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Abstraét

In launching the TEM mode on a coaxial circular cylindrical transmission line at
high frequences, one can use coaxial circular'cones as a wave launcher. Matching
the conical waveguide to the cylindrical waveguide, in this paper one makes the two
characteristic impedances equal, and in the usual lens sense makes rays on the conical
structure travel with equal time to an aperture plane perpendicular to the axis of
the system. To accomplish this the conical region is filled with a uniform, isotropic,
_dielectric with frequency-independent dielectricﬂconst‘ant (lossless and dispersionless).
While the lens is not perfect in that there are small reflections at the lens surface, the

high-frequency performance can be quite good for a large range of lens parameters.
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I Introduction

EM lenses for transitioning TEM waves between certain types of transmission lines,
without distortion or reflection, may be developed (as in [12]) through an analysis of exact
solutions to EM boundary value problems. The important physical concepts are the matching
of differential impedances along each ray, including the constraint of equal transit-times for
all rays through the lens, (between appropriate positions and/or surfaces). In [12] a number
of examples are given. These examples include inhomogeneous lenses, converging, diverging,
and bending, which may be used to transition TEM waves between conical and/or cylindrical
transmission lines. These examples represent exact solutions to the wave equation, though
there could be approximations involved in practical applications.

In this paper we begin the study of a class of approximate lens designs in which the
equal time requirement is maintained, but the impedance condition is relaxed from a dif-
ferential one (along every ray) to a global one in which the transmission-line impedance is
maintained constant on both sides of the lens as well as inside the lens. This is an average
kind of impedance matching, allowing, some mismatch (preferably small) along ray paths
(particularly at lens boundaries). Though a specific geometry is considered here, our solution
technique will be applicable to a large class of problems.

We begin in Section II by considering a concentric circular conical uniform isotropic
dielectric lens feeding a circular coaxial line. The lens (transition) region is to be specified
so that a wave launched at an apex propagates through the lens region onto the coaxial line
with minimum reflection at the boundary between the regions and with minimum distortion.
We find that the lens shape for the equal-transit-time condition to be satisfied is a prolate
spheriod. Moreover, the lens shape is only a function of the relative permittivity, e,, for
high-frequency/early-time performance.

In Section III, a macroscopic impedance matching condition, allowing a uniform isotrpic

lens, is imposed. On the two transmission lines perfect impedence matching along each ray




(as in.[12]) is a local requirement which has been relaxed here. The lens shape is thereby
determined from the chosen relative permittivity of the lens region and the characteristic
impedance of the coaxial line.

In section IV, the transmission of waves at the lens boundary in the high frequency
limit is investigated. Snell’s law is the governing relation and transmission and reflection
coefficients are obtained. The special condition under which no reflection occurs at the lens
boundary is the Brewster angle, which is determined by the relative permittivity, e,.

The fields which exist between the coaxial circular cones, and hence on the aperture
plane, lead to an expression for a high frequency transfer function, Ty, which appears in
Section VI. This function compares an initial voltage associated with the TEM mode on the
coax, to a voltage on the conical section, and it is calculated as a function of ¢, and the
coax impedance. Appendix A gives an asymptotic expansion of Ty for small characteris-
tic impedances. Appendix B contains the tabular data for the various lens parameters as
functions of relative permittivity €, and coax characteristic impedance Z, (with a free-space

medium).




II Lens Shape For Equal -Transit Time to Aperture
Plane: Prolate Spheroidal Lens

As in Fig. 2.1 consider a spherical TEM wave propagating radially outward from an apex

at
($7y7z) = (07 07 —ﬁ) (21)

We have coordinates (¥, ¢, z) for the cylindrical transmission line
z = ¥cos(¢), y= Vsin(¢) (2.2)

where z = 0 defines an aperture plane, the plane at which all the rays from the apex are to
arrive simultaneously (equal time requirement). We have spherical coordinates (7,8, ¢) for

the conical transmission line, centered on the apex, as
z+£€=rcos(d), ¥ =rsin(0) (2.3)

The lens boundary uses the above coordinates with a subscript b.
The ray path in Fig. 2.1 follows a radial line in the lens (spherical wavefront) with

parameters

o = permeability

€, = permittivity
€& = -:—l- = relative permittivity > 1 (2.4)
0

In the coax the ray path is parallel to the z-axis (plane wavefront) so that all rays
(transmitted) arrive at the aperture plane at the same time. The coax parameters are
assumed to be those of free space. If desired the present results can allow for an € > ¢
by reinterpreting €, as relative to this permittivity for the coax dielectric. The propagation

time on such a ray path is proportional to
€Ty — 2, = constant = /4 (2.5)
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Example for Z. = 50Q (free space medium)
with €, = 2.26 (transformer oil or polyethylene)

Figure 2.1  Prolate Spheroidal Lens with Circular Conical Transmission

Line Feeding Circular Coax




The constant is evaluated by taking the special limiting case of a ray on the z-axis (¥, = 0)
and letting the lens boundary there be tangent to the aperture plane. While (2.5) is in length

units it is converted to time by dividing by the speed of light in vacuum
-1
¢ = [po€o) 2 (2.6)

Relating the spherical and cylindrical coordinates on the lens boundary we have

T . 9 oon _ %
7 sin(6,) = 70 7 cos(y) = 7 +1 (2.7

Incorporating the equal-time condition (2.5) we have

b \/E:_ 1 lI}b . -1 [Zb ] -1
— = = —sin” (6) = |— + 1| cos™' (8 2.8
7 ) () = | (65) (2.8)

describing the lens boundary (3, ¥4, 2 in terms of 6;). In cylindrical coordinates we have

(3) =)+ [+ 29

(Z) + [+ =[]

(5" sl - (3 =0 =

This is the equation of a prolate spheroid, a body of revolution with respect to the z-axis.

Then (2.5) gives

It intersects the z-axis (¥, = 0) at

-9 /e
% _ g, Z2VE (2.11)

Z__e___ Ve &,
¢ L e+l ¢

(2.12)




b = minor radius of prolate spheroid.

Note that for large ¢, we have on the zaxis

Zp

7 0,-2 as € — o0 (2.13)
and at maximum cylindrical radius
%——)—-1, %——)1 as € — o0 (2.14)

which gives a spherical lens of radius £. However for ¢, near 1 we have on the z-axis

% —0,—-1 as ¢ —1 (2.15)

and at maximum cylindrical radius
féb-—)—-;—, %——)0 as e — 1 (2.16)
so for €, near 1 and given maximum ¥, (from the cross section dimensions of the cylindrical
transmission line) the lens becomes very long as one would expect.
Since the rays launched onto the cylindrical transmission line are parallel to the z-axis,
then 2, can be no smaller than the value in (2.12), corresponding to the maximum ¥;. Rays

outside this region are not included. This gives a maximum allowable 6;,. From (2.7)

tan(fy) = %’1[% + 1] - (2.17)

which when evaluated at the coordinates of maximum cylindrical radius gives

6,,.. = arctan(ve, — 1)
(2.18)
0<£6,<8,. (allowablerange)
Limiting cases have

Gomax — as € — o

Y]

(2.19)

Oy — 0 as e —1




This prolate shperiod, or ellipse revolved about its major axis, has an eccentricity (as it

is usually termed [10]) as

= (2.20)
It is also foci on the z-axis at

zpp=—a[l+a]l=—4L
\/e_;_le
GRS

Note that these two classical foci correspond to points with a constant sum of distances to

zpp = —a[l —a] =

any point on the prolate spheroidal surface. One also corresponds to the focusing of a plane
wave propagating in the —z direction outside the lens focusing at 2 = —£ inside the lens. In
(2.21) we now have the result that the reflection (high frequency) from the lens boundary
would focus at zjy, except for the presence of the inner conductor. Ideally this reflection is
small.

It is interesting to note that the lens shape is only a function of €., and not of the
cross-section shape of the cylindrical transmission line. Tracing rays back from the cylindri-
cal transmission line, one can extrapolate the conductors as well into appropriate conical-
transmission-line conductors. The lens shape is a prolate sphere with major axis along the
z-axis for all such cases. The transmission of waves through the lens boundary is, of course,
a function of polarization, and thereby is a function of the conductor cross section chosen.
In this paper we consider the simplest conductor cross section, coaxial circles, so that the
transmission line is also a body of revolution, coaxial with the z-axis, and hence with the

prolate spheroid.




.

III Matching Transmission-Line Characteristic Impedances

‘ Having the lens shape based on the equal-time condition for high-frequency early-time
performance, let us now consider impedances. Whereas the perfect matching (no reflection
at lens boundary) requires a consideration of local or differential impedance matching along
each ray [12], here the condition is relaxed to allow a uniform isotropic dielectric lens. The
impedance condition is now taken in a more Iﬁacroscopic form. Specifically let us try to
match the transmission-line impedances between the circular-conical region (in the lens)
and the circular-cylindrical coax.

