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Abstract ’

In this work, we consider the problem of an open, finite-width,
parallel-~plate waveguidelwhich is excited by a y—-directed current source.
The source current is assumed to be confined at x = x,, have a sin(N7/2H)
or cos(Nw/2H) variation in the y-direction, and an exp (iBz) behavior along
the longitudinal z-direction. Such an excitation can be interpreted as
one spectral component of a transversely ‘confined source.. The solution to
the longitudinally confined source problem can be subsequently constructed
by an appropriate superposition of the spectral solutions derived in this

paper. The important question of the excitation or non-excitation of the

zero-mode in the guide is examined and the resonance condition for a leaky

mode in an open, finite-width waveguide is derived.
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I. INTRODUCTION

The paréllel-plate simulator [1] is an important device for

EMP testing and has been investigated by a number of authors [2-8].
However, all of the previous analyses of this problem have been limited

to the investigation-of leaky modes in such open waveguides and the source

excitation problem of such waveguides has not been previously discussed

in the literature.

It is well known [9] that the leaky wave expansion of a source-
excited field is an approximation to the exact, continuous spectrum
representation.* Thus, an investigation of the complete solution
expressed in terms of the continuous spectrum representation is useful
from the point of view of evaluating the accuracy of the leaky wave
representation,

The present study represents a first step toward this gozl. In .
this work we derive the solution to the source excitation problem for an
excitation function which is assumed to have an eiBz variation aloné the
longitudinal (2) direction. Such an excitation can be interpreted as one
spectral component of a transversely confined source, and the solution
to the confined source problem can be subsequently constructed by an

appropriate superposition of the spectral solutions derived in this paper.

* Note that in contrast to surface wave type of structures the open
parallel-plate waveguide configuration admits no discrete modes in
the proper sheet.




The organization of the report is as follows: Section II
presents the statement of the problem we wish to inves‘;igate.
In SectionIIT we formulate the integral equations and present the
solution of these equations in Section IV. Sectién V is devoted to the
calculation of the vector potentials which are useful for the derivation
of the fields. 1In Section VI we investigate the special case when
only the zero mode can propagate in tAhe guide and derive the resonance
condition for leaky modes. Finally, in Section VII, we discuss the
case when more than one mode can propagate in the guide and present

a summary of the results in Section VIII.




II. STATEMENT OF THE PROBLEM

In this work we address ourselves to the problem of source excitation \'.
of an open wavéguide when the source is located inside the waveguide. The
opén wé.veéuide is formed by two parallei, perfectly conducting strips:
-2L < x <JO,. y =+ H (see Figure 1).

We will investigate two types of sources, viz.,

Case A

T = §r6(x + xo) sin %1) e:.Bz s here N =1, 2, ... (2.1)
Case B

T = y&(x + xo) cos (%%Z ele , here N=20, 1, 2, ... (2.2)

where the current J has only a y—-component. The time factor exp(-iwt) is

implicit throughout this report. We assume that Ref > 0 and ImB = O.
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Fig. 1

Geometry of the problem of source excitation
of a parallel-plate waveguide.




III. BASIC FORMULATION

We begin with Maxwell's equations:

V,x E - iwpH = 0 (3.1)
vyx H + dwek = J (3.2)
where
2 2 2 2
V§=32+ 82+ 32=v2+———32 .
9x oy 3z 2z

The electromagnetic fields may be expressed in terms of a vector potential

function'z(l) by means of the following equations:

w_ 1 ey
H = o le A (3.3
= . —(1) 1 —-(1)
= - —— vv »
E = iwA Toon 11t AT (3.4)
whérelz(l> is a solution to the following inhomogeneous equation:
va(l) + mzeﬁK(l) = -ud . (3.5)
Since the excitation current has only a y-component, we may let K(l) = A;l)y
and express the various field components in terms of A;l) as:
: | AW
EX = " Toen 333y (3.6a)
w1 T
E = iwA - . (3.6b)
Yy vy iwen 2
oy ‘
Loy v
Ez - iwen 3ydz (3.60)
8A<l) , BA(1>
Hx = —~ —SE—— 3 Hy =0 ; Hz = —?ﬁg—— . (3.64d)
8




A;l) satisfies the inhomogeneous wave equation:
2,1) . 2 (1), |
VIA + w epA = —uJ . (3.7
1%y © ey My

1) iBz

We look for the solutions of (3.7) having the form A§ = Ae . The reduced
potential A satisfies

v2A + K2A = —pI (3.8)

where k2 = mzeu - 82, and

1
=
N

sin (%%%-) for case (A) N

I =38(x+ X cos-(EEX ) for case (B)‘N

]

T 0,1,2,...

Enforcing the boundary conditidn on the tangential E-field at the

plates, we have

98 _ , 2L <x<0 . (3.9) .

For mathematical convenience we initially assume that e has a small
imaginary pait, with Ime > 0, intending to let Ime - 0 after the derivation

of the solution is complete. We then have

S22 T |
k'=Vweu - g7 = kl + ik2 s C(3.10)

. where kl, kz > Q.

We next proceed to derive the solution to the problem at hand using the

Wiener-Hopf technique. To this end we define the transformed function ¢ as

©

¢(a,y) =J' A(x,y)eiaxdx ’ (3.11)

-0

where o is the Fourier transform variable. Since the region ]yl > H is

source free,we have ¢ satisfying the differential equation




3—% - Ye=0 ,y=Va -, (3.12)

which admits solutions of the form

o (a)

i
[¢)

et for y < -H (3.13a)

3(a) -y for y > H (3.13b)

]

[¢]
Ea

[

with the requirement that

LY
"Rey = Re (Vuz - kzl)e~+m as o > & .

Figure 2 shows the branch cuts for y in the complex wa-plane. Taking the

principal branch we get

e

‘ i
vy = V/]a - klja + k| e 2 and (3.14)
v=-1k®-o® for |a] < |k . (3.15)

In the region interior to the waveguide, i.e., for [y[ < H, the differential

equation for & takes the form

) -iax; Case (A)
e (3.16)
) Case (B)

and the ‘solution may be written as [see Appendix I]:

[ in(gﬂz) Case (A) N=1,2,...

- ~ s
o(y) = cleYy + azzze_(y + T ’ ;H :
{-cos(&—%z-) Case (B) N=0,1,2,...

(3.17)

10
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Branch cuts in the complex a-plane.
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with

The coefficients ¢y and cy

A and B. Since

-iuxo
T =-2 ¥
Ty 3 . ‘ (3.18)
v2 4 BT
2H

will, of course, be different for the cases

oo
30 _ J’_@é iox
5y o By é dx |, (3.19)
from (3.132) and (3.19) we have
BT i H
j—-—- e ax = c.ve ¥ . ' (3.20)
‘ y . 37 .
el y=-H-0
Let}-.‘»““ .
%é = VY, 3 %é = wl for - < x < ~2L
(3.21)
—gi% =X2;—g—é— =X1 f0r0<’x‘<°°-“
y y = -H y v = H ‘ ’
Then from (3.9), (3.20), (3.21),
-2L idx < ilox - =yH
{ boe dx +-j X,e dx = cgye Y (3.22)
J .
-0 0
or
-2L -
_ =1 ~H i 7 .
Cy =Y e f lbzelaxdx + _(}) xzeiaxdx . (3.23)

-0

Using the inverse Fourier transform,we finally obtain the representation of

A(x,y) for y < -H:

