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Abstract

This paper extends the available analytic solutions for a periodic array of wave launchers. These solutions
are based on the high-frequency approximation of the multiconductor transmission-line equations. The
examples here are for some profiles of the characteristic-impedance matrix (2 X 2) for two conductors (plus
reference). Comparing the solutions for different profiles one can begin to optimize the profile.

transmission lines, waveguides
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) . . Introduction

@

A recent paper [1] considers a special case of a unit cell of a periodic array of wave launchers. This is
based on a two-wire (plus reference) transmission-line model. Using the general results of [4] the high-
frequency or early-time solution is obtained via a matrix first-order differential equation. The matrix solu-
tion (known as the matrizant) can be written in closed form (common mathematical functions) for the par-
ticular case of the characteristic-impedance-matrix variation along the transmission line chosen there [4].
Note that given a specified 2 x 2 matrix (within certain realizability restrictions) one can determine the
dimensions of the wave-launcher unit cell including the position and size of the launcher plates within the
cell [2].

The present paper extends the solutions available for various profiles (dependence on the longi-
tudinal or z coordinate) of this characteristic-impedance matrix. Treating the square root of a matrix (in the
appendices) explicit expressions for the symmetric 2 x 2 case are found. These are used to express the
general results for the matrizant via a quadrature (section 5). Here the general constraint that the two con-
ductors join at the end of the wave launcher {(aperture piane) is applied. The initial condition of a step volt-
age on conductor 1 and no \)oltage on cc_>n'ductor 2 is also applied.

Sections 6 through 8 consider specific profiles. First the previous case in [1] is readily solved using

the present general expressions. This involves a rather simple normalized characteristic-impedance matrix
of the form

(1.1)

{ =normalized spatial coordinate

Second we make the upper left element (self impedance of conductor 1) a function of { with a quadratic
variation as '

_[a+(a-1)¢% ¢
(F”’”‘(g))'[ ¢ 1]
(1.2)

a>0

and find the general solution for the early-time voltage at the aperture plane. Some improvement is found.

Third we investigate a hybrid wave launcher consisting of a first section which is a decoupled transmission-
line transformer with




-

(Fn,m<rs>)=(; f} | .}

a<&<1 (1.3)

Where v is some function of & varying from « to 1. This is followed by a wave-fauncher section of the
formin (1.1) where & =1 corresponds to & = 0. Itis found that the ratio of the early-time voltage at the

aperture plane to the voltage at the aperture plane to the source voitage can be made 1 provided

o=

[T

(1.4)
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(‘ L General Properties of the High-Frequency Solution

The high-frequency behavior of lossless multiconductor transmission lines consisting of (perfect)
conductors in uniform media takes the form in retarded time of [4]

(Va(2) = (n,m(2))- (Va(0)) @.1)

where the matrizant is the solution of the first order matrix differential equation

2 (0nm(2) = (A ) ($mm(2)

(¢n,m (0)) = (1n,m)
A& (Zop ) - (For )

=226, ): [;j—z-(yc,,,m m)] (2.2)

(4nm(2)

Here the characteristic impedance matrix is frequency independent, and hence so is the matrizant

(¢n,m(z)) which is a real function of the real coordinate z. The voltage vector (V,l(z)) can also be a function

of frequency through (V,,(0)), but we ignore this trivial aspect here. For later purposes (V,.(0)) is taken as

a vector step function and (V;,(z)) gives the initial amplitude of the propagating step.

As discussed in [4], the matrizant has certain properties:

Zef(A, . ()\az
det(¢n,m(z))=e ? r(( mm ))

tr((An, m(z))) = trace of (A, (2))

N
= 2 An,n(z)
n=1

=§ 25 (4nn())

n=1 (2.3)

% ((A,,,m(z))) = eigenvalue of (A (z))

Also with the sufficient condition that




P
(An.m(z))'_‘ Z dp(z)(dn,m)

p=1 i

(2.4)
dp(z}) = scalar functions of z

(dn.m)

» constant NxN matrices, every pair of which commutes

then the matrizant can be wriiten as

2 2
Y [dp@ ) (dnm),
(¢n,m(2))=€p=1 e

Z
p ] dp(@)dz (dnm),,

=] e

p=1

J(Anm(z)az
=¢0 (2.5)

An example for N = 2 is given in [1] for which the above decomposition applies and the integrals can be

. evaluated in closed form. . .




t‘ .  Normalized High-Frequency Solution

'.

As in [4] the foregoing is extended by normalizing the voltage vector (or combined voltage vector)

via

P|—

(26 m () = (Zepm 2)

ol

(Yo m (2)) = (¥ (2)

where the square root is taken in the positive sense as in appendix A. Note that assuming reciprocal
media all the above matrices are symmetric. Define a normalized voltage vector as

(wn(2)) = (Yep m () (Va(2))

(3.2)
Then (2.1) is {ransformed to
(wal2) =(®,,, (2))- (4 (0) -
where
(@r(2)) = (e @) (9 m () (26, (O))
. (3.4)
(Prm (@)= (1nm)
The corresponding matrizant differential equation is
zd;(‘;Dn,m(z)): (Cn,m(z))'(cbn,m(z))
(3.5)
(Camt21) == 2] (s @) (2 ) 2 ) | 2 0 2)
=2 e me)| L Cnm(z>)}—%[§;(zc,,,m(z>)} e
Symmetric matrices in (3.1) imply
(Cam()) =~(Cam(2)) | ©.9

i.e., this matrix is skew symmetric as well as real. Since the diagonal elements are zero we have