The coaxial region has the characteristic impedance [1]

7. = 2oy, [&] (3.1)

Zy = / £ = wave impedance of free space
€o

376.73Q

R

Define a dimensionless parameter

X = 2o ¢ =in(y)=2rf,

(3.2)

Z. 1 .
fo = Z = %En( X) = geometrical impedance factor
0

A given characteristic impedance implies a particular x or (, in terms of which the various
other parameters can be solved. Note again that € > €5 can be used in the coax by scaling
Z. and €, of the lens appropriately.

The circular conical region has the characteristic impedance [2, 11]

7, = 2o zn[tan(?)] (3.3)
)




Equate this to that. of the coax and we have

. 0,
tan (—2-) . sin(6,) 1 + cos(6;) (3.4)
0 001+ cosll) |
tan 2

For a second relation involving the two cone angles go back to the geometric constraints on

the lens boundary. From (2.7) and (2.8) we have

_ rgsin(fz) /€ — cos(6;) sin(62)
X = rsin(6y) /& — cos(62) sin(6,) @2

Dividing (3.4) by (3.5) gives

V& — cos(f2) 1 + cos(6:)

= \/;"1 — - .
P=X V€& — cos(f1) 1 + cos(6,) (3.6)
This relates the two cosines as
cos(0y) = Merll= Pl [V +plcos(é)
) =
/et T+ (1= #l cos(l)
(3.7)

cos(f;) = Vel — p ] + [VE + pt cos(6,)
p~1y/e + 14 [1 — p~] cos(6s)

Note the symmetry in these results in that interchanging 6; and 6, replaces p by p~!. The
general form of these equations is refered to as a bilinear transformation [8].

Next square (3.4) and use trigonometric identities [9] to give

1 — cos(02) 1 + cos(6;)
= {2V =
=X 1 — cos(62) 1 + cos(6,) (3-8)

This is of the same form as (3.6) with /¢, replaced by 1 and p by ¢ giving

1 —g+[1 + g] cos(6:)
14+ ¢+ [1—g]cos(6)

cos(fy) =

(3.9)
1 ~q 1+ 1+ ¢ cos(bs)
1+4¢71+[1 — g~*] cos(8)

cos(f;) =

Note again the symmetry on interchange of ¢, and 6, corresponding to replacing ¢ by ¢*.
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Now solve for cos(6;) by equating the two expressions for cos(f,) in (3.7) and (3.9), giving

. a quadratic equation

[Vell — gl +[1 - q] — 2[1 - p]] cos®(61) + 2[/& — 1][1 — p] cos(6:)
+HVe2l —pl - [1-ql]-[1-4]]=0. (3.10)
In this form note that the coefficients are functions only of /e, 1 — p, and 1 — q. The
= quadradic equation for cos(f;) is the same as this with (p, q) replaced by (p~,¢~). The

quadradic can be solved by the usual formula, or by noting that (3.10) can be written in

factored form

[cos(61) + 1][[V/E[1 — g] + [1 — g] — 2[1 — p]] cos(61)
+Vel2l —p -1 -q]l-[1-4]ll=0 (3.11)

Rejecting the —1 root for cos(6;) as unphysical (as in (2.18)) we have

' cos(f;) = \/a[[l —q]—2[1 —p]] + [1—gq] (3.12)

[[1 —q] —2[1 —p]] + /&1 — g

Note the symmetry among the terms. Similarly we have

Vall—¢ =21 —p ]+ [1—-q7Y
(I—g¢ =20 —p | +-/&ll—q] (3.13)

giving now explicit solutions for both 6; and 6, in terms of ¢, and the characteristic impedance

cos(fy) =

Z. (via p and ¢ as functions of €, and x).

Recall (2.18) for the maximum allowable 6,

tan(0,...) = Ve, — 1

(3.14)
(6,.) = 1 in(0 )_[1 1]%
Cos bmax /] — \/a, s bmax ) = €,
Evidently we have
0 <8 <6, <6 (3.15)

® :




Equating 0, to 0s,,, gives, for a given ¢, the maximum possible x and hence the maximum

coax impedance which can be matched by the lens.
This Xmax 1s found from

0, = 0,,.,, = Oy,

For a given €, then from (3.13) we have

1yl =g =20 = g+ [ — g

cos(Oy,...) =

Ve l-g¢-21-p ]+ Vel —gq7]
This reduces to
[ =11 ¢ =21 =p7']] =0
which for €, > 1 gives
g '=2p'+1=0

Substituting for p and ¢ gives for Xmax

XoT — o pYFt 41 =0

max

V& + XI\I/I:;_:( = 2Xmax

Xmax

COSh(\/G_rgn(Xmax )) = Xmax

This has the implicit solution

e = arccosh (Xmax) _ £n[Xmax + (XZax — 1)%]
'en(Xmax) en(xmax)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

This is tabulated in Tables B.1 and B.2, (Appendix B). It establishes an acceptable range

for Z. or x(< Xmax) for a given ¢,. It also is the maximum acceptable value of ¢, for a given

Z; or X(= Xmax)-

Now for small impedances we have

Cmax = en(Xma.x) — 0

ccosh (eSmax 1
V= B e (o 1

12
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me

= C " 0[] + Cona + 0 mx)+\/2<mx+ [1+ O(Cmax)]]

Cmax

= [V 2Cmax + Cmax + O(C!%&X) - '2—[\/ 2Cmax + O(Cmax)]2]

me

me

2

Cmax

I . = —-—En[l + Cmnax + O(C;?nax) + [2Cmax + O(Cmax)] ]

[1 + O(max)]

Thus large €, are associated with small (nay, and hence small impedences. For large (max we

have [9]
(max — 00
v recot Q) = L[t (man) + 00020
' cmax ——[Cmax + £n(2) + O(e=%m>x)]
=1+ e?nfi) + O((Z], e 2max) (3.23)

Thus small V€ — 1 allows large (max and hence large impedances.
In the case of maximum impedance ({max) for a given e,, the larger angle 6, is just given

by (3.16). The smaller angle #; can be taken as

61 = Glmm (3.24)
From (3.9) we readily obtain
& - X—z\/:
\/a+ 1 max
cos(0y,,.) = 3.25
) = T (3.25)

\/a‘f‘l Xmax
Noting that

O2max\ _ [1— cos(Bgmu)]% _ [\/E— 1]%
tan( 2 ) B [1 + cos(bz,, )0 L& +1 (3.26)

® :




then another expression is obtained from (3.4) as

L
ta.n(ol’““) = [\/6_7_ 1]2 ;;{F
2 Ve +1

which can also be obtained from the bilinear form in (3.25).

(3.27) ‘

Now consider the case of small characteristic impedances for which { = £n(x) is an

appropriate expansion parameter. Reorganize (3.12) as

1—
Ve +1-2/67—2

cos(f,) = i i; 1
\/a'*' 1- 2-17q-
¢a+1—A@v§X
_ q
a1 - 2\/§X
_ L
X 3 f \/I_)_ec;—l(_e\/i—lc
- Ji- = T T e/et — eV
V4
sinh<\/a;2— 1() .
~ 7 sinh(y/&()
1_) _ e_,c«;Hc
q

Expanding terms

_\/Er_—l 2

Eo1- Y20

we have

Ve +1-[ve -1t - L 4 o)

V1= Y- Y o)

14

cos(6;) =

(3.28)




)
_ e |
€ & ) z
er -1 2
N 1+ ¢+ 0(¢?)
- € + 1 1 E" - 2
1+ P 1( + 0(¢?)
- e e —1P? 2
= R+ o) (3.29)
Identifying terms we have
cos(fp) = 2ve (3.30)

€+ 1

which we will later encounter as the Brewster angle with no reflection at the lens boundary.

Write

6 = 06— A0

(3.31)
cos(f1) = cos(0g)+ sin(05)A0 + O((Ab)*)as A — O
Then we have
. r 1
sin(fg) = ZT T
(3.32)
80 =IO
T2 641
Applying this to 6, then (3.28) takes the form
1
Ve +1-2 /el
cos(f;) = 1 ;_ql
Ve +1-— 21 —
vE+1—AEv@X
- 4 (3.33)

¢a+uﬂ¢zx
b

15




The change from \/p/q to 1/q/p changes the sign of the coefficient of ¢ in (3.29) and (3.30)

giving
2/ l[e, - 1]2,_ 2
cos(lz) = =1 - 3757 ¢ +.0(C )l (3.34)

This allows us to write (to first order)

0, =0 + Al
(3.35)
cos(f;) = cos(fp) — sin(05)A0 + O((A0)*)as A§ — O

with Af the same as in (3.33).

So we see now that for small characteristic impedances 6; and 6, are equally spaced
on both sides of 5. This is shown in Appendix B (Tables B.4) where 6, is reasonably
approximated by 0 — Af and 6, reasonably approximated by 6g + A6 for small Z..

16




IV Transmission of Waves .at Lens Boundary in High-

‘ Frequency Limit

As indicated in Fig. 4.1 a ray incident on the lens boundary has angles as indicated with
respect to the normal I} to the lens surface. As in the usual derivations [4, 5] the angles are

determined by matching the phase velocities along the local boundary giving

"pr =
(4.1)

\/e_,'sin(d)i) = sin(v)

The relation between transmitted angle 1¥; and incident angle t; is known as Snell’s law. It
is a condition of equal time, local to the ray path, also known as Fermat’s principle. Note
that in this paper the equal time principle is made a global condition, the same transit time
to the aperture plane being constrained for all incident plus transmitted rays.

