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Abstract

This paper considers further application of norm concepts to the optimization of vector temporal
waveforms radiated from transient antennas with associated pulsers. By representing the radiated far
field as an integral over either the antenna currents, or the fields on an appropriate surface near the
antenna, the usual time-derivative relationship for the far fields is exhibited, so that norms of the far-field
become norms of the near field on a planar aperture. This leads to the focusing condition as part of the
optimization conditions. Developing the norms of the temporal waveforms as appropriate norms over
the frequency spectrum of the pulse, one can design a pulse-radiating system to give a pulse with
desirable spectral properties over some wide frequency band of interest.
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1. Introduction

In designing antennas with pulsed sources for radiating transient pulses, one is faced with the
problem of deciding what it is that one wants. What is it about the far radiated fields that one wishes to
optimize, and what does optimize mean (total energy, peak field, peak spectral content across some band
of frequencies, particular polarization, etc.)? There is also the question of what constraints one wishes to
impose on the antenna (e.g., physical dimensions) and pulser(s) (e.g., voltage, energy, peak and average

power, etc.).

Much has been developed for pulse radiators, primarily in the context of simulators for the
nuclear electromagnetic pulse (EMP); this is reviewed in [2, 15]. In recent years this has led to the class of
pulse radiators known as impulse radiating antennas (IRAs) reviewed in [24, 25]. With this technology
expanding into various types of pulse radiators, it is important to understand which is better for a given
application. There may be various “optimum” solutions, depending on the problem at hand. Various
example problems have been considered in [7] and the references therein. (See also [21].) In [7] norm
concepts are introduced in a systematic way to extend the definitions of antenna gain and radiation
pattern to apply to radiated temporal pulses. By considering reciprocity in the time domain the
definitions are made to apply to both transmission and reception, allowing for the additional time

derivative in transmission, or equivalently the additional time integral in reception.

The present paper considers further application of norms to characterize the radiated far-field
temporal waveforms. First, the various integral representations of the fields in terms, of currents on the
antenna, and in terms of equivalent electric and magnetic surface current densities on surfaces
surrounding the antenna are developed. For the case that the boundary surface is a plane the integral
expressions simplify, particularly for the far field. Then, using results from the appendices, norms of
vector temporal waveforms are considered in terms of norms over the frequency spectrum of the two-
sided-Laplace/Fourier transform of such waveforms. This leads into concepts of comparing waveforms
via norms in the frequency domain which include weighting functions which emphasize portions of the

spectrum of the pulse which are deemed important for the problem at hand.



2. Fields From Currents

Begin with the Maxwell equations for free space

Vx BT, = —uo%ﬁ(—r) t - _)m(?,t)
@.1)
Vx HT, D= ¢ %Ts’(?, n+ T,

where both electric and magnetic current densities are included for generality and later use in the

equivalence theorem. This is conveniently cast in terms of the combined field as [26]
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Eq(7,0 = E(7,0) +4j Z, H(7,t) = combined field
- - ;
] q (7, =] (7, ) +-§—]- 7,” (_r), t) = combined current density
o]
g = * 1 = separation index
The associated charge densities are given by
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While this is cast in terms of free-space parameters, it can be converted to other uniform isotropic media
by a change of the constitutive parameters, although if these are frequency dependent, this is directly
done in frequency domain with subsequent transformation to the time domain. The electric current
density can also be organized to include polarization and conduction current density (say in some
antenna or scatterer), and the magnetic current density can also include the magnetic polarization
associated with permeability different from free space. For present purposes the medium will be
assumed to have frequency independent £, and p, with conductivity o = 0 (i.e., free-space like) so that

the simple forms above are directly applicable to analyzing antenna radiation in time domain.

The fields are in turn derivable from the usual potentials as
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With the scalar Green’s function for free space (using complex frequency for the two-sided

Laplace transform (Appendix A))
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which satisfies the radiation condition for outgoing waves one can express the potentials in complex

frequency domain as [1, 26}
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In ime domain we have

G, (7, 7st) = ! 5 - =1 (2.9)
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which operates on currents and charges as a temporal convolution. The combined potentials then have

the temporal form
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and similarly for the other (electric and magnetic) potentials. Note that the temporal convolution reduces

to the evaluation of the currents and charges in retarded time with respect to the observer at 7 .