=t
= néx,; ({Cum(@))
Xg{(Cum(2))) = eigenvalue of (Cpm(2)) (3.7)
det((<bn,m(z))) =1
This normalized matrizant has special properties as seen from
Ll (@) (@nm)] =(@nmta)] -[%(cbn,mm)}+[§(¢n,m<z>ﬂ-(cbn,m(z>)
= (@nm () (Cam(@): (Prm(@)+(Bnm(@) (Cam@) (Bam(2)
= (D) {Coml) (Prm(@)~(Pam (@) (Caml®) (Brm(a)
=(0nm) (3.8)

where we have used (3.6) and the transpose of the matrizant equation (3.5). Integrating and imposing the ‘
~ value at z= 0 from (3.4) gives : 37
T
(‘Dn,m(z)) -(@n,m{z)) = (1n,m) :
(3.9)°

(Pnm@) " = (Grml2))

Noting that this matrizant is real valued we now have that it is unitary [5, 8.

From {3.3) we now have

(Wl2)) = () (90(0)) = (Wnl0) - (@ me())

T

(wn(2)) (Wa(2)) = (Wn(0))(@n,m(2)) (®nm(2))- (wn(0))

(Wn(o)) '(Wn(o))

il

[(wntz)}={wal0))] (3.10)
so that the magnitude of (w,,(z)) is conserved along the transmission line. This can be interpreted as con-
servation of power in the wavefront since we have .
)
8




( I

Va(2)) (Yo m(2)) - (Va(2)) = (Va(2)) - (Jn2) (3.11)

The fact that (@, ,,(z)) is unitary (and real) implies various things [5, 8]. As indicated in (3.10) it is

length preserving when dot muitiplying vectors. The columns are a set of N mutually orthogonal unit
vectors, i.e., form an orthonormal set. Likewise the rows also form an orthonormal set. The eigenvalues
as in {3.7) all have magnitude 1. Note that in general this matrizant is not symmetric so that there are differ-
ent left and right eigenvectors (which may be complex) forming a biorthonormal set as in appendix A.

Defining
Ag(z)= eigenvalues of (@, ,(z))

B=12,...,N (3.12)

we have
|Aﬁ(z)l= 1 forall B

N
det((©pm(2))) = ﬁH Ap(z)=1
=1

N
(@ m(2))) = T @pnlz) (real

n=1

N
= > Ag(z)
j=i

(3.13)

Extending to eigenvectors we have

((bn,m(z))'(Rn(Z))ﬁ = Aﬁ(z)(Rn(Z))ﬁ
(3.14)

(Ln(z))ﬂ '((Dn,m(z)) = AB(Z)(Ln(Z))ﬁ




Using the unitary property .

(Ral2))g = Ap () (@) +(Rul2))g = Ap () (Rul2)) g (@rml2)

T
(Ente)g = Ap () En2)g (Pmmla)) = Ap(2) (Snm2)-(Enlal)g . @15)

This shows that for each S84 thereis a 85 (which may or may not equal 1) with

("R’n(:-’))'g1 = (Ln(z))ﬁz

(3.16)
Aﬁ1(z)=A}L (2)=Ag, (2)

with the last relation (conjugate) implied by the unit magnitude of the eigenvalues. So the eigenvalues
come in conjugate pairs.

Considering the eigenvector equation for conjugate eigenvalues as in (3.16) we have

(@nm(2)(Ral2) g, = Ay (2) (Ral2))g,

| . . (3.17) _
(@) (Rn(a)g, = Mg, () (Rula))p, | ‘ |
' = Aﬁz (2) (Rn(z))ﬁ1 ‘
This shows that we can set
(Ra(2))g, = (Ra(2))g, = (La(2),
(3.18)

(Ln(2))g, =(Lni2)), = (Ral2)),

with the second of these coming from doing as in (3.17) with left eigenvecters. So the eigenvectors cor-
responding to conjugate eigenvalues {paired if not purely real) are themselves mutually conjugate. The

roles of left and right eigenvectors are interchanged on interchanging conjugate eigenvalues. Also left
and right eigenvecters are mutually conjugate for each S.

A special case is that of real eigenvalues for which we cantake B1=p8» in the foregoing and find

A)B(z) ==x1
(R,,(z)))6 = (L,,(z)),6 = areal vector

: (3.19)
(Ra(a))g -(Rul2) = 1= (Lnl2)) - (Ln(2) .]

10




IV. CaseofN=2

Summarizing from [4] we have

0 1
(Crm(2)) =h(z) (_1 Oj

g(z)= ]y Hz)az’

(4.1)
0 1
(©@nm _ JCrm@)er _ [-1 Ojg(z)
( e C °J
cos sm
01
cos( g(z sin(g
-sin(g g(z
| d
h( ) 1 [zczyg - 2611]‘1 Zeyp (z)- [d 2622(2)_3%1’1 (Z)}zqz (Z)
2)=—
2 Zeqy (Z)zcag (2)- 22,2 (2)
Knowing that (d),,,m(z)) is a real unitary matrix now we have for the eigenvalues )
Ap(z)= eigenvalues of( nm(2))
det((@pm(2))) = 1= As(z
tr{(@n )=2cos(g A1(z)+ A2(2)
(4.2)
[a1(z)] =A2(z)f =1
Az(2)=Ay(z) = A7(2)
A1) = cos(e(z )2 jsin(g(2)) = =)
Going on o eigenvectors we ha\(e the right eigenvector equation
(‘Dn,m(z))'(Rn)“/} = AB(Z)(Rn)ﬁ 7 , . (4.3)

which in component form is

| 11




[Cos(g(z)) -Ag (z)}Rtﬁ +sin(g(z))Ra.5 = 0

) (4.4)
-sin(g(z)}Ry.3 + [cos(g(z)) -Ag (z)]Rg;ﬁ =0
Substituting for the eigenvalues gives
Fj Sin(g(z))Rj;ﬁ + sin(g(z))Rg;ﬁ =0
Roip =%iRyp
1(1 J
R). =
( n)i «73(11’ (4.5)
Similarly for the left eigenvectors one can repeat the above and obtain
1 {1 ) '
L), = .
() 72'[” (4.6)

As can be verified these right and left eigenvectors are a biorthonormal set. Note that the eigenvectors
are independent of z.