12




‘otib -2L ©

-1 yH vy _-ia ia - ik
Alx,y) = é%- J Y eY e'’e Xda f wze EdE + é Xpe dg | .
-0

~otib
(3.26)
Similarly for y > H we have:
=]
-2L : f :
e+ib . iag iag
' -1 yH -~ -iax Y,e dg + | x,e ag
A(x,y)=—2—lTr I y e e e da f 1 é 1
~~t+ib J(3.25)
where
—k2 < b < k2 .
Letting y = * H, we obtain from (3.9), (3.17), (3.19):
cos gﬂg‘)
= YH _ -yH 7 Am
Il Yeqe Yc,e + TN 70 ) N? (3.26)
-sin |~
\2
N
- -YH _ YH , v Nm | cos (——)
I ye,e Yepe + TN T 2 (3.27)
sin A
2
where
-21, =)
- iox f iax '
Il _i wle dx + 4 X dx (3.28)
-2L B
I, = f U e ax + f X e~ ax (3.29)
2 _."2 0 2
where c; and c, are constants, given by [see Appendix II]:
N :
- 1 YyH _ -yH , &~ N& - cos (=) sinh (YH)W l
1 = T simn (2ymy |18 R 2 |

sin (E%D cosh (yHXJ j

(3.30)

13




N7 .
_ 1 L oH o VH ¥ Mo, cos (=) sinh (YH)
::2‘ 2 sinh (2vH)vy 1 2 N 2H

sin (%E) cosh (yH)
(3.3L)

In the interior region |y| < H.we have

o+ib ‘
Alx,y) = —é% f Q(a,y)e_laxda
' —w+ib
otib - —tox
=L - - T
= 5 I . I1 cosh[y(y+H)] I, cosh[(y ~H)v] Y sinh (ZYH)da
—oib ‘
wtib - |~ cos %E sinh (yH) sinh (yy)\ T e-—iax
+ =+ L 2 . . N ‘ B da
T O2H iy sin =~ cosh (yH) cosh (Yy)jy sinh (2vH)
. (Nmy,] «t+ib
1|5 (ZH) ~ —iox
* 5 N T, € da . (3.32)
" cos (5D

—ootih

Imposing the bouﬁdary conditions:

Alx,+ H+0) = A(x, + H - 0) —o=<x<-zL‘3

for and

’O<x<°° ) (3.33)
A(x, - H - 0)

A(x, - H+0)

we derive from (3.24), (3.25), (3.32) [see Appendix ITII] for -» < x < -2L,

0 < x < =

-2L L -2L
J lei*>(le - g])dg + J XlK](_*)(ka - g]dg - j pszé*) (k|x - g]|)dg
-0 0 -0
- J xKS ) (el x - g])ag = £ ) (3.34)
0 ' .
and

14
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-2L St -2L
[ el - e + [ xg§™ wlx - ehas - [ o als - ehae
0

00 -0

- f %k (el - g))de = 25" ’<x>, (3.35)
0
where
ot+ib
. 2Hy .
(*) 1 e ia (g = x)
Ky (klx - £]) =3 J —sinn OE) © do (3.36)
—co+ib ‘
‘ o+1b
(*) -1 1 ia(g - %)
K, (klx - g]) = 55 f o (oY) © da (3.37)
~o+ib
. otib ‘-cos (-Nz—ﬂ) tanh (yH) ”f e—iax
£l )(X) = - 5 R TS
1 4R ' - Y
’ -~ -e+ib sin (ﬁ coth(yH)
sin (M-) ot+ib
1 2 ~ =-iax
- ' J T,.e da ' (3.38)

ot+ib cos (ﬁﬁ) tanh (vH) ~ e-—iax

2 T
%
( )(X) _ N N da
4H - Y
-+ib | sin (—2—) coth(yH)
- sin (%’i) otib

1 o~ =iex
o , o J TNe dao . (3.39)

’ cos (7) —oo+1ib

A‘dding (3.34) and (3.35) we obtain

15




-2L | ©
L :
where
| Y. (E) = ¢, ~ ¥
o e (3.41)
21(8) = X1 = X
‘ o+ib -
. : % * - l . _ )
Kylelx - ey = Ki (kfx - g]) + Ké Yk]x - £D) = 7 j Y sinh(vn)em(g o
| —o+ib |
(3.42)
0 Case A
£,060 = (3.43)
L ) ,
Fl (x) Case B
Sy, <tib ' otib
PV 6o = - s G%% J 7 SOthB) ieng, L oo (%f) f ;o
—=+ib - —eotib
(3.44)

. Equation (3.40) represents one of the integral equations we have been

seeking to derive. The unknownsin this equation are Yl and Zl and fl(x) is

a known function related to the source.

Next we subtract (3.35) from (3.34) to get:

-2L ©
f T, (E)R, (k|x ~ g])dE + J 2, (B)K, (k[x - g])dg = £,(x) (3.45)
5 .

-—00

where

Y,08) = ¥+, 5,469

ZZ(E) = Xl + X2

16
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K, (k|x - g]) = Ki*)(klx - &) -,Ké*)(k|x -£]) =.£?

(N)

F2 (%) Case A

fZ(X) 0 Case B

ot+ib

2 N Y

=tib YH ia(E-x)
E——e—.___da

v cosh(yH)
—obib

(3.47)

(3.48)

o+ib

N

A~ _s \ ~ s
F(N)(x) - N cos Hn T tanh(yH) e laxda-l sin[gll T. e %%da
2 2H T :

—wo+ib

V2
~-cobib

(3.49)

which is the second integral equation we have been seeking. Thus,in summary,

‘we have reduced the original problem to that of solving a pair of integral

equations (3.40) and (3.45) with four unknown functions, viz., %ﬂg), %5&),

YZ(E), and ZZ(E).

17




IV. SOLUTION OF THE INTEGRAL EQUATTONS

As a first step we rewrite the integral equations (3.40) and (3.45)

as:
-2L . < fl(x) —o<x<—2L, 0<x<e )
J ¥, (8K, (klx - £])dE + J 2, (), (k|x - £])dg
o ‘ 0 el(x) -21,<x<0 ‘
(4.1)
and
-2L © fz(x) —o<x<—2L, O<x<=
J T, (B)K, (k|x - g])dg + f z,(E)K, (k|x = g])dE =
- 0 ez(x) -2L<x<0
(4.2)

where we have deliberately introduced two new unknown functionms, viz., el(x),
ez(x),in order to extend the range of x from -« to +». This is important

for the next step which is to multiply (4.1) and (4.2) throughout by

exp(iax) and integrate with respect to x from -= to =. This gives

-2L ©
J ¥, (e ag R (o) + { 2, (6 *%dg K, (@)

00

=21 0 )
= £ (x)eiaxdx + e (x)eiaxdx + £ (x)elaxdx (4.3)
1 1 1
- =2L 0
and
-2L o
J ¥, (6)e e K, (o) + J 2, (8)e 5 dg K, (@)

-0

-2L C ‘ 4
- f £, (x)e dx + J ez(x)eiaxdx + J £,(x)e™ dx (4.4)
— -2L 0

18




)

where

eYH eYH
B3l = Toim om0 B T T amy (4.3)

are analytic in the strip —k2 < Ima < k2.
Defining the transforms of the unknown functions in (4.3) and (4.4)

and indicating their domains of analyticity, we have

5, (@) = f 2, (e)e™%a (4.6)
! | |

-2L

¢ (o) = j v, (et ag 4. 7)

v, @ = f z,(0)e™a e
0

-2L .
b = | v@e e (4.9)
where the functions Qéa), géa) are analytic for Ima > -kzand qfa),

¥ _(a) are analytic for Ima < kz. We can also write the transforms of the

known functions fi(x) and fz(x) in the range -~ < x < -2L as

-2L
Hj(a) = J fj(x)elaxdx = e—iQZLHj_(a) ‘ (4.10)
where j = 1, 2 and
-2L
H, (@) = J fj(x)ela(?+2L)dx o (4.11)

