientre~nses of N singleslots

withtheappropriatetimedelayandposition.TIE individualtransient

responsefor eachof theseslotsconsistsof a spatial-shiftedconvolution

integralof thetypeinvestigatedforthe singleslotwhichcan includea

timedelay,Tn. A graphicalrepresentationoftheconvolutionintegralsfor

thearrayis presentedin

of the spatialvariable.

fielddistribution,it is

integralswillconsistof

Figure18 for k times,T1 andT2, as a function

As a resultof the spatialdistributionofthe

easilyseenthatthe sumof the individual

time-delayedresponsesof eacharrayelement.

For a finitespacingbetweenelements,thetotalresponseis not continu-

ous as a resultof the zerocontributionbetweenarrayelements;and,

consequently,

“serratd”or

responseisa

lationto the

characterized

thetime-historyofthe slotarrayis characterizedby a

sawtooth-typewaveform,The shapeof eachserrationof the

directfunction of the position of the array element in re-

observationpoint,and eachseparatecontributioncan be

by boththe rise-time

elementas a functionof $n/(Tr/2).

the serrationsis a functionof the

elementssuchthat,frcxnFigure17,

‘Sn = tJ (%/C) = (Sn -

anddelayof the responseof a single
...\

The timedelay,

spacingbetween

‘d‘ betweenpeaksof

edgesof the array

Cdn-dn.1)/2)cos$n-1/Ro (60)

where~s is thenormalizedtimedelay,Sn is the

of thenth and (n-l)thelement.For an arrayof

49

center-to-centerspacing

W@ly spaced,constant



Normalized ~’
Oscp+

Field /:/t
bution i !

4 /’ I
I .~ ;.&

-Xt
all/2 ‘d, /2

(A) Convolution for Slot No. I

‘/2

/’=-
Kernel
Function
~>R/c ,“

d“’ -x’
%4#2[ x2-d#2

(B) Convolution for Slot No. 2

II

● *O G ‘-x’
xn-dn/2

(C) Convolution for Slot No. n
Figure18. GraphicalRepresentationof theComponent

integralsforan Arrayof slotSmrces.

50

)1~

field



. .

widthelementsthe timedelaybetweenresponsepeaksbecomes

= s Cosf$
‘s

(61)

in the far-fieldwhereS is thenonmlizedelementspacing,SO/RO,and

SO is theactualelementspacing.Thus,the slotarrayis completely

characterizedby the responseof the individualarrayelement,the spacing

betweenelements}and thetotalnumberof the elementwhichdeterminesthe

aperturesizeand,therefore,the regionof maxinumresponse.

The expressionfor the $-componentof electricfieldof theN-element

array(equation57)has beensolvedusingthenumericalprocedureutilized

forthe,investigationof a singleslotsource. The resultsof thiscomputer

analysisfor a two and a three-elementarrayof eqyallyspaced,constant-

widthelementsare presentedin Figures19and 20,respectively,for

differentelementspacings.For ,S=1.0,i.e., all el~ents touching, the

responses,with symmetricalplacementof the array,are simplythe transi-

ent responseof a singleslotelementof eithertwiceor threetimesthe

elementsrjurcewidthfor the appropriatearray. Thisresponseconsistsof

a unitmagnitude,singlepulsewith zerorise-timeand a long“fall-time”

characteristicof the singleslotresponsesof Figures7, 8, and 10 for

4=1’r/2.For S>1,the time-historyof the totalarrayconsistsof the sum

of the time-delayedresponsesof eachof the arrayelements.For the three-

elementarray,the

twopeaks. One of

otherresultsfrom

arriveat the same

responseseparatesfromthe S=1caseintoa waveformhaving

thesepeaksis a responsefromthecenterslotand the

theremining tm symmetricallyspacedelementswhich

time. Thereis a strikingdifferencebetweenthese

contributionsbecausethe responsefromthe centerelementis

distortedbecausethe timedelayacrossthiselementis small
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delayforpointson theoff-centerelementsincreasesas a functionof

positionwhichresultsin deformationofthebasicshapeof theresponse.

As shownintheothercurvesof Figure19,the secondpeak is seento decrease

in bothmagnitudeandwidthand to occurat latertimesfor increasesin

elementspacing.Numericalresultsforthetwo-elementarrayare similar

to thatof thethreeelementarraywithoutthe firstpeakof the center

elanent,as wouldbe expected.The transientresponsesof 5, 7, and9-

elementarraysof equallyspaced,constant-width,slotsourcesis shown

in Figures21, 22,and 23,respectively,for $(T/2)equalto 1 which

showsthatthearrayresponseis indeedthe sumof the time-delayedre-

sponseof eacharrayelement. In addition,theeffectsof changesin

elementspacingand elementwidthsin a 9-elementarrayaredramatizedin

Figures24 and 25.
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CONCLLJSI(MS

.

-A

Thisreportpresentsgeneralexpressionsfor thetransientradiatti

electricandmagneticfieldsfora planararrayof sourceswithelements

havinglumwnelectricfielddistribution,aswell as timedelay,located

on an infinitelperfectlyconductingplane. The analysisof sucharrays

is basedon the space-tireGreenlsfunctionapproachto the electricvector

potentialproblemratherthanthemoreccmmonfrequencydcmainapproach

appliedto related

Planararrays

computationof the

[11]
problems.

of two-dimensionalsourcesare analyzedusingnmerical

appropriatesuperpositionintegralsin conjunctionwith

relatedGreen’sfunctionforconstantamplitdedistributionoverthe in-

dividualapertures.Plotsof the timehistoryof theradiatedfar-fields,

as wellas near fields,arepresentedfora singleelementand otherarray
1

configurationsfor the constantamplitudedistribution.Resultsof the field o

amplitudevariationas a functionof observationanglearepresentedfor the

single element.Notethatthetimehistoryofan elementis extremelysensitive

to observationanglebecauseof thetimedelayinducedbythechangein distance

a givenrespmse must travelto reach theobservationpoint.

The timehistoryof the fieldsfor these

of thetwo-dimensionalwaveequationsolution

of theresponsefrcmthe@.nt on theelement

arrayelementsis

~ere thehistory

nearestthepoint

characteristic

consists

of observation

followedby responseswhicharrivelaterintimefrcmpojntsmoredistanton

the infinitelylongaperture.It is evidentfromtheresponsesof themulti-

elementarraysthatthe totalresponseof the systemis simplythe linear

superpositionof theresponseof eachelementappropriatelydelayedin timefor
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the existing observationangle. In addition,from Figure

observed that the time response at large distancesfran a

approachesthe response of

time delay to each element

a singleelement

approacheszero.

for broadside

24, it can be

finitearray

observationbecause
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