The eigendyads are

(4.7)
The diagonal form of (@, ,»(z))is now
| 2
((bn,m(z)) = %1Aﬁ (Z)(Rn)i(Ln)i
/8(2) (1 —j) e—fg(z}[1 jj
= +
2 j 1 2 |-/ 1 48

i2




! . V.  General Result for Case of Two Conductors Representing Unit Cell of Wave Launcher

A special case of N = 2 is considered in [1]. Here we have a two-conductor (plus reference)
transmission-line model of a unit cell of a periodic array of wave launchers. The symmetry of the problem
has planar electric and magnetic boundaries, simplifying the analysis somewhat. The discussion and illus-
trations of section Il of that paper are directly applicable here.

The characteristic-impedance matrix for the unit cell, or for one quarter of the celi (considering the
electric and magnetic boundaries which symmetrically divide the cell), has the form

(Zenn) = 2ol

Z, = —Zﬁ = characteristic impedance of free space

0
The geometric-impedance-factor matrix ( fan m) is symmetric (reciprocity) and has non-negative eigen-
values. It can also be used for the per-unit-length inductance and capacitance matrices since we assume

the medium surrounding the perfect conductors is uniform and isotropic.

Assuming that the wave-launcher plates are flat and that in a cross section of the unit cell they are
paraliel to the electric boundaries we have for an arbitrary cross section

. 2
(fgn,m)= 21 Z.
a a

2g = width of unit cell

2b

height of unit cell
2a’ = width of plate
2p’

i

spacing of wave - launcher plates (5.2)

Define a normalized form as

13




’

1 =

(anm) = %(fgn.m) = b i
b (5.3)

Define a normalized coordinate {'such that our region of concern is

0<¢ <1 (5.4)

In the previous paper this was taken as

g

4
—=+1
£
(5.5)
£ = length of wavelaunchers

While the development of the solution of the differential equation in sections Il and ill of the present paper

as well as in [4] is in terms of the real spatial coordinate z (meters) note that in (2.2) this variable can be
changed to some other, say {, merely by replacing d/dz by d/d{ wherever it appears in (2.2), in effect

renormalizing (A,z,m). In the exponential form of the solution as in {2.5) the 4z’ becomes d{”, and the

integral is over a range of {” which we take as 0< {’<{. Similar comments apply to the normalized form as
in (3.5). Furthermore (£, ) can be substituted for (Zr:n.m) and (F,,,m)_1 for (ch m) wherever they appear

in these solutions, i.e. in (2.2), (2.5), and {3.5).

Now in (5.2) let us have

L2 B
b§=0

5.6
¥, (5.6)
b§=1

so that as in [1] the wave-launcher starts from some apex (relatively) small spacing and expands to fill the

unit cell at the aperture plane where the wave launcher makes contact with adjacent wave launchers. Now
we could choose b’/ as some monotonic function of { subject to (5.5), but by a change of variable this

can become ¢, i.e. let

bl
5 =¢

This means that £ need not be a simple linear function of zasin (5.5).

14




{ . Let us now write (5.3) as
4 V é’

- Fn,m(g))':[ }
( ¢ 1 (5.8)

where v is some yet-to-be-specified function of {. Noting that
4 -_— —_— 2 .
det((rn,m(g)))_ v=£2320 5.9)

we must constrain

v=(¢2 for0<¢ < (5.10)

At the aperture plane as discussed in [1] let us have the wave launcher width 24’ also fill the unit celf giving
=1
M= (5.11)

At the apex choose some value, say

1% =a>0
{ g0 (5.12)
. Then let v generally take the form of some monotonic function of £ with
V> great.er of [a, 4’2] for 0<{ <1
{5.13)

subject to (5.11) and (5.12). If 0 < a <1 (the case of interest) then v is a monotonically increasing function
of {. Asdiscussed in[2] for given values of v (or Fy 1), b’/b (or {), and b/a one can find the required a’/a,

thereby generating the contour of the edge of the launcher plate.

Let us define

HA(8) Hia(0))_ 1 (v ¢y
()= [H;(q) H;;(«:J:(F"’”‘(C)) (¢ %)

Hp1(¢)=H12({)

(5.14)

where the square root of this matrix is discussed in appendix B. Replacing the square root of the charac-

teristic impedance matrix (i.e., (zcn m )) by (H,,,m) and similarly for the inverse and changing the coordi-

{ ‘ nate to { allows us to apply section 4 for the normalized high-frequency solution for N = 2 as

15




0 1
(Cn.m(<:>)=h(¢>[ J

10
§(0)= [or($e

-sin(g(£)) cos(s({)) (5.15)

[H2,2(8)- H1,1(§)]d% H1,2(§)—[d% Hz,z(é’)—fgmﬂ@)]%.z(ﬁ)

H11(¢)H,2(¢) - HEo(4)

Wey=

S

Now one can try o integrate h(g’), but first let us consider the simple solution. From (3.10) and

(3.11) we have
wa(Q)]=1wa(0)] (5.16)

At £ =0 we have asin[1]

AORIN

(6.17)

i.e., a voltage is applied to the launcher plates, but none to the outer electric boundaries of the unit cell.
Noting

(o €)= 75 26 = 257222 (1 )

v

(5.18)
we then have
fran®)- 5% )
' (5.19)
(wn(0))- (wa(0)) = (Va(0))- (e, (0)) (V&(0)) '
_a¥8
-2 %

Furthermore we have

16




.