-0

Likewise for the range 0 < x < « we have the transform




lox .
Hj+(a) = f fj (x)e™ Tdx (4.12)

where

o

, Case A

Hli(a) = | (4.13)
ﬁg) () , ‘Case B ’

wﬁefe the superscript (N) is associated with the excitation function and is
defined in (2.1) and (2.2). To obtain the expressions for Hli @),
| we ‘have t6 calculate the functions fl (x) for two caées: (a) -» <x<~-2L
'ana (b) 0 < x < =». We also need to perform these calculations for N both
even and odd. For Case (A) we need to close the contour with a semicii:cle
in the. upper half plane, whereas the closure for the second case is in the
" ‘lower half plane, Substituting the results of these calculatioﬁs vin

(4.12), we obtain the final expressions for ﬁif’q’) and ﬁl(_fﬁ'fl) s Whigh

read:

’ ’ iarx - ‘ia‘(ZL—x )\ '
ORISR G RN I

H aﬁl(a £ ai)\ 0, 1 )
220, 1, ...
| > io’x
LS DU A B 15 i J’ 2 1 [1] oo
1% T ‘\(22’ - 1)2 ko = k) O
2=1,2,...

% n
A

- ia‘(ZL—x)
SHEE.
o

(4.15)

@
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o

Note that we have neglected the exponentially decaying terms by retaining

terms in the summation. The integer ny satisfies the conditions:

only nl

nl'ﬂ’ (nl + )
5 <k , — > k . (4.16)
We cdn also show that
ﬁéi)(a) . Case A
Hzi(u) = (4.17)
0 , T Case B
where
n

H2D @) =+ 0F 2 2] L

, )
1 n=1 n-}.)za, 1___&_._ e
L=1,2,... 2 n—l/Z[ n - 1/2 = %n-1/2

”

i' 10~ x 01 ia” (2L-x ;)
. [o]e n—l/20+[1_Je n-1/2 . 0 (4.18)

7

and n2 is determined from the condition

(n2 - 1/2)w (n2 + 1/2)7
— — s>k
= <k , T > (4.19)
and
% (20-1) . o1 1 1) 100.179%0 [0 o1/ (Plexy)
2t () = £ (-1) Moo T ol e +1i1e
* 2-1/2 (% * %g-1/2) g
L= l,2,... ) (4.20)
Utilizing the definition of various transforms,we rewrite (4.3) and
(4.4) as:

| e 102l 5 (a) + 0 (o) - v2H M, ()¢, (@) = [e_ian By (o) + H1+(°‘)] Yzml(a)

(4.21)

21 j




and

Ty (@) + 900 - Y@y (@) = Ea‘im H, (o) + H2+(a)] M, () (4.22) .
where
0 |
8 (a) = f el(x)elaxdx (4.23)
. -2L
0 .
by (@) = j ez(x)ei“xdx (4.24)
-2L

_ _—vH sinh(yH)
M (o) = e JH (4.25)
Mz(a) = e-YH cosh (yH) . - (4.26)

The next step 1s to factorize the functions Ml(a) and Mz(a) in the form of

‘produc;s,
M, (@) =M, (o) M (a) o (4.27) L.
Mz(u) = M2+(a) MZ_(a) . (4.28)

where Ml+(u), M2+(a) are regular and non-zero in the upper half plane
T > —1&, whereas Ml_(a), MZ_(a) are regular and non-zero in the lower half

plane t < k,. Then, multiplication of (4,21) by

2
,e+ia2L
(o =M, (a)
and (4.22) by
ia2L
—e
Yok M,_(a)

leads to the following coupled equations in the transform domain:

: ®




ia2L
¢>+(a)e

¢~ () - i ia2L
@-0H_) @ BE_@ (a+)EM, , (0)8, (a)e
= (o+ k)}ml+(oc) Hl— @)+(a+ k>HMl+(a)Hl+ (o) eiOLZL (4.29)
and _
i0.2L
v_ (o) Y (a)ela
+ = A M2+(a)wl(a)eia2L

va-k MZ- (o) Vo = k M2_ (a)

= /Ja+tk M (a) H _(a) + Va+k M (a)H ia2L
(4.30)
The first térms on the left-hand side of (4.29) and (4.30) are regular in
" the lower half plane, whereas the third terms on the left~hand side and the
second terms on the right—hand‘ side of (4.29) and (4.30) are regular in the
upper half plane.

To solve these equatiohs we carry out the decomposition

La2L "('oT—ETJ:)(%)I_‘Z&T “R@ +R (@ (4.31)

(e + 1ML (@) By (@) = §p, () +§,_(@) (4.32)

g 0, (@) + (@ (4.33)
Yook My (a) -

atE My, () Hy (o) = S,, () + S, (@) . (4.38)

Using the method of factorization we obtain the equationms:

¢ (a)

@M _@ @ - 5@ =0 | (4.35)

23




+Q () =5, (a) 7 0 (4.36)
Ya - kMz_(a) .
where
| igre 1221 oo
oL + -
B =71 C-PN_OG-& = (4.37)
1d=e
. 1deoo eigziw -
(@) = - 5= J =+ dz . (4.38)
{d=-c v = k Mz_(g) (C—G)
' id-+ee ;
(z+ k)M, (2) H, (D)
~ 1 1y 1-
5,_(a) = - 51 J — dz (4.39)
id=e
~ LT TR, (), ()
52_(0,) = - —éjr-r—l' J o & o (4.40)
id=e

T<d<k, , T= Img .

After multiplying {4.21) by]j[(u-kk)Ml+(aﬂ and (4.22) by Y [Va+k M2+(aﬂ

we obtain:

: -ia2L
<I>+(a) e 2 (o)

@M, @) | (+E) M (o)

- {a~- k)HMl_(a)Ql(oc) = e—%aZLHl_(a) (o -k) HMl__ ()

B Hl+(a) {a - k)HML_(u) (4.41)
and

b @ ) | a T (e @
Vo + kMz_*_(u) Ya+k M, (a)

) e—iuZLHz_ (a>ﬂ;j_§;M2_ka) + Hy, ()Va -k My (@) . (4.4D)

24
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Note that the first terms on the left-hand side of (4.41) and (4.42) are
regular in the upper half plane; the third terms on the left-hand side

and the first terms on the right-hand side are regular in the lower half

plane.

We now use the decompositions:

~ia2L
e

o_ (o) _
GF O, (@ & @

e_iasz_ (o)
= 8+(a) + 6 ()
foT—T-_I<M2+(a)

Hl+(a)(a - k)HMl_ () =Vl+(d) +Vi_(a)

H2+(a)Va -k MZ_(a) = V2+(a) + V2_

Substituting (4.43) into (4.41) and (4.42) and using the Wiener-Hopf

technique [10,11] result in the equations:

¢, ()
(o +-k)Ml+(a)

+ U+(a) - Vl+(a) = 0

LAY
T+ 5 (&) - V, (o) =
va + k M2 (o)

+
where

. lcte e—lchQ_(;)

]

|
o

(a)

L) 23t | TERE,@G -

ig=e

L icte e_lC2L¢_(C)_

o)

6+(a) 2mi

ic~

L VoK M, (&) (-
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o)

dg

dg

(4.

(4.

(4.

(4.

(4.

(4.

(4.

(4.

43a)

43b)

43¢)

43d)

44)

45)

46)

47)




M ) (0 (0 - k)E_(2) |
v fe) = 5= J p— g, (4.48)

icte :
- H, (T)Yt -k M, ()
V(@) = g f e LR (4.49)

lg~e

—k2<c<'c

THe above manipulations have resulted in four coupled integral equatioms
(4.35), (4.36), (4.44) and (4.45) each of which contains two unknowns. We
now proceed to derive a set of new equations each with only a single unknown.