' Note that with respect to 15 the wave is polarized in the plane of incidence and is referred
to as an E (or TM) wave. Summarizing the results for the transmission and reflection of the

various fields

Re = Eznc - Hi'n.c R
H ran
T, = 1+R,=—"722 (4.2)
Hinc
ZO Etrans
Te = —-T TN — 1/ ,,.T
Zl § Einc rih

Here the subscripts apply to the fields of concern. Here the fields are given as vector compo-
nents with orientations as in Fig. 4.1, All the above parameters can be expressed in terms

of [4,5]

® :




trans

transmitted
-~ ==>

1 > ray
......... H trans
reflected ) Ho.€0
ray
—_—
_>
Ereﬂ
>
Z

Figure 4.1 Transmission and Reflection at Lens Boundary .
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1 Vi
cos(p;) — [1 — €, sin?(¢;)]2
R, = XZ ‘

T -
\/E:COS(%) +[1 — & sin?(;)]2

[1~ = sin®()}f — /& cos(i)
- : (4.3)

[1- -:—Siné('l,[)t)]% + /€ cos(1)

&
I

There is a special condition under which there is no reflection at the lens boundary,
referred to as the Brewster angle which we designate with a subscript B. From (4.3) this is

given by

1

cos(¥;g) = [erj— 1] P o sin(y:p)

sin(ip) = [e& +1]7% = cos(vip)

(4.4)
cot(¥i) = /e = tan(¢:p)
2

Yip+ i =

Recall the lens-boundary parameters from Section II. From (2.10) we have

i
\I’b = {—Er 12:—2\/2: 162{,}2
€ Ve
dv, _1{ €& — 1 \/6—1}
de _— \Ilb . A \/a E (4:.5)

From (2.7) and (2.8) we have

Zb _ _f_

T, = COt(eb) T,

_{_ _ 1 /& — cos(fp)

\I’b - sin(6’1,) \/6,- —1

2z 1 /& — cos(6)

22— cot - .

v, ~ O - ey e (4.6)
19




Ve  cos(fp) —1
\/E:— 1 Sin(eb)

= _\/e—\/i 1 tan(%)

Substituting back we have

cot(p) = —5—
Ve + 1cos(0,) —1 | (/& — cos(bh)
Je sl T Jesm(t) (47)
Ve cos(6,) — 1
\/asin(eb)

For any given 6, ¥, can now be directly computed, and hence R. and T.. Alternately from

(2.7) and (2.8) we have

) _ & _ E{,_\/E-— cos(6)
sin(6y) = el ——_\/E—l
(4-8)
v, sin(6)

7 = We-l=— 0

relating ¥, to ;. So in principle we can compute T. as a function of ¥, or 8, for each

transmitted ray.

20




V Fields Between Coaxial Circular Cones

In general the electric potential in the lens region (for the incident spherical TEM wave)

takes the form (at constant r) [2, 11]

U = {nftan (g)] (5.1)
This has already been used for the characteristic impedance in Section II. If V is the potential

between the two cones (0 on 6., V on 6,) we can write a normalized potential as

- tan (e) 1
3
" 02) for =0
i . . _
\3) _ { or 0=6 (5.2)

fv(0) = (

-tan( 1 for 6=0,
In | ——F~

aa

The electric field then takes the form

_ _Vdv(9)
Ee = -T%
__dfv(9)
tan (-0—2) -1
= {sin(e)en [-—0?—] }
1
tan( 5 )
Applying a step voltage at the apex we have (before any reflections)
V = Wu(t-— —z—,/er)
(5.4)

B = 20t -Lye)
On going through the lens boundary these rays are bent to become parallel to the z-axis
and the electric field at r = r;, is multiplied by T,. These rays arrive at the 2 = 0 plane (the
aperture plane) at a time

1, =

Ve (5.5)

O lé&s
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VI Launching TEM Mode on Coax

Having the fields on the aperture plane, let us consider a representation in terms of the
waveguide modes appropriate to the cylindrical transmission line. As discussed in [3, 7] the
modes are mutually orthogonal as well as orthogonal to a continuous spectrum known as the
radiation field. The orthogonality is over a plane of constant z (e.g. the aperture plane).
Furthermore an enclosed cylindrical system (e.g. a coax) has no radiation field, the field
being zero outside the outer cylindrical boundary.

The general form of the modal orthogonality involves an integral over the aperture plane
S, of the cross product of electric and magnetic fields of the pair of modes. However, for
the TEM mode as one of these, this reduces to a dot product of the electric fields of the two

modes. Fundamental to this is the representation of the TEM mode as

ETEM(?", s) = "\/J(S)e—wé‘o(-’c, y)
~ ~ 1.
Hremu(T,s) = V(S)e—qzzho(-’v, ) (6.1)
Ho(.’L‘, y) = Tz X €0(£E, y)
The normalization uses
éo(z,y) = —Vu(z,y) (6.2)

where u is zero on the outer conductor and one on the inner conductor. V then represents
the voltage in the TEM mode.
So now let us assume that there is some electric field £ on the aperture plane. Then

from {3] we have

~ /S E(x,y,S) - €o(z,y)dS
V(S) = = ~ = (6.3)
[, @)l v)ds

where only the components of E transverse to z are important. Note that this formula is

equally simple in time domain as

22




. | [ By ale)s
V(t) = =fe (6.4)

/s é’o(x,y) : é‘0(-"", y)dS

a

since the TEM transverse distribution is frequency independent. Note that per (6.1) the

TEM mode takes the time-domain form
Ergm(7,s)=V(t— E)é'o(x,y) (6.5)

Our case of rotation symmetry (about the z-axis) further reduces the complexity. Analo-

gens to (5.2) a circular coax has a normalized potential distribution

v
én(w—z) _ { 0 for ¥ =1,

u(¥) =
tn (ﬁ) 1 for U=1,
v,
(6.6)
— du \112 -1
e = - — ! —
&) Ty {\p n(wl)}
' Constraining the aperture field by the rotation symmetry we have
E(z,y,t) = Eg (U, )1y + E.(¥,1)1, (6.7)

Then (6.4) becomes
¥
*Eg(,)d0

&>/WI % a0
/ kel (6.8)

V() = en( et
v, U

¥,
- / Eg(¥,8)d¥
¥,

Noting that the initial signal arrives at ¢, on the aperture plane, let us define an initial
voltage on the coax as (6.8) evaluated at ¢ = t,4. This gives the early-time/high-frequency
form of the coax voltage. Comparing this to the step-rising voltage on the conical section as

in (5.4) we can define a high-frequency transfer function as

V(tay) 1 [t :
Ty = —=2t) = = [ By (0, 1)d¥ 6.9
==y ), Be(90) (6.9)
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Based: on power considerations, since the conical and cylindrical sections have the same

characteristic impedance |Ty| is bounded by 1.

Now, to find the initial electric field on the aperture plane, recall from (5.4), evaluating

the coordinates on the lens surface, the initial field there
Ve
Ep = ;;l fe(6s) (6.10)
Then from (4.2) the initial field on the aperture plane is
Ve
Eg(U,ty) = To(0,)Es = -;:-Te(o,,) fE(6s) (6.11)
This gives, using lens-boundary variables,
L' 2% 1
Ty = / ZT0(85) f£(65)dVs (6.12)
\1’1 rb

Recall the factors in the integrand as

s \/a—- 1
V& — cos(0s)

(6.13)
o _ W _ V& -1
2 Bl Dby g
which puts all variables in terms of §,. Then using
W _ [e = 1l/Eeos(@) ~1]
¢ - [V/& — cos(6,)]? ’
(6.14)
av, \/Ecos(Bb)—lda
ry V& — cos(6:) b
we have
_[% V& cos(0y) — 1
Ty = /9 T (00) f(00) ¥ 2= =ty (6.15)

and recalling fg from (5.3) we have

6\ )"
Tv= g"[g%] /eg T’(e")\{/?;,—,co_s i?g(;,)l si:f(e;,,) (6.16)
2
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From Section IV we have

T.=+&2+R] =

cot(vh;) =

Sin('(/)t)

cos(¢fy) =

Substituting, we find

Tg(6) = 2+4/€, Ve =

With (6.16) this gives

Tf{ |

2/E11 — — sin? ()}

(L= —sin? ()l + & cos(i)
VEr cos(fy) — 1

\/Esin(ob)
-\/Esin(b?b)

le + 1 — 2,/€; cos(8,)]%
Ve cos(0;) — 1

[e; +1 ~ 2,/ cos(8,))

cos(6;)
[e — 1] cos(6s)

0, -1
tan (‘—> 8. _
9 ]] 2 /€, cos(6;) 1d05

6,
tan (5-)

6, sin(6y) cos(6;)

Substituting from (3.4) rewrite the integral as

Tv = Z\f_rl [Zn(\/(_])] —1/9192 [si;/(i;b) B sin(@b)lcos(ﬂb)] s

[

_ e

= 2 m(va)|” {\/E:En [“’(02)} en[f"i("?_)