(wn(0))=(e, (0 ) (Va(0))
el o))
1
—Vo[a; %}2@ | | | (5.20)

so that only w4(0) is non zero.

ol a

Considering the boundary at { =1 note that

a (5.21)
From (B.20) and B.21) with { =1implying v=1 we have
1 (1 1) .
Hpm(1))=—7
(#nm(1) */5(1 1 , (5.22)
which gives
1
_ _[2o b}i
i =vo(1)=| 2= 1)+ wo (1
1) = Vo) =| 222 fur () w0 529

The equality of the two voltages at { =1 is consistent with [1] and the fact that the two conductors meet
there. As discussed in[1] at { =1 the primary wave fills the unit cell and matches without reflection

through the aperture plane with amplitude v4(1). There is a secondary wave between the launcher plates

and outer electric boundaries which totally reflects from the short-circuit junction of the launcher plates
with the outer electric boundaries at { =1.

From (3.3), (3.1), (5.15), and (5.20) our solution is now

17




cos(g(1))  sin(g(1))
sin{g(1)) cos(s(1)

=Vo[;,;—0§}§(f§§f§2})]

() =va(1)=v, [2a]"% [cos(g(1))— sin(g(1))]

{wa(1) = ( J-(wn(o))

(5.24)

-1 P
=Voo 2 cos[g(1)+ Z)

This leaves the problem to one of the evaiuation of g(1).

Collecting from (B.20), B.22), (B.23), and (5.15) we have

[H2,2()- H1,1(C)]1H1,2(§) - H1,2(C)1[H2.2(§)— Hi4(2)]
ac de

Hi1($)H2,2(8) - Hp(0)

W¢)=

VYIS

1

H\1($)H,2(8) - HEp () = det{{Hp m($))) = [det((Fn,m@ )))F

~[v-¢2]F | )
1 ‘ (5.25) .

Substituting we have

18
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V. Caseof v=1
Consider the simple case of
a=1v=1 (6.1)
From (5.26) we have,

w{)=0,¢g()=0 (6.2)

Then from (5.24) we have

|16
(1) =
1(1 WS 63)

This corresponds to the case in appendix C. 1t also cerresponds to the result in [1] which was solved
in a different way.

20




(' VI Caseof v=a+(1-a)¢?

Now consistent with (5.10) through (5.13) let us choose a quadratic form for v as

v=a+(1-a)?
Thenin (5.26) we have the terms
w=(1-v)2+422 =(1- a)2[1- gz]z +4£2
v-¢?=al1-¢2]
1- v+4’j—2=(1—a)[1+§2]

Combining we have

hm4?3%‘”_1[1‘¢2]_%[‘+42}{[‘+52]+a[1—§2]-2x/6[1—42]%}

- E2 )+ L k() (- a)ioll)

What we need is

o= 5 Moz = gy 2V gy (1o s
(7.4)
g1= f; h(¢)dS

g2 = [ ra(§)dt

g3 = [oha({)dt

These are defined in such a way that the integrands #, are positive over the range of integration, and
Q_. hence all the g, are positive.

21




Taking the first of these integrals

g1§f3 W—1[1_§2] 2[1+§2]2d§ (7.5)

make a change of variables

u=§[1_§2]-% , {:u[1+u2] 2

[1_4‘2]—%d§ =[1+u2]—1du
This gives

1—§2=[1+u2]—1

1+¢2 = [1+ uz]—j[H 2u2] {7.7)

w= [1+ u2]—2 [(1 —aRradl s 4u4]

and the integral becomes

- e -1 2
a=J [(1-a)2+4u2+4u4] [1+62] [1+242] au

29~00

= ! re [(1— a)2 +4u? + 4{;4]_1[1+ uz]_1[1+ 2u2]2 du (7.8)

This is now in a form to be evaiuated by the residue theorem. Consider a contour along the real axis of the
u plane returning in positive (counter clockwise) sense in the upper haif of the u plane. Since the inte-

grand on this contour is O(u‘z) as || — eothere is no contribution and
g1=2nj Y, (residues in upper haif u plane) (7.9)

The integrand has three conjugate pole pairs at £u,, with

1
1+ A2

2

W=j

1-Af2

up = j‘
2 (7.10)

Suzg=j

22




! ‘ where (positive square root)

-

ol

A=b-m-af]

with the restriction

O<sa<2

This can be extended for ¢ outside this range by allowing Ato be imaginary.

Labelling the residues as r,, we have

-1
= l{—d— [(1 o) au?+ 4u4]}
2 du

s u2] "1+ 242]

16u
A2 A -1
=i Al

u=uq

For » we merely replace A by —Agiving

For mwe have

3= %{%[1 + uz]}—1 [(1— a)2 +4u® + 4u4]—1[1 + 21;2]2

U

1 2

-1
=4—[(1—- a)2 +4u? +4u4] [1+2u2]
u

u=ugz

1
4(1- a)?