To this end, we replace o by -a in (4.35) and (4.36) and £ by (-z) in (4.46)

and (4.47). Using the representations v-a+k = i va -k, v-a -k = -iva +k,

adding and subtracting the resulting equations and defining

We obtain the two sets of coupled equations

Iy N id+eo .
S 1 L1 514 (%) P2y,
- {a + k)M, (o) T 2mi (¢ - kM, _ (@)@ +a)
D@ 1+ s (D14 (®) 1-
~ )
[Vl+(a) ;Sl_(—a =0 (4.51)
3 idte ' .
8p4(®) i P! j S0 (B 182y,
Dy (@) JaFEM @ T D) @] RN, @+ w)
[1V2+(a) :"s‘é_(-aﬂ =0 . (4.52)
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g~ ' £ :
' !

{

s (a)..} , .
e @) £ o_(-o) (4.50a)
D., (o) ;
S, (o) ]
2y (@) = v (-w) (4. 50b)
32*_(&)“ .



It is shown in Appendix IV that for k2L >> 1 the integrals appearing

in (4.51) and (4.52) can be evaluated in a series form as follows:

id+ee .
1 Sl+(C) elCZde

@ - OE,_OE + @)

2ri
td-e P14+

s o] e o o 1
- 1+ R A +§ e—le/brr VIk V2L (o + k)W_; [-iZL(a + k)] )

~ (o + K)
Dy (¥)
ig 2L
1 s, (@) e "M, (a7)(al + k)
I+ 'n i+ 'n n

) , > (4.53)

=1 D, ., (") 0an + 0Ln)

, 1+ n’
and
idte [ .
o J sz+(sﬂ REI9N
2mi D,, (8)
fdte | 2F 0 emk M, (@) ()
R - . ' S, . (k)
=7 6/ T W_y [_—iZL(a+k)] oKL M,, (1) 2+
D2+(k)
n (5. (o ) ia;_l/ZZLM (o War ¥k
1 2+ %127 € 2402172/ %172
+= 1| (4.54)
n=1

. (o + a” Yo’ :
D2+(an—l/2) n-1/2""n-1/2

Substituting the various series expressions given in (4.53), and (4.54) into

(4.51) and (4.52) gives:

- k2
534 8., () e LM1+(k)

(e) o + k

Dl+(a? Dl+(k?

1w 2SIV (v 0 W [0 + 1)
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iaaZL
1 Sl+(an) e M1+(an)(an + k)

+ 3 . . V.. @) + 5. (~o)lY.55)
nel (D, (@) oo * o) w 1-
and
fsz+(°‘) - 1 -13/4m ’
| = F iR kN, @(ze /2L W_; [~12L(e + k)]
1D2+(a)\ T
(s, () N )
oik2L My, () - 2+ +% ) 2+ n-1/2
D2+(k) n=l | D,, (a’ )
. n-1/2
ton1/2%k e
e T M ( 1/2) -1/2 + k
. . ( = ) +[E 4V, (a) + s (=a)]
%1720 T o 10

(4.56)
Qur next step is to obtain the expressions fpr the vector potentials which
depend on the unknown functions ¢ (o), ®+(a), w+(a), P_(a), and whigh are
in turn expressed in terms of the functions Sl+(a), Dl+(u), Sz+(a), D2+(a).

From (4.50) we have

<1>i (o) =% [Sl+(a) * D1+(a)] (4.57a)

b, (*a) =% [8,, (a) £ D, (a)] . ‘ (4.57b)

Changing o + -o in (4.57) yields

o_(a) =%[S, (-e) = D, (-0)] (4.58a)

b_(=%[5,,(~0) - D, (-a)] : (4.58b)
We can rewrite (4.57) and (4.58) as:

6, (@)= }[S,, (+a) & Dl_!_'(:*:a)] | (4.59a)

wi_(a)=—1:[52+(ia) * D2+(ia)] . (4.59b)

28"
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To obtain the expressions for ¢+(a) and w+(a),we need to substitute
(4.55) and (4.56) into (4.59). Likewise &_(a) and y_(a) are obtained by
changing o + —o in (4.55) and’(4.56) and substituting the results in (4.59).

Following these steps we derive the equations:

- ‘ 1k2L
(0 () * sl+(k)J My, (ke
¢ =k

6, (@) = 3 (a2 WM, (o)

. 1374 /2_1', (¢ + k) W [F2L(a % k)]
i -1

0 _ ia;2L
1 [Dl+(an) + Sl+(an)]e Ml+(an)(an +k)

n=1 o’ (o +a”
MCET)

Vl+(a)
51 ()

+

2 (4.60)

and

| 'i Ya * k MZi(a) . _ .
¥, () Ll] -2 E’z+<k> + S2+<k)}

L ST AT 1 ke x 01, (0
: 107 2L
n ~ . on-1/2
1l (F 2putap 10 *+ 55 1/28 Mo (O1/2Von 170 TE
B =1 1720 F @i 1))
1V2+(a) 6D)
+ 2 3 @ .

The last two equations provide us with the expressions for the functilons
@i(a) and wi(a). They depend on the group of constants [Sl+(k), Dl+(k),

5,4 (), D, (k)] and also on [Sy (a7), D, (a2), S,(a’_1,,), Dy (a7 1 501
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We can express the first set of four constants in terms of the ones appearing
inside the second bracket. This is accomplished by returning ta (4;55) and
(4.56) énd substituting o » k. The resulting relationships can 5e furtﬁér
éimplified for 2kL >> 1, i.e., for wide plates,by introducing the asymptotic

forms

%3

W_l(z) =X for z > e s, =T < arg z < Tw . : (4.62)

2z

We then obtain the following desired equation relating Sl+(k), and Dl+(k}

w1th‘Sl+(an), Dl+(un), etc. ,

. 0 ia;ZL
Sp(d] 2K, (9 - .zl | S+ @ M, (0l)
1T s - a’
Dl+(k) 1 n=1 D1+(an) n
-~
+ [V, (0 F5_(-1)] . (4.63)
and
. 7 o ia;_l/ZZL
Spelldy /2, G0 f 22 Sy(el g0 e
1+°T H & . . AT
Dy (k) 2 n=l | Dppoi 1/20)  Spo1s"Rt 97100
~ ] '
+ 15, (-k) £ 1V, ()] , (4.64)
where ‘
} 2 skoL{ . B -in/4 [2E
Tl [Ml+(k)] e [l + = e T ] » (4.65)
, in/4
R A S e — : (4.66)
| R -
The counstants Sl+(a;), D1+(a;), 82+(a;_l/2) and D2+(a;_1/2) satisfy a set of

algebraic equations, which is derived by substituting a = a; into (4.55),

a = “;-1/2 into (4.56) and using the asymptotic representation W_l (z) and
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(4.63) through (4:66) [see Appendix V]. These equations take the form:

For Sl+(an), Dl+(an):

n

1S, , (e
z I+ n Géi)i - Si] = Pél)t where m = 1,2,...,nl (4.67)
n=1 Dl+(an) . .

where
ia;2L
S0 e Ml+(am)Ml+(an) 2kT, ;(am + Wel + k)
m “a TET) ©  ap +a (4.68)
n 1 m n
ST s
P(l)i _ 0 s Case A
m - %; ;— Case B (4.70)
(1) for W-even:
(L) g MpplepdMy (a) [ 2KT, (a” + k) (ap + k)
B (_l) Hu - + P »
m, 2% oaJz 1+T; O ay)
iaox io? (2L-x% )]
[:e L0 + e L 0 2= 0,1,2,... %.71)