One can go directly from the currents to fields via the free-space dyadic Green’s function which

can also be written in the form of an impedance kernel as [10]
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Note the inclusion of the delta function at 7 = 7. This is for use with a small spherical volume about the
source point for defining a principal-value integral [19]. Similar formulas hold for other shapes of the
volume around the source point (including for use in integration over surface current densities) [20]. This
kernel has the form of an impedance (per meter?) as it is used in surface integral equations when
operating on the surface current density to give the tangential part of the incident electric field. For the
scattered or radiated electric field a minus sign appears with this kernel.

A related kernel is
S oo S 5 ~ o o
Zm(r,1v;8) = =Z,VXGo(r,r';s) = = Z, VG,(r,7";s) x 1
Zyz o] (2.12)
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which is used for the magnetic field (from the electric current density). The two kernels can be combined
as [16]

(r,v;8) + gj Zm(r,1’;s) (2.13)
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This formula can be readily decomposed into separate formulas for the electric and magr;etic fields in
terms of the electric and magnetic current densities. In a form similar to (2.10) the integral over #’
evaluates the current dénsity in retarded time f - Rfc. However, there are additional powers of s (in ¥) in
(2.11) and (2.12). These become temporal derivatives and integrals [4, 8], allowing explicit representation

—3
in time domain as an integral over r’.

For present purposes, our primary interest is in the far fields for which we take the leading 1/7
term with [4]

—
- I = e B
r=l71, 1Rs$ , 1r=1-1r1r
—
R=r—?r‘r’ + O(r"l) as r—oo (2.15)
TR=?7+O(F1) as f— o

—_—
where 7 = 0 is assumed in the region (of finite linear dimensions) with the currents. The kernels then

become

~(f) - -

i;: (?,T';S) - f_ﬂie—‘)’[r—lr-r](?r
4nr

~(f) -+ =

- 7

G (7, 75s) = St g Yr=1r- 717, P 2.16)
4nr

€:-)(f) - = SUy — [_? —2} L d - ©r

Zg (r,r;8) = S VWA T, 4 gj 1, x 1]

4nr



-

so that the electric and magnetic parts are the same except for the factor 4 j with the rotation by 7/2 about

. T,. For large r then replace (for fixed s)
~(f) -~ —yr
(—Z_)q (_r),?;s) = ?q (7,r';s) + O(e 5 ) as r—oo 2.17)
r
This gives the fields for large r
- ~(f) —yr
-Eq(?,s) = _gq (—r-),s) + O[e > Jas r o0 (2.18)
r
where the far fields are given by
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In ime domain it is convenient to use retarded time

. t,o=t-L (2.20)

c

giving

2]
f)q (7,t)=~&[?r+qj_1),x?]% av’ (2.21)

S5 = ;
b+
dxr -[ Tq) r'itr
A%
As discussed in [6] one needs to be careful in the interpretation of the far field in time domain since it

includes frequencies extending to infinity, for which the far field is not strictly valid as the 1/7 term in the
asymptotic expansion as r — . In time domain this implies that the above formula applies for temporal

changes that are not too fast, how fast depending on the magnitude of .

A convenient feature of the far field is the relation between the electric and magnetic fields as
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Thus, for the far field, it is convenient to consider only the electric field since the magnetic field is so
simply related to it. If one uses (2.22) for integrating over the electric current density on an antenna then .
only one term is used. Later use, however, will involve integration over equivélent sources on surfaces '

away from the antenna, for which both electric and magnetic surface current densities can be present.