Combining these residues gives

23

[1+ uz]—1[1+ 2u2]2

u=uq

u=u3

(7.11)

(7.12)

(7.13)

(7.14)

(7.15)




3
81 =2nj Zrn

et

=-x%ﬁ[1+ N *”%Tézﬁ' A"z +2(1_1‘)'2‘
N

- Eg:ézz—{—[ﬂ_ A2 +[1- A]%}+?1_”;)§-

- éuf_af{%—% A{—[‘H' A]'12T +{1- Al%}* 1} (7.16)

The second integral is
g2=Jo v i ;2}%[1+ ¢Bla
- jé‘ [(1— @) +4u® + 411"'}—1 [1+ uz]_1[1+ 2u2]du

| x )
- % 2, [a-aP+al e 4u4]_1[1+ u2]—1[1 + 242 |du .

(7.17)

with the same substitutions as for gy. The integrand has the same conjugate pole pairs asin (7.10). Letus
evaluate go inthe same manner as gy by closing the contour in the upper half plane. Note for g5 that the

integrand is 0(u”4) as Ju| - oo
Labelling the residues as r; we have

%{%[(1 —a)R+au? + 4u4]}_1 [1+ uz]—1 [1+242]

U=ty

8 : (7.18)

For r3 replacing A by — A we have

24




s =—j?[1+A]'1[1—A]_§ (7.19)

For r§ we have

-1 _
[(1— a)2 + 4P + 4u4] {1+ 2u2]

<! =%{%[1+u2}—1}

) u=ugz
1 2,2, 44T 2
=—{(1-a)° +4u” +4u 1+2u
4u[ ] [ ]u=u3
4(1-a)? (7.20)
Combining these residues gives
3
g2 =27 Y m
n=1
V2 -1 -1 V2 -1 -1 ©
=ﬂT{1—A] [1+A] 2+ﬂ—4—[1+A] +[1—A] 2—2—-(1_—(2)—2-
-\/-2_ 211 1 1 T
=7Z"4"—[1—A ] {[1+A]2 +[1—A]2}—m
2 1 1
=nT(1—a)2{[1+A]2 +[1—A]2}—2—(1-:75(F
S 3/—_2—{[1+A]%+[1—A]%}—1}
2(1—0!)2{ 2 (7.21)

Combining the first two terms in (7.4), for convenience,
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1—a)«/a-
2

1-a
2 —m{ﬁ +ogo}

1- o (
+
230: &
1 _1.

- = . ”a) {"5{[ a+at+a]® +[a+al1-4] }+(1—a)}

1

' 1 1
=4(1_’;N_{‘/2_{1 A+ )% —[1-a][1+4a]% +[1+A][1- 4] ~[1- ][1- A] }+(1-a)}

1 1 1 1 1
- {%—2-[1—A]2{[1+A]2+[1—A]2}—g[‘1—a]{[1+z&]2+[1—A]2}+(1—a)}

oj=

4(1- a2

1 1
__T{ [sign(1- o) - ]{[1+A]2+[1—A]2}+1}

The third integral is

(7.22)

ga =y w1+ 2

=J'; [(1+ a)2[1— 52]2 +4§2:|—1[1+ {2]d§

The integrand has two conjugate pole pairs at +{, with

1+A

1= Jh 2

(7.24)

1-A —1

52 .} ]1 al %1

subject to (7.11) and (7.12).

Labelling the residues as R, we have
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‘

nefifi-otl-cf o] o)

1 2l _ 21 T, 2
=ZE{:—(1—04) {1—§ }+2i] [1+§}
_ = ] T1+aA 2
—J8A(1+A){1 [1—0:}}

. 1= j_ x4
“IaA(+ A) (1-a)?
Similarly for Rp we need but change Ato — A as in (7.24) in going from {4 to {» giving
o h=d [, [1-aT
Rz__JSA(1—A){1 [1-0:} }
_ . li-¢of j_ =4
B j4A(1‘A) (1—0:)2

The integrand can now be written as

&=&

§={

{7.25)

(7.26)

__Rk R R R

-0 o0 TR g

< 2Rigy | 2Rpp

(2-g2 g2-s2

- 2Ry . 2Ro(p

Crlaf elP . (7.27)

h3(¢)

where we have used the fact that the ¢, and R,, are pure imaginary. Note also that 43(¢) is 0(4'2) as

{ — = 80 there is no additional polynomial term in (7.27). Integrating we have [6, 7]
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g3 =I; ha(£)d¢

_2Rir [1J 2Ro¢7 Ctan[ 1 }
|C| aretan |§1] + l I ar |4’2l

= [1-«f 1- 1+4 arctan[ j+ 1= 1- -4 arctan[—LJ
2000+ 4)|  (1-a)? i) 2a(1-4)] (1-a)? (]

roafto gm0+ ) (-2 -(1-a) (iJ
=[24A]1- o] { arctan(l C1|j arctan i

1+ A 1—
e 1= AV — (1 A2
=[2AI1—O¢|]_1{‘(1 2 (11_AA)2 - )arctan[l 11l}+(1 a)? (111:1-:)2 (1-4) arctan[] 12 IJ}
= [2|1.— oel]—l{arc’tan[I ;J + arctan[lg2| J}
=
T 41-0f

(7.28)

with the last resuit following from the reciprocal relation of [£1] and |{2].