(ii) for N-odd

‘ a’)2L-1) ¢ & M, (k)
ot BRI (1t
s ’ - 71 (2/01"1)
‘ [ ikx, . ik (2L-x) ! 2T, (@ + k) (a7 + k)
e =€ ) F1=T + (e + a”)
. n=1 -1 m n
M, (a7) [;ia’x ia”(2L-% )] .
. 1+*"n n 0 n 0 ‘
2 . e + e . . (4-72)
n an[l—@%—l/Z)/n)z] :
2= 1,2,
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For 8) (af 425 Dyl 5,90
n S, (a” )
2 { "2+ %n-1/2 Glfé)t - 52‘] = PIiZ)i L (4.73)
n=l D2+(°‘n 1/2) )
ﬁ(here
io” 2L
/—_—— n-1/2
(e _ 1 i T Ut T S VL
mn ol 1/2
. e
2kT, ‘ 1 T “p-1/2 T K (4.74)
(1+1,) . N AT (a” + a” R )
2 (af 1y TRl K m=1/2 " “n-1/2
P .
‘ J %(2)1 Case A
P(Z)i - m,N (4 75)
m 0 Case B ? y

i) for N-even:

n

ORI 1Y ) 22 My (ea1/2)
m, 2e 2172 T L) (n-1/2)%ar_ . [1-@/(a-1/23
n~1/2 4
2=1,2,... .
. Y 12tk /a;_l,,2+k 2kT, 1
(C"_ + a’_ ) l i- T : - L4
L 1/2 7 Tn-1/2 2 /am_l/2+k JoTn_l/2+k
[ ia” 1 (21-x )]
. 1o n-1/270 i/2 0~ , (4.76)
€ ‘
{(ii) for N-ondd:
OO E S U U TAL B 1/2) Yo 1/27 % ’/"z 12tk
m,28~1 % -1/2 (ep-1/2%%-1/2)
2=1,2, o |
- 2k’1‘2 3 1 emg’ 177 0 iag 1/2(2L--x0)
1T

2 Vo~ +k Yo, . ,.+k
-1/2 YO ..
m-1/ 1/2 I4.77)
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The Ml+ and M2+ functions appearing in the last few equations will now

be written explicitly. To this end, we return to the‘definitibns of Ml and

M

2 H
My (o) = &V SRR (@) (@) (4.78)
My(@) = e "7 cosh(yH) = M, ()M, (o) (4.79)

where [see [10] pages 131 and 175]

. Isin kH 2w P
My (e) = \’ K { [1' C+2n (kH) 2]

" . 1 o
'EEI «&_ © / nm
+ exp L_” n Q—E:X I—W \l +—=—] e , (4.80)
) n=1
Ml_(a) = Ml+(—a) , (4.81)

il

M,, (@) = Veos (kH) exp \— Ll - C+2%n <2kH i 1']}
aH

o - © ' 1 (n=-1/2)w
* exp [-_._1 Ln _.\ﬁ] ﬂ (l + a )e (4.82)
n=1 n—l/2 ‘

MZ_(a) = M2+(—a) . (4.83)
Substituting o = k and o = a; into (141) and a = aé—l/Z into (143), we
obtain:
R o 3 PR AP )
1+ TR S s\w)tiz) |
kH
e, K nw
. H 1+ a,)e (4.84)
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I
ki 2

iHa”
M1+(°‘I;) - /sin (kH) exp 1Tm (211) + i

Wi 1-C+4n

-

{: . am + i m'xr/H] © 1;1 i P
» exp| min + — (4.85)
| s
M, (a2 o ,0) = (kH) J m-l/2 1-C+ %n (5 +13—\
24 (00 _1/9) = Ycos exp \1 n |5 2 J
| | [ . (m-1/2)7
‘ { o /2+i —-—————H '
« exp | (m-1/2)%n ‘\ =
ia” H
® a” m=-1/2 .
H 1 +—Eﬂfﬁ\ e (a-1/2)7 o (4.86)
a .
n=l n"l/Z/" |

which are the desired expressions for Ml (a )} and M2+(a‘ 1/2) we were seeking.
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V. CALCULATION OF THE VECTOR POTENTIALS

From (3.41) and (3.46) we have:

Substituting (5.1) into (3.28) and (3.29) and using (4.6) through (4.9) we

obtain:

-ia2L
e

}_l
N

_ VAR
12 = e

DO 4=

It is known from the theory of the integral equations that 1f an integral
. b ‘

equation g(y) = f g(x) K(y,x) dx + £(y) has a unique solution for every
a b
f(y) then the integral equation g(y) = f g(x) K(y,x) dx has only a trivial
a
solution g = 0. In view of this, we obtain:

For Case A:

= = . = O, "d) = 0-
Sl+(a) 0, Dl+(a) 0 and from (4.50) ¢+(u) $_(
Furthermore, by substituting ¢ = -a we have ¢ _(a) = 0.

For Case B:

Sz+(a) =0, D, (a) = 0 and from (4.50) ¥, (@) =0, y_(-a) = 0.

Again, substituting a = -a we obtain ¢ (a) = 0.

35

4 1 N
by = F1E,(8) + Y, (8] 5.
Vo = Y. () - Y (€)] (5
4 2 T 72t 1 .
Xy = 202, (E) + 2,(E)] G
1 272 1 )
= 32,) - z,(8) 5
X2 = 2 2 E..» l(g ] . ( .
. J

W_(@) + ¢_()] + T Ty, () + ¢, ()] 5.

[W_(0) = 6_(@)] + 3 W, (@) - o, ()] . (s.

la)

1b)

lc)

id)

2a)

2b)




and from (5.2)

—-ia2L

271y (@) + 39, (@ , Case s (5.3a) .

I, = _ ' ‘ | . ; :_.
-% e—la2L¢_ (a) + % ¢:+(a) , Case B (5.3b)

r, - I, > Case A . (5. 4a)
—I1 s Case B (5.4b)

Next, inserting (5.4) into (3.32), we obtain the expression for the vector

potential

| =tib sinh@yy) —iax
Alx,y) = T coshyH) | .I, & ~ do +

1
- coshyy)
| =Hb | SIanG )

[ Nm sinh@yy) )
ot+ib cos (; 2 )cosh(\(H) f,I‘,’NE iax

4 0 . do
- ot . Nm,cosh{yy)
=Hb | sin Gy
L B
32
B Nr. | @HiD
y ~ s
+% sin (G Ty 10X . (5.5)
N1y s
cos (5 ) o+ib
L : |
I3

To calculaté the dintegrals in (5.5) we comple:;e the contours by semicircles

in the propér haif planes. Integrands connected with Case A have poles in

-

a =+ q m=1/27 and integrands connected with Case B have poles in o = * k, ta’.
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The result: AI\gA) (x,3) Case A
A(x,y) = (5.6)
. A}(IB) (x,¥) Case B
. where
. Do sin[(2m - 1)7y/2H]
(a) i o1
(x,5) =<5 7 (-1)
Ay 2H ¢ m-l/Z
N=1,2,...
f -ia” ig” (x+2L)
P m-1/2% Ny, %n-1/2
["’ 1222 Ty i) ]
+ oM (x,9) (5.7
_ n ia” [xtx |
(l) (x,y) = iu(-l)zﬂ' % }\2 (_l)m sinf (2m - 1)wy/2H]e m-1/2 0
’ " me1 %1/ @12 1= @ @-1/2))2)
(5.8a)
ia, ]x+x ]
Qéé')l (x,y) = 5 sin[ (20 - 1)ry/2u]e ¥~1/2'7770 (5.8b)
- 2-1/2
" and
A§B> () = [ I et 4 (0 ik"‘*"’”]
N=0,1,
i ol m cos (mm/B)y) {7 () o x
+ o mgl (-1) —T;—Z— [¢ 4 (@
’ ie” (x+2L)
+ oW (e 2 J + o8 ey (5.9)
where , 1
. . io] | xtx
Q2(2>(x,y) = ?J&E: cos(irw %) e L 0 (5.10a)
£
(2) -t L [ eiklm(o! )
Q2£ l (X,Y> - ll-l( l) \22‘_1 k. 2
A ia|xbx, | A
nl o cos(?y)e m 0
.Z .(_1) 5 5 (5.lOb)
=1 m[1 - (%~1/2)/m) las
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The expressions for w(N>(u) =+ and ¢£N)(a) ik , are obtained from
- c"111--1/2 -7 a==