3. Fields From Fields on Boundary Surfaces

Let all the sources be contained in a volume bounded by surface S with outward pointing normal
-i)s as indicated in fig. 3.1. Then for computing the external fields (outside VUS) we have the
equivalence principle [3, 5, 26]

(eq) : - 5 -
75&7 (—f)s,f)=—%LTS(?s)X Eq(fs,f) , Ts €S

0

q(r s)——J ?q(r r';s) 7 (rs,s)dS'
(3.1

7 .
g—_s{ 7,7:9)" [ls(rs)xEq(rs,s)]dS

for ?E[VUS]

Note that ?s is here pointing into the region where the fields are to be computed. While in Section 2 the
magnetic current density on antennas may be neglected in the case of non permeable materials, here on S

both kinds (electric and magnetic) for equivalent surface current density are required.

As a special case, fig. 3.2 shows S replaced by a plane P of infinite extent. Asa simple convention

one can take P as the z = 0 plane with

- -
1p = 1z (unit surface normal) 3.2)

and the fields E)q are calculated for z > 0 from equivalent surface currents on P. The equivalent currents

on P (or more generally on S) can, of course, be calculated in turn from the currents (source) for z < 0
using the formulas in Section 2. Note that the choice of z = 0 is somewhat arbitrary as long as it is to the
right (in fig. 3.2) of the sources. Thus, one can in principle compute equivalent sources on a plane of
constant z, compute fields to the right, compute new equivalent sources on a plane of larger constant z,

etc., continuing on indefinitely to the right.

For this special case of an equivalent source plane P, there are alternate forms the equivalent

sources can take, based on constructing fields in a symmetric or antisymmetric sense with respect to
- -

[9,26]. Suppose that Eg is given on P. Let us construct E g such that it is symmetric with respect to P,

ie.,



<7

TginV (inside)

\_/
~_
\//

Fig. 3.1 Equivalence Principle for Representing Fields Outside a Volume Containing Sources
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Fig.3.2 Equivalence Principle for Representing Fields on One
Side of a Plane from Sources on the Other Side
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sy =

E (rmt =R E@H
(sy)
H (Fmb=R:®EFD
-—
rm=R -7 (mirror position or coordinates)
- (3.3)
* =(xy2), Tm=(xy -2z) with 2>0
o 10 0
R=|01 0| (reflection dyadic)
0 0 -1

— -
Then tangential E is continuous through P, but tangential H is discontinuous through P, giving a

surface current density on P as

Js (rs,t) =2 1;xH(rss,t) (34
?s-;- = coordinate just to the right of P

Note that in (3.3) the fields for z > 0 are the original fields resulting from sources to the left of P. The

—
mirror fields at r; are artificially constructed to give fields symmetric with respect to P. Then
substituting from (3.4) in (3.1) gives

= S EAC 2 ,
Eq(r,s)=—j Zg(r,v'sis) " |5 (r's,s)dS
P
& - - Z
= 2] Zy(. 7550 ¢ {1zxﬁ(7s+,s)}d5' 35)
P

Thus we have the fields to the right in terms of only the magnetic field on P, but with a factor of 2
appearing.

Another form the fields can take is found by replacing (3.3} by antisymmetric fields as

(as)
E) (_T')m,t) = - 612 . E(?rt)
(as)
H (Gwmb=R-HTH (3.6)

z>0

- -
Then tangential H is continuous through P, but tangential E is discontinuous through P, giving a

magnetic surface current density on P as [16]

12



> - oo
]sm(fs,f)=-2 1z X E(rs+,1) 3.7

Again the fields to the right are the original fields, and the fields to the left are constructed to give
antisymmetric fields with respect to P. Then substituting from (3.7) in (3.1) gives

- ~ ~ (as)
: L4
Bg(r,0 = - L[ Z,7 750 Ty (s, 9) a8
0 P m
P © - 5o
= 2ﬂ_|' Zo(7,739) * {uxf(r’sh s)} ds’ 3.8)
°p
forz > 0

Thus we have the fields to the right in terms of only the electric field on P, but with a factor of 2 again

appearing. This is the form in [4, 6, 23].

Comparing (3.5) and (3.8) for sources on P in terms of electric and magnetic fields, note that one
can take a linear combination of these integrals for -E_)q, with coefficients summing to one, to obtain yet
other valid formulas. In particular with both coefficients equal to 1/2, then the formula with combined
sources (as in (3.1) with S taken as P) is reproduced. In this special form, however, the formula is valid

for all shapes of S that enclose the sources (and not the observer).