Now in (7.4) we have
—{(1-a)gs = —-%sign(1 -a)

{7.29)
Combining with (7.22) gives the result for (7.4) as
Ja
HUE —Tg1 # ) g2 —-(1- )3
1 1 -1
= E{£[sign(1 -a)- 1]{[1 +AJ2 +[1- A]§}+ o 2 -sign(1— a)}
4|2
(7.30)
Note for 0 < & <1 we have a simpler result
Al
s(1)= 715 a 2-1
‘ (7.31)
Note that
im g(1)=0 .
a—1 (7.32)

28




and that

g(1)>0 forO<a<t

(7.33)
From (5.24) we have
V4(1 -1 .
-%/E)—) =[2a]72 [cos(g(‘l)) - sm(g(1))]
1
=q 2 r
o cos[g(1)+ 4) 734
For the case of 0 < a <1 we have
B oo 2
Vo =0 cos m
-1 -1
=[2a] 2{003(%{0: 2 —1]]—sin(£{a 2 —1});’
(7.35)
For o near (but below) 1 we have
( 1 1
YJ—1)=[2a]_2 1-1’-[a 2-1J+o « 2-1}
1 (r 1 2
1 Tl -5 _
=— 1+[1——}(a 2—1]+0(a 2—1j as a—1
2 4
(7.36)

Note that decreasing o from 1 initially increases V4(1), which may be desirable. The solution goes to a

maximumat o = .83 where V4/Vy =~ .714. Thisis anincrease from V4/Vy = .707 at o =1. The increase

is not very much.
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VIll. Case of Hybrid Wave Launcher . \

Now consider a special case consisting of two sections. In the first section let us transform ¥4 from
Vo to Vow/E without coupling o the second conductor. Here the first conductor is confined to a small

height (ideally zero) so that there is no coupling to the second conductor. The section is the wave
launcher proper in which Vox/E is reduced to Vg in the aperture plane.

A. Decoupled Transmission-Line-Transformer Section
For this section let the normalized coordinate be £ with

0= &<

Choose the normalized impedance mairix as

(n®)=(5 )

1 (8.2)
_1_ -
(Hn,m(é))§(Fm(€>)2=[V2 OJ
0 1
with positive square root. Let
vi g=0=%>0
J 1 (8.3)
&=17

Note the absence of the off-diagonal terms. This means no coupling between V4 and V2 on the two-
conductor transmission line. The variation of v over the range in (8.1) is not critical for the present analysis
although as a practical matter one may wish that this variation be monotonic.

Now in (H,, (&) we have
fa(c)=0 | (8.4

implying in (5.15)

Kg)=0 , g(1)=0
(8.5)
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Then we have from (3.2) and (3.3)

(8.8)
With our initial condition as in (5.17) we have
-1 Y0
2 Yo —_—
A0 I ,(O]{@J
0 1 0 (8.7)

-1
Our transformer section has then increased the voltage on conductor 1 by a factor @ 2and has left zero

potential on conductor 2.

B. Wave-Launcher Section

At £=1 we begin a new section of the two-conductor system. Relabel the coordinate here as { with
0<{ < (8.8)

where { =0 corresponds to & = 1. Choose the normalized impedance matrix as

(Fn,m(g)) = [1, gj = (Hn,m(g))f?
(o (g))_{lﬁn(é') H1,2(C)] -
" Ho1(¢) H2.2(¢)

with the elements of the square root as discussed in appendix C. In this case we have

Hp2({)-Hy1(£)=0
h)=0, g(1=0 : (8.10)

(@am)=(g %)

This is also the case considered in [1].
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The solution has . i
— = — H

{:0 ) (Vn(g))lg=o

00000 D

- (5 1

¢=0

§=0 (8.11)

Noting that at § = 1 which is the same as ¢ =0 we have

Yo
Vatl,_ = (nlOlgo =| Vo
0 (8.12)
This resuit relies on the fact that there is ho (high-frequency) reflection at the interface since
10
£ = = | F,
(B, (0 1] (Fam©) g .
Thenwe have at { =1
Vo 1
(Vn(g)) 4 [ J
= Vaa |1 (8.14)
so that
wWey 1
% lgy VR (8.15)
This can be set to be 1 provided
1
a=-—=
2 (8.16)

This gives a unity high-frequency transfer function through the hybrid wave launcher.
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s' C. Some Comments

Remember that the present analysis is based on a high-frequency approximation. As discussed in
section 5 there is a certain arbitrariness in the definition of the coordinate along the transmission line (z or
¢ or &). By atransformation of ¢ to some f(¢) varying between 0 and 1 one gets the same answer for

the high-frequency transfer function for source voltage to wave launched from the aperture plane.

Here two sections of the wave launcher are considered. How long should each be? By a scaling
argument one can normalize frequency or time by a characteristic length, say the length of one of these
sections. Perhaps one can better use the total length (€ =010 { = 1) as a scaling length. Even so this

leaves the refative length of the two sections as an open question for optimization. The high-frequency
approximation is not adequate for this purpose.
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IX. Concluding Remarks .

Now we have a few canonical forms of wave launcher with analytic high-frequency solutions. By
comparing the results for the different cases one has some appreciation of how various aspects of the
launcher profiles influence the high-frequency behavior. Perhaps other solutions can also be obtained.