0,
t
a“(z)

e — 1)en(ya)

From (3.12) we have

tan(6,) = [

= 2[e, — 1]z

cos2(6;)
1

Ve ﬁn:x)en [::283] }
{vetn(v -

do)

-1

[[1—gl[1 —p] =1 —p]2]2

tan(6,)

Vel —ql -

2[1 - pll+[1—4q]
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(6.17)

(6.18)

(6.19)

(6.20)

(6.21)




Similarly from (3.13) or.just substituting p — p~!,q¢ — ¢~1, gives (noting now negative ‘

denominator when taking square root of a square)

_ 1~ g~](1 = p~*] = [1 = p1
B ek T S T | ey
_ 3 1 [l ~qlll —p] - [1 — %)
= e G- -+ =r P

Noting the common factors

tn(f) _ -1 Jalll—q=21-pll+[1—d 629
tan(61) P/ Ve[l —g) =21 —p ]+ [1— ¢ '

Substituting in (6.20) gives

_ G N )
o= [Gr—l]en(\/a){[‘/_r_'-l]e (Va) + &n(p)
— | LA+ - g —2/E1 — 5]
¢ [ [\/€+1][1-q—1]_2\/5—,[1_p-1]]} (6.24)

and recalling from Section III .

p = x & —1 =e[ er—1]¢

g = XV = eVt

¢ = fn(x) (6.25)

gives the expression

2
T = | Ve Uenlva) + en

Ve +1—2,/e1=2
nq\/e‘,+1— erl—P-

N 2 _ Ve +1 €=t
= [e,—l]C{[Gr—l]C in {\/__*_1_2 fr,,l qJ}

= 9-—2 [‘/5“_2 &1 ] (6.26)

[CT_I]C \/5+1—2 6"‘p1q
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‘ In this form we can readily see that Ty is an~even function of ¢ by substituting -

¢ = —¢

(6.27)
1 1

A R e

p q
thereby interchanging the numerator and denominator of the last term and thereby changing
its sign. Dividing by { then keeps the result unchanged and (6.26) is even in £n(x).
For convenience in evaluation write

, \/e—,+1—2\/a\/EX
Ty = 2— in g

St S VoS —Qﬁ\/gX

1
B — —
X = — V2 (6.28)
Vi~
where we have
1 V=1 =/ +1 . \/E: —1 )
—_—— = y 7z — 7% =2sinh
VP 7 X X ( 5—¢
1
- = V& _ "V = 94inh
q X X sinh (1/€-(
vl i (Ver()
sinh <\/e_, — 1()
X - 2
Smh(y/aC)
O (6.29)
p
so that Ty is now expressible in terms of €, and #n(x) alone.
Since we expect Tv to be near (slightly less than) 1, we can also write
) JE+1- 2¢a\/§X
Ty = 1= —tn |5 J (6.30)

fer —11¢ NCESE 2\/6—,.\/5)(

o 2




where the second term is the deviation (negative) from 1. As shown in Appendix A, for

small ¢ (small impedance) we have

Ty =1- le-[e, C 122 4+ 0(¢*) as ¢ — 0 (6.31)

As seen by consulting Appendix B, Tables B.4 (a through j), this is an extremely good
approximation for small ¢, — 1 and small impedance. Here it is labelled as Ty, (including

terms through (?, noting the missing (> term).
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VII Concluding_ Remarks

It is found that over a useful range of coax impedance and lens dielectric constant,
the lens works quite well. The equal transmission-line-characteristic-impedance constraint
assures perfect low-frequency performance (no reflection or unity transmission). The high-
frequency /early-time performance, as manifest in the TEM-mode coefficient T is quite good
in such cases, approaching to within a few per;:ent of unity. Note that T represents the
power in the TEM mode on the coax. The remaining power 1 — T represents the power in
the reflections at the lens boundary plus all the higher order modes on the coax.

The coaxial geometry considered here has introduced some important simplifications.
The rotation (Cy ) symmetry has only a ¢ component for H , no Ey, and all radial and axial
components independent of ¢. The equal-time requirement (Section II), however, did not use
this assumption. Hence, any uniform isotropic dielectric lens taking a spherical wave from a
conical apex (not necessarily for a circular cone) to a plane wave on a cylindrical transmission
line (not necessarily for a circular cylinder as in a coax) has a prolate spheroidal shape. For
such problems the relation of a,b,£ and ¢, is found in the equations of Section II.

Taking the more general cylindrical transmission line with propagation parallel to the
z-axis one first fixes the location of a cross section with respect to the z-axis. Then extend
the conductors back toward the lens (negative z) until they reach the lens boundary forming
paths of intersection (one for each conductor on the lens surface). Assuming no portions of
these conductors bypass the lens (or readjusting the parameters to make this true) then from
each path of intersection extend conducting conical sheets toward the conical apex. Next one
can consider the transmission-line characteristic impedance in the two regions and attempt
to match them (as nearly as possible) by adjustment of the various lens and cylindrical
transmission-line parameters.

In calculating Ty the problem will be considerably complicated by the details of the two

electric-field components on each ray first passing through the lens boundary and second

29




reaching the aperture plane with each component having different values (or different mag-
nitude and orientation) from those of the TEM mode of the cylindrical transmission line.
Furthermore some rays may have § > 8,_.. (as in (2.18) so that they will not be deflected
to paralleling the +z-axis outside the lens. Such rays then do not contribute to the integral
for Ty.

Such a more general conical to cylindrical transmission-line lens will then need to be
optimized for best matching. Location of the cylindrical-transmission-line cross section with
respect to the prolate-spheroidal lens axis (z-axis) and scaling of £ (compared to cross-section
dimensions) give some flexibility in this process. Just how well such lenses can perform

remains to be seen.
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Appendix A: Asymptotic Expansion of 7y for Small
. Characteristic Impedance

In evaluating the early-time voltage transfer through the lens boundary (to the coaxial
TEM mode) we have (6.29) and (6.30) giving this in terms of ¢, and { = ¢n(x). For small
impedances then ( is the appropriate expansion parameter. Furthermore we already know
that Ty is an even function of { which we will later see in even powers of (.

Write the basic formula as

2
Ty = 1-— -['er—_T]an(l +A)

\/a+1—2\/z:\/éx
1+A = e-gz—_lc g

o o

[V& + 1le= T — 1]+ 2/6], [£ — | [FeFH]x
A = \/; \/; (A.1)

\/a+1—2\/e7\/zx
p

where we have

sinh (\/6:2_ 1()
X =

inh(y/,0)
% = FH (A.2)

Rewrite A in the more convenient form

—[V& + 1]sinh (e’ = lc) +2 /& sinh (.[ﬁf_lﬁg) X

4

VE+1-2/5 X
p

o 2

A =25

(A.3)




Consider the terms in (A.3) for small ( as ( — 0 . .

e = H+so
/\m A+ 7\| H_ hw+oﬁhmv

X = 2 w\%m
Vet
—~ 112

2/e- 1+ Nmn +0(¢)
= L[4 e - 1 e+ 0(¢)
I = 1+0() (A4)

Ja+l — 2/6 mxnwi:o

sinh Ammﬁv = H Ta — :u =+ 0(¢%)

sinh

— [v/& =+ 1]sinh Ama — an + 2sinh Em X

4 4
e —1 e — 12

s
+ v -t

+ e [AllVE - 17 — 46 lIVE + 17 + [Va + 1%}

H 3 5

= e+ T e

Collecting these we have

A==

agler — 11°¢° +0(¢%) (A.5)




and hence

1 2 4 '
Ty =1 - =& —1P°¢ +0(¢%) (A.6)
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Appendix B: Tabular Data

Here numerical tables are presented for various parameters of interest. Tables B.1 and
B.2 are concerned with the lens under maximum impedance conditions as derived in Section
IIL. In B.1 ¢, is varied through practical small values. In B.2 this is specialized to some
important materials [6] where €, is taken for microwave (not optical) frequencies. Along

with Z,

Cmax

the associated lens angles 6;_, and 6;_,, (with 0p in between) are included (in
degrees for convenience) as well as the sizing parameters Xmax(= ¥2/¥1) and £/¥; (from
Sections II and IIT). These tables are finished off with the high-frequency TEM-mode transfer
function Ty (Section VI).