In Section 2, the kernel is evaluated for large r to give far fields. Here the same applies to

integration over equivalent sources. Thus (3.1) becomes

- - () - (eg)
By Go=-] 2 G797, Fo9as
s
.- . -
=.‘7LJ' ?q(?,;?;s)'{1s(7s)qu(7s,s)}d5’
Zo
; - - © T2 - =
ST T agj Trx 11 [ 177 Ts (o)X E s, ) dS” (3.9)
0 S
%(f)_, qj - R o pei > = 2= —1-)1"75 ,
q (T,f):m[lr+qjer1]--é—t-£ 1S(Ts)XEq Ts,tr'*‘ p ds

As mentioned previously, one must use such expressions in time domain with care due to the inclusion of

frequencies for s — oo,

Similarly (3.5) becomes

13



~(f ~ (s1)
E’ ' S==[ 2y G759 T, (s,9ds

P
-(f) 5 ~
=-2] Zg @759 {1zxﬁ(?s+,s):ld5’
P
- o - T 25
——;‘;" eV [1,+gf 17 x 1] 1z><J e’ 1 7's H(7 54, 5) dS’ (3.10)
P
~(f) a - 2 = ?r'?
Eq (T 3] =———[lr+q117’x1] a 1zXJ. H T5+,tr+ as’
t P c
and (3.8} becomes
..(f) . ~{f) 5 - {as)
By (7,9)=- q—ij 2y Fo i T, (5,50 ds
P
20i( P2 [7 25
=—J‘ Zg (r,7's;s)"| 12X E(r’s, 5} |dS'
0
P .
- o - -
=—§::—r[1rxl—£}j1r]' 1z J.e?’]r rS E(Ts,s)dS’ (3.11)
P
- 3 - = - ? 7
B (r ) =—?—[1TX1 QJlr} _— IzXJ. E Ts,fr'i' 4 das’

P

—
Note that the plane P extends to + e in both x and y directions which violates the condition of finite ’s
in deriving the far fields as in (2.15). However, if the fields of interest on P extend over a finite-
dimensioned portion (“aperture”) of P, this difficulty is avoided. This is a common approximation in

antenna theory.

For the special case of the observer on the z axis (boresight) we have

(3.12)

=1 =l
|

The domain of integration on P is assumed centered on r = 0 and is assumed of finite extent as

discussed above. Then (3.9) becomes

14




) o -5 o 35 o
Eq (?’,s)=;77z_re-rr{1z+qj 1z% 12}- [ Eqs,s1as
P

SN o
Eq (r s)= 7: [1z+q1 12 % lz} . aj (rs,t,)dS'
P

at
Similarly (3.10) becomes
(f) AN
Eq 7, s)——2 e 7":1zx 1z-4j 12] I_-I)(rs-x-,s)dS'
(f) Lard « a ,
Eq (T 5)= —2—' lzX 1z—q] 12 't—;—J 5+,tr)dS
P
and (3.11) becomes
6 RPN
f (r s)=

N

T +qf 1gx 1 -_[:E(? s)ds’
7zr z q] z z ! S+,

§2)
27— 5 s s A 4 - = ,
Eq (r,t)—2ncr[lz+q1 12X 1z} :9-{-[ E(rs+,t,)d5
P
Defining, for the far field,
P 5 5P INGIR
Vq (1r,tr)ETEq (T,t)E vV (lT,tr)+ Vm(lf/tr)
~(f) ~(f)
e YTVq (Tr.9) = rEq (7.9
we have
S0 - =P
Vm(lr,fr)= 1, xV (1r,fr)
-0 5 > - & NG )N
Vq (17'rtr)= 1r+qjlr><1 Vv (1r,t7)
Thus, we have the common factor
LR - - gy el QY
7 (14,8 = -r 1,% 1zxj e“"’sf(r's,s)dS'
2 b
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(3.15)