(4.60) and (4.61) by substituting 8. (k) and D,, (k) from (4.63) and (4.64),

ix '?*'.
- 1 'l
0=+ k. * ot + am_1/2 and using (4.62).

s % o’
m

We obtain: m . o (N) ‘
by T an 1) T ey (g ) by (Bog g0) (5.11)
where
(N)( - ) = - i - + k M ( Ed ) / ZkTZ
Va1t O ono1s2) T E 7 Cpe1y2 2+ %m-1/2 (@), * OH
n, oo g% b (g
1 52 e (o) 1M (0] 1))
1-T & - e —
n,  tel 4,02 (N) .
, 1 Zz ¢ (1720 Mo n1y9)
(14T, - . ———————
27 n=1 an-l/Z k + an—l/Z
n-l/2 (N (V)
L1 P ° [D po1/2) F 8oy (o] 1/3“24-("‘ n-1/20"%-1/2 “‘ ,
H n=1 n—l/Z(am 1/2 %= 1/2> / ’
(5.12)
L ., P A o . I %a!
by T am 1/2) 2 amfl/Z Tk M2+(am—l/2)( b 2ut
2- 1,2,..
- a j
J 2kT, 2 Moy (l_1/9)

‘ I
\ Gpyyp + 0= T 05l @- 1D ] 11 - Wa-1/2) 1E TR

ia” X -1 i~ (2L-x,)
. 2} Tm-1/270 1 . n-l/2 0
-1 +'r2‘|
n
N 22 Va e ne1/2 TR My el o)
n=l (a - 1/2)°[1 - (z/(n-l/z)} 1{:%;_1/2 + a;_1/2\ PR
- : N
il i~ X 0 ia” (2L-x,)
(L !e 0-1/2%0 ] . n-1/2 0 (5.13)
e ®
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My, (aZ 5,0
28-1) _ -1/2
wf?_ (£ a 1/2 =i/ itk My (er 1700 l) u —_;,%1_/—2—
£=1,2,...
. { 2kT, ([ri 1% 1 0%
(afqyp TRIA = Tydvag 1 )n+
. (—l eiai—l/ZCZL—XO)) . v’ai_l/z + k
’LTZ ¢a-1/2 1 %o-1/2
r’l O-‘ i (2 )'
io? X o’ L-x
. e "g-1/2%0 2-1/2 0 } (5.14)
0 1
oz = oV 1) + o) (21 (5.15)
where
. i :ch 2L
(N) ! [ 1 1o (N)(‘”‘ My () 1
(2k) = Ty (k) 11T-7 - o *T+T
\ 1 n=1 n ; 1
1a “2L 1a “2L
rzll e (N) (a” )Ml+(ar‘l) i % e [’(N) (a‘)+D(N) (a”) ] Ml+(ar)l)1l ,
n=1 @ n—-:l an ,.I
(5.16)
M., (KM, (¢) 1 7 iagx
(22) + k) = —2Kk . (cpyhFl g, L 1R 1 o X0
(1 -1 % ~Ty |
2=0,1,2 . : _,
| -7, ief(2l-xy) (5.17)
+ e ,
|\l..
{ M., (k)
(2 %1) _ jQ, / 2 1+
¢ (£ k) = ———— (-1 (k)4
£2 -1 ) My L(Z’l )2k
2=1,2,., - \ n ‘
1 e1kxo . —Tl elk(zL_XO)‘ ) yl ’ l+(cx )
-T, . Ll ana l((ﬂ l/2>’n)]
, . oy ;'_T B . b
. ./ 1 . e %o+ 1 'elan(2L—XO) S (5.18)
\ -1, 1 J
. Lo
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(M) o R N) o, .
@i (£ am) = Qil (iam) + ¢i2 (iam) . (5.19)
where
3 ia 2L
n n (N, . "
N RN R N R LT 2kT, i le Dy, (e)My (27)
+1 T m 2 m 1+ "m T+ ki1 ~-T : a”
. m 1 n=1 n

ia”2L
n n M, . -
+ 1 e Sl+ (an)Ml+(un)
1+ T1 n¥l un
ia”2L | -
n n M, .z M, . - .
_ 51 e [Sl+ (an) + Dl+ (an)]M1+(an)(an + k)
n=1 0tn(um + an)
20 e Maleg) 2KTy Tl ep®o
¢i2 ( am) = (-1) uH P > e
s \Fum + KA - Tl) -1
2=0,1,
- Y e o . r -
1 1a2(2L xo) oy + k 1 iapxg
+ e + (o + a2} e -
Tl / m & 0
' /
0| iof(2Lmx) K
+ . [ - (ol + KO, (o )y
l e
2kT
9. -
s 22D ooy = cn? m EEED @ 0 M @) j L
+2 m m m 1+ m (o’ +k) (1 T2
L =1,2,... % -
i M. (k) T-] ik ~1}  ik(2L
12 1+ 1] ™o, T e k(2Lmxp)
2 k
(22-1) —%j TJ
o M., (a?) Tm] ia”’x [:l i (2L~x
I+ n 1) n" 0 n
- 5 5 l e + ! 2e
n=l n‘el(l -((1-1/2)11) 1\ 1)
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. 4 Ml+(k) 1? ikxo 0 ik(ZL—xo)
7 (a° T K e + e
2e-1% (%0 T F) oj 1
N
n - - P PR | —_
_ yl (an + k)Ml+(an) 1 . 1anx0 . 0 elan(ZL xo) g
n=1 nza;[l - «2-1/2/n)2](a& + a;) 0 1 | J

(5.22)
This completes the derivation of the vector potentials. We now write
them explicitly for the two different excitations, viz., Case A and Case B,

and for tﬁe zero mode as Case A:

A
Alg 3)<X,y) =0 (5.23)
Case B:
1) N-even
'k]x+x | . . .
(B) = Ly : 0'.,0 1 1,2 -ikx (20) 1k(x+2L;1
Azz,o (x,y) = SR © 62 + AR L®+ (k)e + 6 (-k)e i
2=20,1,2,... (5. 20)
2) N-odd
ik|x+x, |
(B) PRI 2o 1 e
Azﬁ_'l’o(xyy> - lu( l) TT(Z,Q,—l) k
L =1,2,...
L | (2e-1) . -ik 29~ 1k (xF
where
. 1 2=0
8g = . (5.26)
0 240
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VI. INVESTIGATION OF THE SPECIAL CASE WHEN ONLY THE ZERO MODE
CAN PROPAGATE IN THE GUIDE AND DERIVATION OF RESONANCE CONDITION

From (5.15) through (5.18) we have

' 1k | x+x, | . ikx
(B) _ i 0! _iu 2 0
(3) _ _ .
By oey) = 0 L= 1,2,... (6.2)
. L+1 ik|xtx.| . b ikx
(B) _in(=1) 0 1(-1)"u 2 0
Aoge1, oY) = TR @ T Dk M 1Te
L=1,2,... ‘
‘L(Tl,xo,x) (6.3)
where