The remaining tables go into more detail. Tables B.3 (a through f) consider the selected
special values of ¢, and vary Z.(< Z.,,..) through an appropriate range to give the remaining
lens parameters x, 0;,0,,£/%,, and Ty. Since ¢, is fixed for each table a single value of the
Brewster angle 6 applies to the entire table. Tables B.4 (a through j) consider selected

values of Z. and vary €. up to 6.0 unless this makes Z, exceed Z, ., in which case ¢, is

truncated before this condition is reached. Here, for small Z., we include 85 — A8 and
05 + A8 as good approximations to #; and 6, respectively, where Af is taken as the first-
order approximation (in ¢ = ¢n(x)) in (3.33). This approximation is seen from the tables
to be good for small ¢, and small Z.. Here Ty is also compared to its approximation Ty, in
(6.31) (through third order in £, noting only even powers appear). As can be seen from the
tables this approximation is quite good for small Z.. Since Ty is near 1.0 it is more convenient

to look at 1 — Ty and 1 — Ty, with a scale magnification (x100) to better appreciate the

accuracy.
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€ Xmax Z 81 eB e2 2/T2 (l_TV)

r cmax min max X100
{ohms) (deg.) (deg.) (deg.)
.200 1425.468 435.43 .00 5.22 24.09 4.69 1.864
.300 140.438 296.48 .10 7.49 28.71 3.91 2.583
.400 43.927 226.79 .38 9.59 32.31 3.45 3.193
.500 21.798 184.78 .84 11.54 35.26 3.15 3.713
.600 13.619 156.58 1.44 13.34 37.76 2.92 4,161
.700 9.704 136.26 2.15 15.03 39.92 2.75 4,549
.800 - 7.507 120.86 2.93 16.60 41.81 2.62 4,888
.800 6.135 108.77 3.75 18.08 43.49 2.51 5.186
.000 5.212 98.99 4.59 19.47 45.00 2.41 5.451
.100 4.554 90.89 5.45 20.78 46,36 2.34 5.687
.200 4.065 84.08 6.31 22.02 47.61 2.27 5.899
.300 3.689 78.26 7.16 23.20 48.75 2.21 6.091
.400 3.391 73.22 8.01 24,32 49.80 2.15 6.265
.500 3.151 68.81 8.84 25.38 50.77 2.11 6.424
.600 2.953 64.92 9.66 26.39 51.67 2.07 6.569
.700 2.787 61.46 10.46 27.35 52.51 2.03 6.703
.800 2.647 58.36 11.25 28.27 53.30 1.99 6.825
.900 2.526 55.57 12.01 29.16 54.04 1.96 6.939
.000 2.422 53.03 12.77 30.00 54.74 1.93 7.044
.200 2.250 48.62 14,22 31.59 56.01 1.88 7.234
.400 2.114 44 .89 15.60 33.06 57.16 1.84 7.400
.600 2.005 41.70 16.92 34.42 58.19 1.80 7.545
.800 1.915 38.95 18.17 35.69 59.14 1.76 7.676
.000 1.839 36.54 19.37 36.87 60.00 1.73 7.790
.200 1.775 34.41 20.51 37.98 60.79 1.70 7.895
.400 1.720 32.52 21.60 39.02 61.53 1.68 7.990
.600 1.672 30.83 22.65 40.01 62.21 1.66 8.075
.800 1.630 29.31 23.65 40.93 62.84% 1.64 8.152
.000 1.593 27.93 24.61 41.81 63.43 1.62 8.225
.200 1.560 26.68 25.53 42.64 63.99 1.60 8.290
.400 1.531 25.53 26.41 43.43 64.51 1.58 8.350
.600 1.504 24 .48 27.25 44,18 65.00 1.57 8.407
.800 1.480 23.51 28.07 44.90 65.47 1.56 8.459
.000 1.458 22.62 28.85 45.58 65.91 1.54 8.508

Table B.1l. Lens parameters for maximum impedance condition as
a function of €.
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€ X z 3] 8 8, 2/?2 (l—TV)
* max € max 1min B max %100
(ohms) (deg.) (deg.) (deg.)
.020 1.789E+30 4176.68 90.00 .57 8.05 14.21 .000
.050 1.548E+12 1682.93 .00 1.40 ©+ 12.60 9.05 .529
.260 3.831E+400 80.54 6.82 22.74 48.30 2.23 6.025
.550 3.048E+00 66.82 9.25 25.89 51.23 2.09 6.500
.000 1.844E+00 36.68 19.32 36.87 60.00 1.73 7.861
.000 1.461E+00 22.75 28.77 45,58 65.91 1.54 8.620
.000 1.026E+00 1.54 70.79 77.08 83.50 1.12 9.669
€ Material
L —_
1.02 foam polyethylene
1.05 foam polyethylene
2.26 polyethylene and transformer oil
2.55 polystyrene
4,00 typical of certain plastics
6.00 typical of glass
78.00 distilled water

Table B.2. Lens parameters for maximum impedance condition for
special (practical) values of E e
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Z
c
(ohms)

1.00
2.50
5.00
10.00
25.00
50.00
100.00
150.00
200.00

Table B.3a.

(ohms)

1.00

2,50

5.00
10.00
15.00
20.00
25.00
30.00
35.00
40.00
45.00
50.00
55.00
60.00
65.00
70.00
75.00
80.00

' Table B.3b.

X

0 bt (=t ot job o
WO OO
ONDOLSN

5.30
12.20
28.10

g1
(deg.)

1.39
1.37
1.34
1.28
1.11
.86
48
.25
.12

02
(deg.)

»
P
o

.

428
.458
.519
.705
.022
.640
204
.709

WU R s s

L/

41
40
39
38
34
29
22
19
16

¥,

.149
.645
.823
.269
.212
.061
.643
.024
.769

(1-T)

X100

.0000
.0000
.0000
.0001
.0009
.0035
.0124
.0241
.0369

Lens parameters versus Z_for g = 1.05
(foam polyethylene)

« e s s

WL W AIAIRI NI AY = b b pob (b b b s s fud
OENOVOIVWHODNOAULENHOOO
COVFRANOOCONUVOVOVNDO ®mWO SN

01
(deg.)

22.46
22.05
21.37
20.05
18.77
17.55
16.37
15.25
14.17
13.16
12.19
11.28
10.42

9.62

8.86

8.15

7.49

6.88

82
(deg.)

23.016
23.436
24,146
25.593
27.075
28.590
30.134
31.703
33.294
34.905
36.531
38.170
39.820
41.477
43.140
44.806
46.474
48.142

L/y

[SE SN U U Ul U S S L LU
H
[,
~

(l—TV)
x100

.0009

.0057

.0230

.0920
©.2069
.3678
3744
.8269
.1253
.4696
.8600
.2970
.7809
.3127
.8932
.5238
.2063
5.9427

VB WWLWNNMM -

(6g =

1.398°)

Lens parameters versus Zc for e, = 2.26 (eB = 22.740)

(polyethylene and transformer oil)
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z X 81 6, /¥,y
(ohms) (deg.) (deg.)
1.00 1.02  25.56 26.223 2.653
2.50 1.06  25.06 26.728 2.621
5.00 1.09  24.25 27.580 2.571
10.00 1.18  22.67 29.321 2.480
15.00 1.28  21.15 31.108 2.402
20.00 1.40  19.69 32.936 2.335
25.00 1.52  18.30 34.800 2.277
30.00 1.65 16.97 36.695 2.229
35.00 1.79 15.71 38.619 .2.189
40.00 1.95  14.52  40.565 2.157
45.00 2.12 13.39  42.530 2.131
50.00 2.30  12.33  44.510 2.112
55.00 2.50 11.34  46.501 2.098
60.00 2.72  10.41  48.499 2.090
65.00 2.96 9.55 50.502 2.086

(1-Tv)
X100

.0014
.0087
.0348
.1393
.3137
.5584
.8740
1.2612
1.7213
2.2556
2.8662
3.5555
4.3266
5.1837
6.1315

Table B.3¢c:. Lens parameters versus Zc for €, = 2.55 (aB = 25.890)

(polystyrene)
Z X 01 B, R/WZ
c

(ohms) (deg.) (deg.)
1.00 1.02 36.30 37.445 1.984
2.50 1.04 35.45 38.317 1.960
5.00 1.09 34.06 39.791 1.924
10.00 1.18 31.37 42.812 1.863
15.00 1.28 28.81 45.921 1.816
20.00 1.40 26.39 49.106 1.780
25.00 1.52 24.10 52.351 1.755
30.00 1.65 21.96 55.645 1.739
35.00 1.79 19.96 58.972 1.732

Table B.3d: Lens parameters versus Zc for e, = 4,00 (eB = 36.870)

(typical of certain plastics)
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(l-TV)
%100

.0052
.0326
.1306
.5255
1.1939
2.1522
3.4252
5.0494
7.0764




' ) ) -
zc X 1 2 z/wz (1 TV)

(ohms) (deg.) (deg.) X100
1.00 1.02 44.75 46.424 1.676 0145
2.50 1.04 43,52 47.697 1.657 .0907
3.00 1.05 43.11 48.125 1.651 - .1307
4.00 1.07 42.30 48 .985 1.640 .2327
5.00 1.09 41.50 49.851 1.629 .3644
6.00 1.11 40.71 50.724 1.619 .5261
7.00 1.12 39.92 51.603 1.609 .7184
8.00 1.14 39.15 52.487 1.601 .9419
9.00 1.16 38.38° 53.377 1.593 1.1971
10.00 1.18 37.62 54.272 1.585 1.4850
15.00 1.28 33.97 58.817 1.558 3.4507
20.00 1.40 30.55 63.451 1.544 6.4363
21.00 1.42 29.89 64.385 1.543 7.1801
22.00 1.44 29.25 €5.322 1.543 7.9801