(3.16)
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_,(f)—> 1 4 |» — == _{r'?s
14 (1r,f) = ———<1rX IzXJ E f’s,f+—-——— das’
2 cot > c
(3.18)
=L 2T Tax[ Z,H P t+?"?5 as’
T Tomeat| T z > 0 Ss c

which is expressible in terms of the tangential electric or magnetic field on P (or a linear combination of

the two). For the special case of boresight we have

- -
1r = 14
1>(f)—-> y © 35 y 2 S -
vV (r,9=L 1z-j B(rs ,5)ds’ =~ L lzxf Z, H(r's ,5)dS’ (3.19)
2n 5 2n 5

which is rather simple in form.

This factor has dimension volts and directly gives

¢
T 7= %17’ 7ot

(3.20)
SO e P S
H (T,t)=;1r><v (T,tr)=irXE (T,f)

so that we only need consider the far electric field, the far magnetic field being simply related to it.

16



4, Maximizing the Far Field

Define
Bn/ N o T35
U(ITIS)E“Y_]‘Z .J'e—‘)'lr.rsf(rS/s)dS,

2%

P

5 J e -I) = @

1 212 r1’s
U(ls,t) = ——<1 Eir'g,t+ ds’
(1r,9) 2mcot] - J- TS ¢

P
so that
"(f) 55
V (17,5)——17')( 1zXU(lr,$)
4.2)

ca - 0 - - =
V (1r,)=-1r%12xU(1yr,s)

and note that only the tangential components of the electric field on P contribute. The above equations
are written in terms of the electric field on P, but the similar ones in terms of the magnetic field on P could

be used as well with the same results.

If one wishes to maximize the far field in some sense, then this can be done in terms of the

representations in (4.1) and (4.2). For a given direction to the observer ?r let us rearrange (4.2) as
1, x V (1r,i’)= 1, 1zXU(1r,f) (43)

NG) — - —>(f )
Since V' has only components transverse to 1, then maximizing 1, xV  is equivalent to

N

- -

maximizing V , this applying in both frequency and time domains. For a g1ven z X U one can rotate
the field distribution on P such that when dotted with 1, a maximum is achieved (say in the sense of

- =
vector magnitude). In time domain 1z X U is a real-valued vector parallel to P, so it can be rotated such

that

o - - - - -

1y - 1z X U(lr, = 12 X U(lr,f)

N (4.4)
1

r }:12 X U(lr,t)jl
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. — =
i.e., such that the full magnitude of 1z xU is achieved. Now U(1,,t) can rotate (parallel to P} as a

function of time. So one may wish to constrain the polarization as in (4.4), thereby giving a linear

- - - 0D
polarization provided 1, # 1z. Infrequency domain 1. XU isa complex-valued vector parallel to P,
so the form in (4.4} is not immediately applicable. However, if Uis expressible as a complex scalar times

a real vector for frequencies of interest, then (4.4) applies in frequency domain as well. Such is the case,
- -
for example, if U has a constant linear polarization for all time, so that U is also linearly polarized for all

-
frequencies. If we consider multiple observer directions 1, then maximization conditions vary as a
- - -
function of 1y as is seen in the polarization condition (4.4). If one considers 17 near 1z (boresight)

then this polarization effect is not significant.

More important is the phasing (in frequency domain) or timing (in time domain) of the fields on
P. The traditional concept (with good reason) is that the aperture fields should be focused on the
observer (at e in the ?r direction). To see this, consider now the tangential electric field on P as
contained in ZI) in (4.1). Let there be a region of area A of finite linear dimensions (centered on the z axis)

where the tangential electric field is non zero. Then we can write, first in frequency domain,

=l

- - T2 o -3 i SR
(1r,98) = 2—7;_ 1xj ¥ 1r7's Ex(T's,S)dS'+% lyj ¥ 17 7's By(r's, s)dS’ (4.5}
P P

Consider the two orthogonal vector components separately. Considering the x component for

frequencies on the jw axis we have

. . .
s=}ca,y=]k=]?
N . e I (4.6
(17, jo) = L2 [ e 1r s Ex(r's, jo)ds’