T 1k2 (L-x,) .
L(T.,x.,%X) = —— ’ 1-Te 0 e-lkx
1’70 a-12) \ 1 )
1

¢ T —ik2(L-x.) ik2(L-x.) . 1
+ Ll - Tle 0 0 elk(X+2L)} . (6.4)
If k(L - xo) = n7 wheren =0, = 1, + 2,,,.,¢% ng; ng satisfies inequalities
T
n, - < L
3k (6.5)
(n3 + 1) -E— > L
or
= 1 - om
X = k- %
Then
__ 1 —ikx | ik(x+2L)
L(T x4,%) VR G R [e + o ] (6.6)
*0 K
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[ N

and the resonance condition is

if 2k (L—xo) = (2n+1)T

or

% = L_§2n+l)ﬂ

0 2k

where n = 0, + 1, ..., + N, ny satisfies inequalities:

then L(T,x

Xy = L 2k

¥ (e T

(21’14 + l)TT

<
R L

% L
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1 [?—ikx _
T -1

ik(x+2L{]
e

(6.7)

(6.8)

(6.9)

(6.10)




and the resonance condition is

T,=1 . (6.11)

Tl= + 1 . (6.12)
We can rewrite (6.12) as
2 ik2L
[Ml+(k)] e - f=%1 (6.13)
where
—in/4 :
F=1+8 He (6.14)
Vi VL .

The expression Ml+(k), as given in (4.84), can be simplified for the case

when only the zero mode can propagate in the guide. For this case we have

~
i

- J,-.EE 1 - 2m, LT
Ml+(k) = exp{ 1 = [} Cc + ln(kH) + i >

+ i y [%— arcsin(%%;]f\ (6.15)

=1

Let us investigate the case

2
1, ~
(H_;_i) < T{]:L- << 1 , (6.16)
m
returning only the terms with an accuracy Ofgi . We then have
f=1+ 06 (6.17)
kL '

~

" y
IM+(k)]2 - exp< 12 %{E- C + 1n (ﬁ%) + 4 g' &[:1+ 0 (%f)] (6.18)
L

The resonance conditions for this case reduce to

[, Her 20 L T, i)
exp 1}2 - Ll - C+ 1n (kH) + i 2:]+ 12ij =+ 1 . (6.19)
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For the choice of a positive sign in the rehes: of (6.19) we get

exp {12 %‘5 (1-c+1n (%) + i %j+ iZkL} = +1 = exp(i2mm)  (6.20)

-

or

Bk | 2 ) |
2 —ﬂ-[l -C+ 1n(k—;)+ 1 §]+ 2kL = 2mm (6.21)

where m is an integer. Since (6.21) implies that m >> 1, we can rewrite it as

I 4 B N T
£ = mnm _— Lln (HE) + 1 C+ 1In2 + i %] (6.22)
where
£ = kL . - (6.23)
Solving (6.22) by the iteration method we obtain:
m L Hm i H2m 2,L¢
€(+) rmr——i- ln(ﬁ —-L—(l—C+ln2+l-2-)+O[;§'ln(ﬁ-£)‘]
(6.24)
and
k(+) = kl+ + 1k2+ (6.25)
where
. pm _Hm ., L., Hm .. _
kl+ =T > ln(Hm) > (1 C + 1n2) (6.26a)
L L
= _ Hm T
k2+ =- 53 . (6.26b)
L
In a similar manner for the choice of negative sign in (6.19) we obtain
e ma+lyy  ED L Hn LTy 4 olB 1o fim
E(_) = (m + 2)1\' T in T L (1 -C+ 1n2 + 1 2) + OLL ln(L).] (6.27)
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and

where

kl_

_ {m+0,5)

_ Hm

L

2

L Hm :
in (Hm) - LZ (L - C + 1n2)
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(6.28)

(6.29a)

(6.29b)




VII. INVESTIGATION OF THE GENERAL CASE WHEN MORE THAN ONE MODE CAN PROPAGATE

As a first step we show that the resonance condition is no longer given
by the conventional formulas Tl = £ 1 when more than one mode can propagate
in the guide.

Let us consider the case T. = -1. Then from (4.67) we have

1
n ,
1 exp(ia”2L) n M, , (a?)
n In "1+ "n” ~
L o = - [Vl+(k) - Slf-k)] (7.1)
n=1 n

where we have used

(a2) = n

a” m + nzm(l + Tl) + ... . (7.2)

S14 1

Inserting (7.1) in the equation for ®+(kx we obtain
6 () = 0(1 + 1)) (7.3)
+ 1 ‘ .
It is possible to show in the same manner that
_ 0
6_(-k) = 0[(L-1D"] . (7.4)

The resonance conditions are given by

. (2)+ R0
Case A: len Gm =0 (7.5)
. (Lt _ n| _
Case B: Gmn 6m =0 . (7.86)
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VIII. SUMMARY OF RESULTS . ‘ N

In this work we have addressed oﬁréelvés to the problem of a \'
finite~width, parallel-plate'waQeguiae excited by a source located in
the interior of the guide. Two types of sources have been invéstigated,
viz.:

’Case A:

T =y (e ) sin &nt, P2 N =1,2...

Case B:

F = v Ny, 1Bz o _
J=1y 6(x+xo) cos (2H ) e , N=0,1,2,...

We have assumed that the current has only a y-component and that
8 is real and greater than zero. Using the vector potential approach,
we have reduced the original problem to that of solving the inhomogeneous
wave equation (3.8) together with the boundary condition stated in (3.9). __.
Next, two coupled equations for four unknowns (Yl, Y2, Zl and 22) have
been derived where these unkmowns are related to the vector potential
at the extensions of the parallel plates. These egquations read
[same as (3.40) and (3.45)1].

2L o
f ¥, (K, (k|x-£|)dg + é z ()X, (klx-£|)dg = £, (x)

-0

where the functions fi(x) appearing in the r-h.s are related to the
prescribed source and are given in (3.43), (3.44), (3.48) and (3.49).
The kernel functioms Ki appearing in the integral equation may be found

in (3.42) and (3.47).
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Our next step was to solve the iﬁtegral equations using Fourier
transforms and the Wiener-Hopf technique. The results for the vector
potential comstructed in this manner afe given in (5.6) through
(5.22) for both cases considered. We have shown that there is no zero
mode excited in Case.A, and in Case B this mode is excited only when
N < 2Hk/m, if N is even. TFor N odd, the zeromode is always excited
in Case B.

An important result of the analysis presented here is the expression
for the resmance condition. We have shown that this is given by

T = (M1+(k)]2 ei2kl

£ = +1
where £ =vl + emiﬁ/a(w)—l/2 Hk/ VKL
and Ml+(k) is given in (4.84).

2 ~ 1

H
For 07%) < L << 1 the function f above can be replaced by unity and

the resonance condition is correspondingly simplified. It is interesting

to note that for the source located at XO =1, - nn/k the resonance
N4

condition is reduced to Tl = -1 whereas for XO =1 - i—iill the

same condition becomes Tl = +1., In general both the plus sign and the

minus sign are admissible for ﬁhe resonance condition. Equations (6.25)
and (6.29) state the resonance condition under the constraint that only
the TEM mode can propagate in the infinite, parallel-plate guide. For

the more general case, the condition for resonance is given by (7.5) and

(7.6) and an examination of this reveals that T = +1 no longer represents
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IR F L T AN IS S AT PR S LS
. tHe, resonance condition for this general cas:e.,‘.;'We,;pp'in,t:“p}';j;l.\;tgl'g_at the
resonance ‘condition is useful.for solving the complex (leaky); modes
srin:such open waveguides., . Cleetiansarmen owann o vnn o (8L 0)
e vl (e also draw.the attention of the reader to the;fact. that the
.:rgsonanqeLCQnditiQn}dgrived,hepeinwis in, general more acgurate.than
that given by previous workers. We show, however, in Section 6 that
~when; the condition on the waveguide pargmeters, .as.expressed by (6.16)
‘applies,.the resonance equatién reduces_ to; that obtainable.by multiple

reflection method applied to semi-infinite parallel-plate waveguides,

a technique that has been used in'ﬁhe pést;by'ppher'workers [7,8]1.