Table B.3e. Lens parameters versus Z for ¢_ = 6.00 (g, = 45.5850)
(typical of glass) ¢ T B

Z X 9 8, /v, (1-T.)
(ohms) (deg.) (deg.) x100
.10 1.00 76.67 77.492 1.127  .0360
.20 1.00 76.26 77.904 1.126 .1378
.30 1.01  75.85 78.316 1.125  .3115
.40 1.01  75.44 78.729 1.124  .5551
.50 1.01  75.03 79.142 1.124  .8722
.60 1.00  74.62 79.555 1.123  1.2650
.70 1.00  74.21  79.969 1.123  1.7366
.80 1.00  73.81 80.383 1.122  2.2902
.90 1.02  73.40 80.797 1.122 2.9314
1.00 1.02  72.99 81.212 1.121  3.6654
1.05 1.02  72.79 B81.419 1.121  4.0693
1.10 1.02  72.59 81.627 1.121  4.4992
1.15 1.02  72.39 81.834 1.121  4.9559
1.20 1.02  72.18 82.042 1.121  5.4409
1.25 1.02  71.98  82.249 1.121  5.9554
1.30 1.02  71.78  82.457 1.121 6.5008
1.35 1.02  71.58 82,665 1.121 7.0786
1.40 1.02  71.38 82.872 1.121  7.6904
1.45 1.02  71.17 83.080 1.120 8.3382
1.50 1

.03 70.97 B3.288 1.120 9.0240

Table B.3f: Lens parameters versus Z| for ¢_ = 78.0 (6, = 77.080)
(distilled water) ¢ r B
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€ 61 6.,-40

b o B &) eB+Ae
(deg.) (deg.) (deg.)  (deg.)
.01 .28 .28 .29 .29
.02 .56 .56 .57 .57

.05 1.39 1.39 1.40 1.41
.10 2.71 2.71 2.73 2.75
.20 5.17 5.17 5.22 5.26
.30 7.42 7.42 7.49 7.57
.40 $.50 - . 9.50 9.59 9.69
.50 11.42 11.42 11.54 11.66

.60 13.20 13.20 13.34 13.48
.70 14.86 14.86 15.03 15.19
.80 16.42 16.42 16.60 16.79
.90 17.87 17.87 18.08 18.29

.00 19.24 19.24 19.47 19.70
.10 20.54 20.54 20.78 21.03
.20 21.76 21.76 22.02 22.29
.30 22.91 22.91 23.20 23.49
.40 24.01 24.01 24.32 24.62

.50 25.05 25.05 25.38 25.70
.60 26.04 26.04 26.39 26.73
.70 26.99 26.99 27.35 27.72
.80 27.89 1 27.89 28.27 28.66
.90 28.76 28.75 29.16 29.56
.00 29.58 29.58 30.00 30.42
.20 31.14 31.14 31.59 32.04
.40 32.57 32.57 33.06 33.54

.60 33.90 33.90 34.42 34.94
.80 35.14 35.14 35.69 36.23

.00 36.29 36.29 36.87 37.45
.20 37.37 37.37 37.98 38.59
.40 38.39 38.38 39.02 39.66
.60 39.34 39.34 40.01 40.67
.80 40.24 40.24 40.93 41.63
.00 41.09 41.09 41.81 42.53

.20 41.90 41.90 42.64 43.39
.40 42.66 42.66 43.43 44.20
.60 43.39 43.39 44.18 44.98
.80 44,08 44,08 44.90 45.72
.00 44.74 44.74 45.58 46.43

AULULVLLVLUEDLDEDLLWWWWWAIRNNARRNRNRNNR R R St b ot b i o

Table B.4a. Lens parameters versus €p for Zc =10 (x =1.017)

40

5,

(deg.)

.29
.57
1.41
2.75
5.26
7.57
9.69
11.66
13.48
15.19
16.79
18.29
19.70
21.03
22.29
23.49
24.62
25.71
26.73
27.72
28.66
29.56
30.42
32.04
33.54
34.94
36.24
37.45
38.59
39.66
40.67
41.63
42.53
43.39
44,21
44,98
45.73
46.43

z/w2

199.857
100.655
41.151
21.309
11.381
8.066
6.404
5.404
4.735
4.255
3.894
3.612
3.386
3.200
3.044
2.911
2.797
2.698
2.611
2.534
2.465
2.402
2.346
2.249
2.167
2.097
2.036
1.983
1.937
1.895
1.858
1.825
1.794
1.766
1.741

1.718 °

1.696
1.676

€1-1,)

x100

.0000
.0000
.0000
.0000
.0000
.0000
.0001
.0001
.0002
.0003
.0003
.0005
.0006
.0007
.0008
.0010
.0011
.0013
.0015
.0017
.0019
.0021
.0023
.0028
.0033
.0039
.0046
.0052
.0060
.0069
.0076
.0085
.0094
.0103
.0114
.0126
.0136
.0148

(1-T

Va)
%100

.0000
.0000
.0000
.0000
.0000
.0001
.0001
.0001
.0002
.0003
.0004
.0005
.0006
.0007
.0009
.0010
.0012
.0013
.0015
.0017
.0019
.0021
.0024
.0029
.0034
.0040
.0046
.0053
.0061
.0068
.0077
.0085
.0095
.0104
.0115
.0125
.0136
.0148




42.22 42.20 44.18 46.17 46.19
42.87 42.85 44.90 46.95 46.97
43.50 43.47 45.58 47.69 47.72

.698 .0782 .0781
.676 .0852 .0851
.657 .0924 .0923

0 O
oo

€. 8, BB-AG Op R 8, R/WZ (I-TV) (l—TVa)
(deg.) (deg.) (deg.) (deg.) (deg.) x100 x100
1.01 .28 .28 .29 .29 .29 197.368 .0000 .0000
1.02 .56 .56 .57 .58 .58 99.412 .0000 .0000
1.05 1.37 1.37 1.40 1.43 1.43 40.636 .0000 .0000
1.10 2.67 2.67 2.73 2.79 2.79 21.044 .0000 .0000
1.20 5.10 5.10 5.22 $.34 5.34 11.240 .0001 .0001
1.30 7.32 7.32 7.49 7.67 7.67 7.966 .0003 .0003
1.40 9.36 9.36 9.59 9.83 9.83 6.325 0006 .0006
1.50 11.24 11.24 11.5¢4 11.83 11.83 5.337 .0009 .0009
1.60 12.99 12.99 13.34 13.69 13.70 4.677 .0013 .0013
1.70 14.62 14.62 15.03 15.43 15.44 4.203 .0018 .0018
1.80 16.14 16.14 16.60 17.06 17.07 3.847 .0024 .0024
1.90 17.57 17.5¢ 18.08 18.60 18.60 3.5¢68 .0030 .0030
2.00 18.91 18.90 19.47 20.04 20.04 3.344 .0037 .0037
2.10 20.17 20.16 20.78 21.40 21.41 3.161 .0045 .0045
2.20 21.36 21.35 22.02 22.70 22.70 3.007 .0053 .0053
2.30 22.48 22 .48 23.20 23.92 23.93 2.876 .0062 .0062
2.40 23.55 23.55 24.32 25.09 25.09 2.763 .0072 .0072
2.50 24.57 24.56 25.38 26.19 26.20 2.665 .0083 .0083
2.60 25.53 25.52 26.39 27.25 27.26 2.579 .0095 .00985
2.70 26 .45 26.44 27.35 28.26 28.27 2.503 .0107 .0107
2.80 27.33 27 .32 28.27 29.23 29.24 2.435 .0119 .0120
2.90 28.16 28.15 29.16 30.16 30.16 2.373 .0133 .0133
3.00 28.96 28.96 30.00 31.04 31.05 2.318 .0148 .0148
3.20 30.47 30.46 31.59 32.72 32.73 2.222 .0179 0179
3.40 31.85 31.84 33.06 34.27 34.28 2.141 .0213 .0213
3.60 33.14 33.12 34.42 35.71 35.72 2.072 .0249 .0250
3.80 34.33 34.31 35.69 37.06 37.07 2.012 .0289 .0290
4.00 35.44 35.42 36.87 38.32 38.33 1.960 .0332 .0332
4.20 36.47 36.46 37.98 39.50 39.52 1.914 .0378 .0378
4.40 37.45 37.43 39.02 40.62 40.63 1.873 .0427 .0427
4.60 38.3¢6 38.34 40.01 41.67 41.68 1.836 .0479 .0479
4.80 39.22 39.20 40.93 42 .66 42.68 1.803 .0533 .0533
5.00 40.03 40.01 41.81 43.61 43.63 1.773 .0591 .0591
5.20 40.80 40.78 42 .64 44.51 44.52 1.746 .0652 .0651
5.40 41.53 41.51 43.43 45.36 45.38 1.721 .0716 .0715%
S. 1
5 1
1

o0
o
o

Table B.4b. Lens parameters versus €y for Zc = 2,50 (x= 1.043)
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€, 8, eB-AG 8g GB+AG e2 z/wz (l-TV) (l-TVa)
(deg.) (deg.) (deg.) (deg.) (deg.) x100 X100