Having the high-frequency solution does not tell us everything. There are intermediate
frequencies/times of concem. Also note that a high-frequency transmission-line model breaks down

when the wavelength becomes less than the cross section of the unit cell.
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n . Appendix A: Functions of Diagonalizabie Matrices

Consider an N x N square matrix (an,m) with eigenvalues 2./3, right eigenvectors (rn) 3 and left

gigenvectors (£,1)[3 defined by

(an,m)'(’n)B = Aﬁ(’n)ﬁ
(zn)ﬁ'(an,m)r'lﬁ(‘en)ﬁ (A1)

with biorthogonalization condition

_[1for B1= B2
(fn)m '(’n)ﬁz =181,82 E{oﬁ,,m # B

B, B2a=12.. N (A.2)

A sufficient condition for (A.2) is that the N eigenvalues 15 be all distinct. As discussed in [3,5] all we
really need is N linearly independent eigenvectors (say the (r,) B ). This is also called a matrix of simple

structure. However, this is often not a necessary condition. We have the characteristic polynomial

(\. : A(2) = det((anm) ~ A(1nm))

N
= Zaplp
p=0

—=

(A-15)

B=1

—NR. A
—ﬁr__I1(ﬂ-)

with some of the coefficients

o
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(A.4)

and the general a, given in [3,8]. Setting the characteristic polynomiai to zero gives the characteristic

gquation for determination of the eigenvalues
A(ﬂ. )3) =0
The matrix now has the dyadic representation

. .
(an,m) = %ﬁﬁ(’n)ﬁ (ln)ﬁ

(A.5)

{A.8)

There are matrices which are not so diagonalizable and can be handled by the Jordan form [5]. For pre-

sent purposes we only consider matrices diagonaiizable as above.

Consider some function f of a complex variable 1 defined by a power series

fin=73 fp AP for|A|< g
2=0

Ag = radius of convergence {series not converging for |A]>1¢)

il

Then we have a way to define a function of a square matrix by [5]

f((an,m))s i Folanm)’ torall l/'L)‘Bl<JLo
p=0

since integer powers of a matrix are well defined. Using the dyadic form in (A.6) we have
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Hlonm)) = S A28 )} (25
3=1 | (A.10)

Here we have used (A.7) to identify the infinite series for each of the f(,lﬁ). While this is limited to

|A|< 4 ¢, we can use (A.10) for our (extended) definition provided F(A) is defined some other way for
],1| > 1 o. Inthis form we can consider fractional powers, logarithms, etc. of matrices with N linearly inde-
pendent eigenvectors provided we take care in defining the intended branch of the multiple valued

function with which we are dealing.

Some special cases of interest are

-1_ N .
(anm) =2 A5 (m)g (£a)p (inverse)

B=1
. (1n,m)

i
=
i M=
~—
P
S’
=
o~
Y
o
—
>

v _
=2 (ta)g(m)p (identity)

N
(an,m)T = 2 Ap (f,,)ﬁ (r,,)/3 (transpose)
A=t (A11)

At this point it can be noted that the Cayley-Hamilton theorem states [5]

N
A((an,m)) = Zap (an,m)p = (On,m)
pmo (A.12)

For this result the matrix need not be diagonalizable. This is readily related to matrices as in (A.6) by

A((a,,,m)) = %,-A(}'ﬁ) ("n)ﬁ (!n)p = (On,m)

= (A.13)
{. using the result (A.5).
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if the matrix is symmetric we have

(anm) = (anm)

8nm = 8%mn

(’n)ﬁ =(!n)p E(xn)p

B= (A.14) |

so that only one set (orthonormal) of eigenvectors is needed. Again a sufficient condition is that the (x,;) 3

are a set of N linearly independent eigenvectors. Note that a function of a symmetric matrix is itself

symmetric.
if the matrix is Hermetian we have

(anm)" = (o)

t=T*

[

*

anvm = an,m

(a,,,m)-(x,,)ﬁ = lﬁ(xn)ﬁ

(xn)ﬁ : (an,m) = 2‘,3 (xn)ﬁ
Agrealforf=12,...N

(x,,)m '(xn)pz =181, B2

B N A *
.(a":m)"pz; ﬂ(xn)p(xn)g

N .
H(anm))= 2 F(Ap)7n)g(5) g
B=1 (A.15)
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i Assuming that f(1 ) is real for real A then such a function of a Hermetian matrix is itself a Hermetian matrix.
Again only one set of eigenvectors is needed. Note that Hermetian matrices are always diagonalizable [8]

For convenient reference we have some special cases of matrix functions as
f (1(1n,m)) = F(A)1am) (identity)

Ay, O f(ﬂq)f(lz) 0
f =

(diagonal matrix)
AN )10 F(An)

(A.18)
For 2 x 2 matrices we have the special cases (from [1, 4]

T l-sin(A) cos(A)

10} o 1
=cos(,l)[0 1]+sm(2.)(_1 0]
0 1
,1.(1 oj_ cosh(1) sinh(1)
‘ € ~{-sinh(1) cosh(1)
10} 0 1
' =cosh(l)(0 1j+smh(l)(_1 O)

Note that these last cases both have determinant equal to 1. Using these as canonical forms trigono-

0 1
;(-1 o)_(cos(l) sip(l))

(A7)

metric, hyperbolic, and logarithmic functions (and inverse functions) can be found for these two matrices.
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Appendix B: Square Root of a Symmetric 2 x 2 Matrix .

Let us now work out in detail the square root of a 2 x 2 matrix under certain restrictions. The
general form is given in {A.10) where f is interpreted as square root. This requires one to define the
proper branch of this function. For real and positive Ag this can be taken as the positive square reot by
convention. This ¢an be extended to complex ).)3 by mapping phase {or arg) from -z to z into —z/2 to
/2. Note that, if desired, various conventions (+) can be followed for the various /‘Lﬂ, since when the
resuiting matrix is squared the original matrix is reproduced. So for diagonalizable matrices there are 2N
different values of the square root (assuming all are non zero). For 2 x 2 matrices there are four square
roots, but here we consider oniy one, the positive or p.r. (positive real) square roct since we are normally
dealing with impedance or admiitance matrices.