R o
v ; 4 R -
4 s i b
,
pooe d 2
)
. T
v 5 iy T2}
e LA
P rada
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APPENDIX I

The general solution of the equation

2
3—3 - Y2®(y) = £(y)

oy

o(y) = 8oVt 8 4+ L
62, 18 9 v

o —

For
éin(%%%) -iaxo
£(8) = -u €
cos Nwg
2H
we have
. N1y
~ |5in(Z7)
o(y) = Ce'” + Ce Y 41T 28
1 2 N Nt
cos(—XZH)
where
—iaxo

N el
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(1.2)

(1.3)

(I1.4)

(1.5)




APPENDIX 1II

Write (3.40) as

YH vH

Clye - CZYE = Il -~ F1 (I1.1a)
-YH _ oH _
,ClYe CzYe IZ F2 (IL1.1b)
where
Nw
cos (—)
_ ¥ Nz 2
Fl,2 = 'I‘N S5 |- . Nw . (11.2)
+ Slnfir)

The solution of the system equations (II.1) is

N
~ 1 vH -cos(z)sinh(yH) 1

1.8 1 eH _ g YR

+ T,

Nw
c - ' Nm (1I1.3)
1 2sinh (2vH)¥y k 1 2 2 . N H sin(%?)cosh(yﬁ) J
and
- . D
cos(gz)sinh( H)
_ 1 -YH YH | 7 Nn 2 !
C2 = e Inh (OvE) Ile - Ize + TN 7; Nt (11.4)
YH)Y sin(jfﬁcosh(YH)
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APPENDIX III

The continuity condition of the vector potential across the boundaries
- < x < -2L, 0 < x <o fory=+Hand y=-H is given by (3.44). Substi-
tuting the expressions for the vector potential for all three fields from

(3.38), (3.39) and (3.43) into (3.44) and changing the order of the

integrations gives

_2L ©
[ ol - ghee + f K Gl - g]ya
-2L I
f byKg ) Clx - glag - f K5 Gelx - ghde = ¥ L0 (II1.1)
-0 A o
where
eotib 3
K* (klx - g!) = 1 EXP(ZH‘{)i eia(E-x)
1,2 27 1 i m da (I11.2)
| ~ot+ib Y Y
okib | = N ~ —iax
g o - - N f + cos( )tanh(yH) TNe i
1,2 4H 51n(——)coth(yH) Y
: —oo+1ib .
3 . Nm o+ib
% sin(—=) A 1
- 71— I 2 J T T da (I11.3)

coséﬁﬂ)
2 —-otib
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APPENDIX 1V

We are interested in calculating the integrals:

idte (T .
T = —1_ Sl-igg)w : echL dg :

2mi (c-kM, _(Z)(z+a)

| 1d-o (D148 !

Mﬁltiplying the numerator and denominator by Ml+(;l we obtain

1dt= oy ] ete2L YH My, (8)
= A 1+ (T -0 (¥ o) sinhGH) A

271
1d=e [ D14+ (8),

dzg (IV. 1)

We have branch cuts from k to Rek + i» and from -k to -Rek — i,
Closing the contour with a semicircle in the upper half and using the

theory or residues, we get

1 f s @) I @ a1 s el (o) o)+
27i ! D1+tc) (¢ = k) (¢ + a)sinh (YH)/YH w1 Dy, () (o + o)
(IV.2)
where

[l T [«]+] v,
¢ G

It can be shown that f -~ 0, when R » », Calculating f when 1 -+ 0 gives

CR CT
1 S14. (k) e T My (k)
ST - = - ——— . (IV.4)
R T D. (k) a + k
Ct 1+
0
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Fig. 3

Contour for integration of the integral

I in (IV.1)
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P a——

For f + f , taking note of the fact that VCz - k2 has the + sign

c c
on the rig%t-hand3side and the - sign on the left-hand side of the cut,

. respectively, we get - : ' s

kK o ,
' s. @) Ty (FTFE
1 J N J _ ELJF 1+ e 1+ i . (IV.5)
c

T oadi
D, (&) v~k (g+a)

Rek+is
To calculate the integral in the r-hes+ of (IV.53) for large guide width, i.e.,
k2L>>1 we note that the integrand decreases exponentially along the path of

integration from k to k + ix. This allows us to expand

5,,.(0)
M, () FE
D, @)

in a Taylor's series and retain only the first term for asymptotic evaluation.

This gives the reh*s» of (IV.5) =1

k ,
<1 | S M, (k) /7K o1t2 dzg
o | M (¢ + o)V - k
1+ Rek+ic
Introducing a new variable u
- o
(z - kK)2L = {iu , /E—k=1-2—fe
- s = L
z2L = iu + 2RL , dg 2T, du
we obtain
S, (k) -i7 -
. } M, ()VEK VIL e M2 w_ll:iZL(a + k)] (1V.6)
Dl+(k) . -
i
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where

W_l[

From (IV.2) through

~i2L(a + k)] = f du

0 Yulu - 12L(a + k)]

(IV.6) we get

Si+(R) | o ik2Ly iy

I =
i+ (),
: —igw
. l'+-E e 4
m
h
1 |85, ()
+ I+ n

n=1l Dl+(an)

1+
a + k

/2k V2L (o + k) W_;[~12L(a + K)]

ia£2L
& Ml+(an)

o’ (a0 + a”
n( n)

(Iv.7)

(Iv.8)

Note that in (IV.8) we have neglected the exponentially decreasing terms

in the summation.

In the same manner we can show:

1d+e - _
1 S2+(C) e 1221 o
2ni A
1d=c D2+(c)_ v - k(t +,a)M2_(z;)
3 -
i s, (k)
m 2+ D (k)
2+ .
n id;—l/ZzL
e 52 SZ+(an—l/2) ° Mz (a” n=-1/2 ) Ve +k
fonm1 %n- 1/2(“ ool

TG
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APPENDIX V

o
In this appendix we discuss the problem of deriving the systems of the “'.
‘equatléns that are satisfied by the constants Sl+(an), Dl+(an), SZ+(?n-l/2}’
D2+(an—l/2)f  We present only the calculations for Sl+(an) and Dl+(a )
because the same procedure can be followed to solve for the other constants.
After substituting a = aé into (4.55), and using the expression (4.63)

together with the asymptotic form of the function W_li—ZL(a + k)], we have

n

1
- L ni{ _ {1+ -
nzl 5, (a2 [_Gmn - am] =P m=1,2,... (v.1)
‘where
iaéZL : .
a1y M (e (@) | 2KT; _(of + k) (o] + K |

G = ’ + ~ - ]. (v.2)

mn o 1+T a” + o

n 1 m n

P = e (e Tt-'r—l_ V00 S (-] + (e +k) [V, (@) ’

¥ 'sl_(—a];n} . (v.3)

To calculate the constants V. (a)] S, (-] , we insert
1+ - u=k,um

a=k,a& and 1
the expressions for Hl+(§) from (4.13) into (4.39), (4.48) and substitute
oo =k and o = aé. This yields certain integrals which we can calculate
using the theory of residues. We are interested in examining two cases
a) N-even; b) N-odd. Substituting results into (V.3) we obtain the

(1)

expressions for Pm . In the same manner we have obtained results for Case A.
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