.27 .27 .29 .30 .30  193.409 .0000 .0000

.54 .54 .57 . .59 .59 97.411 ° .,0000 .0000

1.34 1.34 1.40 1.46 1.46 39.824 .0000 .0000

2.61 2.61 2.73 2.85 2.85 20.624 .0001 .0001

4.98 4.98 5.22 5.45 5.46 11.017 .0006 .0006

7.14 7.14 7.49 7.85 7.85 7.808 .0013 .0013

9.13 9.12 9.59 10.07 10.07 6.200 .0023 .0023

10.96 10.95 11.54 12.12 12.13 5.232 .0036 .0036
12.65 12.64 13.34 14.04 14.05 4.585 .0052 .0052
14.23 14.22 15.03 15.83 15.84 4.121 .0071 .0071
15.70 15.69 16.60 17.52 17.53 3.7 .0093 .0093

17.07 17.06 18.08 19.10 19.12 3.499 .0117 .0117
18.36 18.34 19.47 20.60 20.61 3.279 .0145 .0145
19.57 19.55 20.78 22.01 22.03 3.099 .0175 0175
20.72 20.70 22.02 23.35 23.37 2.949 .0209 .0209

21.79 21.77 23.20 24.63 24.65 2.821 .0245 .0245
22.82 22.79 24 .32 25.84 25.86 2.710 .0284 .0284
23.78 23.76 25.38 27.00 27.02 2.615 .0326 .0326
24.70 24.68 26.39 28.10 28.13 2.530 .0371 .0371
25.58 25.55 27.35 29.16 29.19 2.455 .0419 .0419

26.41 26.38 28.27 30.17 30.20 2.389 .0470 .0470
27.21 27.17 29.16 31.14 31.17 2.329 .0524 .0523
27.97 27.93 30.00 32.07 32.10 2.275 .0580 .0580
29.39 29.35 31.59 33.83 33.87 2.180 .0702 .0702
30.70 30.65 33.06 35.46 35.50 2.101 .0836 .0835
31.90 31.85 34.42 36.98 37.03 2.034 .0981 .0980

33.02 32.97 35.69 38.40 38.45 1.975 .1138 L1137
34.06 34.00 36.87 39.74 39.79 1.924 .1307 .1305
35.03 34.97 37.¢98 40.99 41.05 1.879 .1488 .1485
35.93 35.87 39.02 42.18 42.24 1.839 .1680 .1676
36.78 36.71 '40.01 43.30 43.36 1.804 .1884 .1879

C0O0O00D0DOD0DO0D0DO0O00D0D0D0D0DD0DDO0O0O0DO0DO0DO0OO0DODO0OODOOLMMDK

PREY

DPEDDPWWWWWNNRAIRI R RIAI AR R 1 1 (h (b b b b b b b fb i

37.58 37.50 40.93 44.36 44.43 1.771 .2101 .2094
5.00 38.32 38.25 41.81 45.37 45.44 1.742 .2328 .2320
5.20 39.03 38.95 42.64 46.33 46.41 1.716 .2568 .2557
5.40 3%.70 39.61 43.43 47.25 47.33 1.691 .2820 .2807

5.60 40.33 40.24 44.18 48.13 48.21 1.669  .3083 .3068
5.80 40.93 40.84 44.90 48.96 49.05 1.648 .3359 .3340
6.00 41.50 41 .40 45.58 49.77 49.85 1.629 .3647 .3625

Table B.4c. Lens parameters versus €, for 2c =50 (x= 1.087)
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€. 61 GB-AS 68
(deg.)  (deg.) (deg.)

1.01 .26 .26 .29
1.02 .52 .52 .57
1.05 1.28 1.28 1.40
1.10 2.50 2.49 2.73
1.20 4.75 4.74 5.22
1.30 6.80 €.79 7.49
1.40 8.67 8.65 .59
1.50 10.40 10.37 11.54
1.60 11.99 11.95 13.34
1.70 13.46 13.42 15.03
1.80 14.82 14.77 16.60
1.90 16.10 16.04 18.08
2.00 17.29 17.22 19.47
2.10 18.41 18.33 20.78
2.20 19.45 19.37 22.02
2.30 20.44 20.35 23.20
2.40 21.37 21.28 24.32
2.50 22.25 22.15 25.38
2.60 23.09 22.97 26.39
2.70 23.88 23.75 27.35
2.80 24.63 24.50 28.27
2.90 25.34 25.20 29.16
3.00 26.02 25.87 30.00
3.20 27.29 27.12 31.59
3.40 2B.45 28.26 33.06
3.60 29.51 29.31 34.42
3.80 30.48 30.27 35.69
4.00 31.39 31.15 36.87
4.20 32.22 31.97 37.98
4.40 33.00 32.73 39.02
4.60 33.72 33.43 40.01
4.80 34.39 34.09 40.93
5.00 35.02 34.71 41.81
5.20 35.61 35.28 42.64
5.40 36.17 35.82 43,43
5.60 36.69% 36.32 44,18
5.80 37.18 36.80 44.90
6.00 37.64 37.25 45.58
Table B.4d. Llens parameters

8,.+40
(deg.)

OWUVNM

10.
12.
14,
16.

18

20.

21

23.
24,
26,
27.
28.

29

30.
32.
33.
34.

36

37.

39

41.
42.

43
45
46
47
48

50.
51.
52.
53.
53.

B

.31
.61
.52
.97
.69
.20
53
70
73
64
.43
12
.72
23
68
05
36
61
.80
95
05
11
13
.05
85
.53
10
59
.99
.32
.58
77
.91
00
05
04
00
92

!N -

10.

12

14.
16.
18.
20.

21

23.
24,
26.

27

28.

29
31
32
33

34.

36

38.

39
41

42.
44 .

45

46.

48
49

50.
51,

52

53.
54.

92 l/‘i’2 -
(deg.)
.31 185.855
.62 93.622
.52 38.277
.97 19.825
.70 10.593
.22 7.510
55 5.965
.73 5.035
76 4.413
67 3.967
47 3.632
17 3.370
.78 3.160
30 2.987
75 2.843
13 2.720
.45 2.614
70 2.522
.91 2.442
.06 2.370
.17 2.306
.24 2.249
26 2.197
.20 2.107
01 2.032
.71 1.968
.30 1.912
80 1.864
21 1.821
.55 1.783
82 1.750
.03 1.719
.19 1.692
29 1.667
34 1.644
.35 1.623
32 1.603
25 1.586

-7

x100

.0000
.0000
.0001
.0006
.0023
.0052
.0092
.0144
.0207
.0282
.0369
.0467
.0576
.0697
.0830
0974
.1130
.1298
L1477
.1668
.1871
.2085
.2312
.2800
.3335
.3918
.4549
.5229
.5957
.6734
7561
.8437
.9364
1.0342
1.1371

" 1.2452

1.3586
1.4773

versus €_ for Zc = 10 Q (x = 1.181)
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(I-TVa)
%100

.0000
.0000
.0001
.0006
.0023
.0052
.0092
.0144
.0208
.0283
.0369
.04667
.0577
.0698
.0830
L0974

. 1130

1297
1476
.1666
.1868
.2081
.2306
.2791
.3321
.3898
.4520
.5189
.5904
.6665
.7473
.8326
.9225
1.0171
1.1163
1.2201
1.3285
1.4415




r

.01
.02
.05
.10
.20
.30
.40
.50
.60
.70
.80
.90
.00
.10
.20
.30
.40
.50
.60
.70
.80
.90
.00
.20
.40
.60
.80
.00
.20
.40
.60
.80
.00
.20
.40
.60
.50

VUVLUVUVEBERDPPLVLWWWWNNDNNNR RN NIR S S b s et b s ot (s

81
(deg.)

040
(deg.)

.23
.45
1.10
2.13
4.03
5.72
7.24
8.61
9.86
10.99
12.03
12.97
13.84
14.64
15.38
16.07
16.70
17.29
17.83
18.34
1g.81
19.25
19.66
20.40
21.05

- 21.61

22.11
22.54
22.92
23.26
23.54
23.80
24.01
24.20
24.36
24.49
24.43

11.54
13.34
15.03
16.60
18.08
19.47
20.78
22.02
23.20
24.32
25.38
26.39
27.35
28.27
29.16
30.00
31.59
33.06
34.42
35.69
36.87
37.98
39.02
40.01
40.93
41.81
42.64
43.43
44.18
43.82

eg+A6

(deg.)

.34
.89
.70
.33
.40
.27
.95
46
.83
.06
.18
.19
.10
.92
.66
.33
.93
47
.94
.37
.74
.06
.34
.77
.06
.22
.26
.20
.04
.79
47
.07
.61
.08
.51
.88
.21

%

(deg.)