Beginning with a general 2 x 2 matrix we have

1
a1 a2 12
1t 1 laso app
"'_ 2 ] )
(o = | 2
: 1
%22 : (B.1)

so that if ap » is non zero and its square root is defined oniy three general matrix elements need be con-

sidered. if (a,,, m) is also symmetric then we only need to consider matrices of the form

_an = Y gj ) |
(Fom) (4 1 (B.2)

Here our concern is for real elements, and constraining the determinant real and non-negative gives
det{(Fym))=v-¢2 20
2
vz{ (B.3)

Now define

1
(Hn,m.)E (Fn,m)a (B.4)

with the square root pasitive as discussed above. Note that -
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: ‘ det({Hpm))= His Hop ~ HEp
1

= [de’t((l«"n’,,,))]2 (positive square root)
-]

(Hom) = ()
H2,1 = H1,2 (B.5)

where we have used the fact that a function (square root) of a symmetric diagonalizable matrix is itself

symmetric and that det((Fn,m)) is non negative.

To diagonalize (F, ,, )we have the eigenvalues as

Mg = det{(Fym))= v-¢2
Ado = tT((Fn,m)) = 1+v

(B.8)
This has the solution
1
2
. A= I+vEys
5 2
v =(1- v +4,2 : (B.7)
For the eigenvectors begin with
(Fom)-(xn)p = 5 (xn)g (B.8)
which in component form is
(v— lﬁ)xw +{xp3=0
Erryp +(1-2p )i = 0 (B.9)
This gives
g ¢ _Ap1 A
x2p Ag-v & (B.10)

§. This establishes the relative sizes of the two elements of the eigenvectors. So we take
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The biorthonormalization condition gives

1= ag[(z.ﬁ - v)2 +¢2}

”5[(%-1)2*52]

(xn)p ‘(xn)p

Again with positive square-root convention (and some algebra)
’ 1
2 2

2
; 2.1—v +{
2 2

={—;--wi(1 v) %}

N
il

m|—~

m|_.

The + with 53 is chosen for consistency between the ag and bg forms in defining the eigenvectors.

Combining the above results gives varicus forms for the eigenvectors as

1/ 3
1 4

1[ 2 1
e, =2 r20-02 |7 e | foarom

2 L N2 )
17 3

ol

.

In a more symmetrical form we have
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(B.12)

(8.13)
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o
N

4T
{wiﬁ- viy2
(xn)1=~2¢ 1
2 )
i{w$(1— v)wa}
{B.15)
With { assumed positive we can note the special case for v=1as
Xn )y == for v=1
3 V2 (B.16)

so that the eigenvectors are seen to go to a simple form that is obviously an orthonormal set in this limit.
After scme algebra one can verify that the two vectors in (B.15) satisfy

" (%n)g, *(xn)g, =181, (B.17)

i.e., also form an orthonormal set.

Now we can write

B=1
(B.18)
( {H” H"z] $ 2Zlaylon
Hpm )= = Ag(xn)g(xn
Hpy  Hpp) B=1 prmpp
The dyadic products of eigenvectors are
171
[wt@—v)w?} + 11
(xn)1(xn)1—2§2 20v® —1
2 2 1 %
x 7 W¥(1—V)W
2¢y2
N -1
4 {wziﬁ-\’)} +2¢]"
=2¢%y 2 1 .
+[2¢]" {zﬁ:@—v)}
(B.19)
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and the eigenvalues are

1
. 2
pq=lrvEy?
2 2
(B.20)
w=(1—v)2+44’2
One can even write out the components of (Hn_m) as
1 % 172
= -1 - -1
1 1 1
= |1+ v+y? = 1+ y—y?2 =
A e N e e I
1 1
; % 2- -1 ) _;_ 2r -1
- + v+ +v— 5
Hpo =202y 2 2 i [w"‘ —(1-v)} + > 4 [wz +(1-V)}
(B.21)
1 ul
4 _;_ 2 ] % 2
-5 || 1+ v+ +v—
Hip=Hp1=0y 2 2'” - 2{;'
This formally completes the square rocot. There are certain combinations which one can form for
. convenience '
1
1z 172
. 2 — w2
Hp o+ Hyq= 1+v+y . 1+v—-y
' ] 2 2
_ 1 1
= rr((Hn,m))= A2 +23
(B.22)
1
1 % 2 1 %
-5 || 1+ v+ +v-
Hyp—Hig=(1-v)y 2 zw - 21’”
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Further combinations are

H§,2 - H12'1 = (Hg,g + H1’1)(H2’2 - H1,1) =1-v

Hiyp=Hpq= ;E—V(Hz,z - Hiq)=¢(Hop + Hm)_1

11 1
det((Hym)) = HytHop ~ HZy = 1233 = [v- 2 ]2

H%z =£§{1+ v—2[v—§2}%}
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Appendix C: Square Root of (2, f) .

As a special case of interest let us set v as 1, corresponding to the problem in [1]. Thenthe

results of appendix B simplify considerably. Summarizing for (Fn,m) we have

e} 9

det((Fum))= Az =1-¢2 20

)
or({Fom)

)=z1.1+/12=2

—

(C.1)
y=4¢°

The square root (positive) then has

LB

(Hrm) = (Fnim)
det({ Hym)) = A%:é =[i- ;2]% 20

11 :
tr((H,,'m_)) =22 +23 =[1+ g]% +[1- g]%

(C.2)
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