P
This can be bounded as
- -
~ : o~ =
qu(TTr]w)I = 'lé'a:"rI'IJ. e]kl,--r sEx(T'S;jW)ds'l
P
i

< %lj lefk 1r-7'sE (75, jon | ds’ 4.7)

P

i

ol 112 2 e
5-7?-1: lEx(T s,]CU)ldS
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with equality provided
P SR :
arg ek 1lrer SE4(r’s, jo)| = constantover all of A 4.8)

. =
# function of r’g

—_
1e., with each little portion of the aperture having the same phase relative to the observer in the 1,

direction. Note the local field magnitudes | Ex(7’s, jo)! are assumed constant while one is varying the
phase to maximize |1, |. The same conditions apply to the y component. Taking the magnitude of u ,

this is then maximized by setting

LTS s SPUREN
arg[e]k TS By, Jw)) _arg[e]k TS s, jo)

0 over all of A
=<{0r
7 over all of A

4.9)

Of course, one can also vary the orientation of the electric field parallel to P (i.e, relative magnitudes of

~ - Y

E; and Ey) for a given | 1z - E| at each 75, resulting in a uniform polarization over the array to
pacs

maximize | U |. While the above derivation is for s = jo, more general s throughout the complex plane

can be used in (4.5) with the same conclusions.

In time domain one can consider a tangential electric field on P of the form (as in TEM plane
waves on the aperture [6])
-
1 7" T's
c

o D - -
12 E(r's,t) = Et(r's) fit-

N 4.10)
Et(r's) = spatial distribution with x andy components

f(t) = waveform

Then (4.1) gives
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- =
Et(r's) f(8) dS’

_ 1 =2\ e | B

4.11)

which is a vector wave of constant polarization. If the temporal part of (4.10) varied differently over the

_)
aperture, then one would have a smaller peak of U as

.y -
t(?s) t— 1rCT =+ 1(r’s)
- 1 e 4 —? a _ -) ,
U(rs,t)—-z—z-i Ee(r's) =2 fit=o(r's) dS

Maximizing this over all time, one can consider the x comporient for which

|

-
Ux(1y,1)

< [ ExPoras O ft+ (s
51:p o ) tx(7's Sl:pcatf +1(r's

1)
e 2]

=L
2 t

-
- j Ep (rs)dS
P

4.12)

provided E;, has the same sign over all A, with equality occurring if 7 is independent of ;')5. The same

—_
applies to the x component and thereby to the maximum of | U(?r,t) I. Applying various orders of

—3
temporal differentiation or integration to U (or convolving with more general temporal functions), and

—_
then maximizing over f the same general result occurs with 7 independent of 7’s. With this constraint the

general result in (4.11) describes the far field as a function of time. Note the consistency of the

maximization constraint in time domain (4.10) and frequency domain (phase as in (4.8) and (4.9)). This is

an example of how norm concepts as in Appendix A can be applied in frequency domain for temporal

quantities, and conversely.
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5. Comparing Waveforms

Suppose that it is desired to have an antenna driven by a temporal source give some far field

)
e
V1 (17,#). This might even be some kind of specification. It might apply for some particular observer

direction (e.g., ?r = ?z) or over some range (solid angle) of ?r. Suppose also that one has another far
-0 5
field V2 (1r,t) which characterizes some antenna/source combination (whether from calculation or
=(f) =(f) ,
measurement). How should we compare these two? Should weask if V2 islarger than V1 and,if so,
in what sense? There are issues of time, frequency, and polarization to consider.
) ¢ ) R ¢ ) B ) .
Another approach is to determine if V2 -V1 is small in some sense. In terms of norms this

would often be done as a relative error of the form

S0 5 RGN
Mva (drn-vi (sl
_ G.1)
- 5
vy (1.0l

which is ideally small compared to unity. Note that the norms in the numerator and denominator should

be in the same sense, making v9 dimensionless.