.35
.69
1.70
3.34
6.45
9.34
12.05
14.60
17.00
19.28
21.44
23.49
25.44
27.31
29.09
30.81
32.45
34.03
35.55
37.01
38.43
39.79
41.11
43.63
45.99
48.23
50.34
32.34
54.25
56.06
57.80
59.46
61.05
62.57
64.04
65.45
64.76

/Y

166
83
34

[
~3

e b ot b b e (b el o B Bt e R RN N NN NRNWWWWES NN O

2

.010
.638
.214
.737
494
. 743
.365
.537
.984
.588
.290
.059
.B73
721
.5%4
486
.394
.314
.243
.182
.127
077
.033
.957
.893
.840
794
.755
.720
.690
.664
.641
.620
.601
.585
.570
577

(1-T,)
x100

.0000
.0001
.0009
.0036
.0143
.0322
.0573
.0896
.1291
.1758
.2299
.2913
.3600
.4363
.5200
.6113
.7102
.8168
.9313
1.0536
1.1840
1.3225
1.4692
1.7878
2.1410
2.5301
2.9563
3.4214
3.9272
4.4757

5.0691

5.7101
6.4015
7.1466
7.9491

' 8.8131

8.3803

Table B.4e. Lens parameters versus €, for Zc =25 (x = 1.517)
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r

X100

.0000
.0001
.0009
.0036
.0145
.0326
.0579
.0905
.1303
1773
.2316
.2931
.3618
.4378
.5210
.6115
.7091

- .8141
.9262
1.0456
1.1723

1.3061
1.4472
1.7512
2.0840
2.4458
2.8366
3.2563
3.7049
4.1825
4.6890
5.2245
5.7889
6.3823
7.0046
7.6558
7.3320




€, 91 GB-AG | BB 684ﬂ6 62 1/?2 (l-TV) (I-TVa)

(deg.) (deg.) (deg.) (deg.) (deg.) x100 %100
1.01 .18 S ¥ .29 .&0 .41 140.666 .0001 .0001
1.02 .35 .33 .57 .81 .82 70.914 .0006 .0006
1.05 .86 .80 - 1.40 1.99 2.02 29.063 .0035 .0036
1.10 1.66 1.54 2.73 3.92 3.98 15.113 .0139 .0145
1.20 3.11 2.84 5.22 7.59 7.73 8.139 .0555 .0579
1.30 4.37 3.94 7.49 11.05 11.28 5.816 .1250 .1303
1.40 5.49 4.88 9.59 14.30 14.65 4.655 .2227 .2317
1.50 6.48 5.69 11.54 17.39 17.86 3.960 .3488 .3621
1.60 7.36 6.37 13.3% 20.31 20.91 3.498 .5037 .5214
1.70 8.14 6.95 15.03 23.10 23.84 3.169 .6880 .7087
1.80 8.85 7.45 16.60 25.76 26.64 2.923 .9023 .92¢69
1.90 9.48 7.86 18.08 28.30 29.32 2.733  1.1471 1.173
2.00 10.05 8.21 19.47 30.73 31.90 2.582 1.4235 1.4483
2.10 10.56 8.50 20.78 33.07 34.38 2.460 1.7322 1.7524
2.20 11.03 8.74 22.02 35.31 36.77 2.358 2.0744 2.0856
2.30 11.45 8.93 23.20 37.47 39.08 2.273 2.4512 2.4476
2.40 11.83 $.08 24.32 39.55 41.31 2.201 2.8641 2.8387
2.50 12.17 $.19 25.38 41.56 43 .46 2.140 3.3145 3.2587
2.60 12.49 9.27 26.39 43.51 45.54 2.086 3.8042 3.7077
2.70 12.77 9.32 27.35 45.39 47.55 2.040 4.3351 4.185¢
2.80 13.03 $.34 28.27 47.21 49.50 2.000 &4.9093 4.692%5
2.90 13.27 §.34 29.16 4B .97 51.40 1.964 5.5294 5.2284
3.00 13.49 9.31 30.00 50.69 53.23 1.933 6.1981 5.7932
3.20 13.86 9.21 31.59 $3.97 56.75 1.880 7.6937 7.0098
3.13 13.7%4 $.25 31.08 52.90 §5.61 1.896 7.1744  6.5946

Table B.4f. Lens parameters versus €, for Zc = 50 & (x = 2.302)

€r 6, 6500 b5 6 506 84 z/wz (l—Tv) (l-Tva)
(deg.) (deg.) (deg.) (deg.) (deg.) x100 x100
1.01 .13 .11 .29 .46 - .47 122.288 .0003 .0003
1.02 .27 .21 .57 .93 94 61.707 .0012 .0013
1.05 .65 .50 1.40 2.29 2.34 25.361 .0074 .0081
1.10 1.24 .94 2.73 4.52 4.62 13.250 0297 .0326
1.20 2.30 1.65 5.22 8.78 $.02 7.202 .1189 .1304
1.30 3.20 2.17 7.49 12.82 13.24 5.193 .2685 .2933
1.40 3.97 2.53 9.59 16.66 17.29 4.194 4795 .5215
1.50 4.63 2.76 11.54 20.31 21.18 3.600 .7535 .8148
1.60 5.20 2.88 13.34 23.80 24.92 3.207 1.0925 1.1733
1.70 5.70 2.91 15.03 27.14 28.52 2.931 1.49%0 1.5%70
1.80 6.13 2.87 16.60 30.34 31.99 2.727 1.9760 2.0859
1.90 6.50 2.75 18.08  33.41 35.34 2.571 2.5274 2.6399%
2.00 6.83 2.58 19.47 36.36 38.%7 2.449 3.1576 3.2%92
2.10 7.11 2.36 20.78 39.21 41.69 2.351 3.8718 3.9436
2.20 7.36 2.09 22.02 41.95 &4.71 2.272 4.6763 4.6932
2.30 7.58 1.79 23.20 &4.61 47.63 2.208 S5.5786 5.5080
2.36 7.70 1.59 23.91 46.24 49.42 2.173 6.2031 6.0566

Table B.4g. Lens parameters versus €, for Z = 75 8 (x = 3.493)
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6
(deg.)

.10
.20
.48
.91
1.66
2.28
2.7%
3.22
3.58
3.88
4.13
4.34
4.50

Bp=L0
(deg.)

.05
.09
.20
.34
46
T .39
.17
-.17
-.61
-1.13
-1.71
-2.36
-2.97

b8
(deg.)

.29
.57
1.40
2.73
5.22
7.49
9.59
11.54
13.34
15.03
16.60
18.08

19.32

eB+A6
(deg.)

.52
1.05
2.39
5.12
9.97

14.60
19.02
23.24
27.29
31.18
34.92
38.52
41.61

,

(deg.)

.53
1.06
2.64
5.23

10.29
15.18
19.91
24.49
28.92
33.22
37.37
41.38
44.84

/Y

108.668
54.899
22.643
11.899

6.542
4.770
3.895
3.378
3.041
2.807
2.637
2.511
2.624

k3

(1-T,)  (1-T) .

x100

.0005
.0020
0124
0496
1992
4511
.8086
1.2767
1.8615
2.5711
3.4155
4.4075
5.4222

Table B.4h. Lens parameters versus €. for Zc = 100 @ (x = 5.301)

-
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P b o b et P b et et P

%
(deg.)

.05
.10
.25
46
.82
1.10
1.31
1.48
l1.61
1.64

GB-AG

(deg.)

-.07
-.15
-.39
-.85
-1.92
-3.16
-4.54
-6.02
-7.58
-8.05

%g
(deg.)

.29
.57
1.40
2.73
5.22
7.49
9.59
11.54
13.34
13.85

GB+A6

(deg.)

.64
1.28
3.19
6.31

12.35
18.15
23.73
29.09
34.2¢6
35.74

%

(deg.)

.64
l1.28
3.20
6.39

12.68
18.88
24.96
30.93
36.75
38.42

/Y,

$0.298
45.745
19.024
10.133
5.719
4.277
3.578
3.177
2.925
2.870

(1-TV)
x 100

.0010
.0038
.0241
.0968
.3918
.8955
1.6241
2.6003
3.8553
4.2797

Table B.41. Lens parameters versus g, for Z, = 150 @ (x = 12.204)
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X100

.0006
.0023
,0145
.0580
.2318
.5216
.9273
1.6489
2.0864
2.8398
3.7092
&.6944
5.6641

(1-Ty,)
x100

.0013
.0052
.0326
.1304
.5216
1.1735
2.0863
3.2598
4.6%41
5.1617




€r 81 Bg20
(deg.)  (desg.)

1.01 .03 -.19
1.02 .05 -.39
1.05 .12 -.99
1.10 .23 -2.04
1.20 .39 -4.30
1.30 .51 -6.72
1.40 .59 -9.25
1.46 .63  -10.78

Sp

(deg.)

.29
.57
1.40
2.73
5.22
7.49
9.59
10.75

By +A®
(deg.)

.76
1.52
3.7¢9
7.50

14.73
21.71
28.44
32.27

8,

(deg.)

.74
1.48
3.1
7.43

14.90
22.36
29.79
34.10

L/Y

78.652
39.966
16.769
9.063
5.260
4.038
3.465
3.260

(1-TV)
x100

.0015
.0059
.0369
.1490
.6098
1.4127
2.6037
3.5075

Table B.4j. Lens parameters versus €y for Zc = 200 & (x = 28.096)
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(l-TVa)
x100

.0023
.0093
.0579
.2318
.9272
2.0862
3.7088
4.8741
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