NG NG
Suppose, however, that V2 is exactly like V1 , but twice as large (for all times) with the same

)
polarization. Should such a result be deemed unacceptable, or should we multiply —172 by some real

o
scalar y which gives a best fit to T/)1 in the sense of smallest v in (5.1)? One should also shift time by

o
d
some real 7in V2 since the definition of t = 0 is arbitrary anyway. What about polarization? For a
62
- -
given 1, one could rotate the antenna around this axis and thereby rotate V2 at the observer for a
f
- -
better fit to V1 . If, however, one is interested in the performance over some range of 1, there are

limitations on the rotation of the antenna to rotations about at most two axes (O; group) which can be
o+
represented by an orthogonal dyadic Q (proper rotations, i.e., no reflections). This is in effect a rotation

of the coordinates as

- o+ -
r2=Q "ri
- -
I r21 =1r1! with both coordinate sets right handed . (5.2)
o+
det(Q ) =1
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Thus one might define

S 5 T DT S
Vs (1= V2 |Q * 1ft-7
) >0 5 (5.3)
_Mvs (arn-vi aell
8= EN(IN
lvi (1,0l

o+
where 7, x,and Q are adjusted to minimize v3. One might also require that 7 be greater than some

positive number such as .9 or 1.

One might use various norms in (5.3). As discussed in Appendix A, these could be norms over

time, or over frequency using the two-sided-Laplace/Fourier transforms of the vector temporal

~waveforms. One can minimize v3 for some particular observer direction T or for some range of 1.
In general one then also defines the norm to appropriately range over 77 on the unit sphere (some range

of (8, ¢)). Various weights can also be included in the norm over space (the unit sphere).

As discussed in Appendix B, one can have weighted frequency-domain norms of temporal
waveforms. Suppose that one has some important range of radian frequencies 0 < @y < @ < wp. Then

one might define some filter function g(s), e.g.,

-1 -1
- s s s
g(s) = g : - + = 54

© 0 [1 mh] Wy [1 mj G4

which attenuates the spectrum outside the desired range of frequencies. This approach could be
appropriate if spectral content and smoothness through the frequency band were important, as in the case

of waveforms for target identification [14, 22].
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6.0 Concluding Remarks

In order to compare radiated vector temporal waveforms it is necessary to reduce the infinite
dimensional problem (the points on the time axis) to a manageable (preferably small) number of
parameters. Norms are quite suitable for the purpose, giving a single non-negative real number.
However, there are various possible norms, such as for peak (~-norm) and for square root of energy
(2-norm). These need to be chosen for their appropriateness to the particular antenna and pulser design
problem under consideration. For cases in which the spectral properties of the radiated pulse are
important, one can use weighted norms of the two-sided-Laplace/Fourier transform of the pulse, this also
being an acceptable temporal norm. This leads to ways of specifying antenna/pulser performance so that

one can quantitatively compare various designs to each other and to some desired ideal performance.
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Appendix A. Frequency-Domain Norms of Temporal Waveforms

Consider some suitably well behaved temporal vector waveform F(®). It has various kinds of
norms which are all defined to have the properties [12,17]

- -
"?(t)" =0iff F(f) = 0 or has zero “measure” per the particular norm
>0 otherwise

"a—f-‘)(t)":la[ ”-E(t)” , @ = a complex scalar (A1)

IE1® + Fawll < HF1ol + I F20l

Note that scalar waveforms are just vectors with one component. While here we indicate the vectors as 3-

vectors in the usual 3-dimensional space, the concepts apply to more general N-component vectors.

-~ . The most commonly used norm is the p-norm defined by

WF®I; = WEa®ll,; = {J lP(ﬂ‘ df} (A2)

SNy Ly = B F@ L,

where the subscript “t” (for temporal) refers to the temporal integration, and the subscript “v” (for vector)

refers to the summation over vector components. Commonly used are the 2-norm

1
- T -* 2
LEwlly, = jF(t) . F @ at (A3)
and eo-norm (or peak)
WF®l; = sup [E. (A4)

t,n
In [13] there is introduced the m-norm (with “m” symbolizing maximum magnitude) as
—
F(t

R 1 (A5)
2
- {H?(t) - F (t)|Lt}

NPl = HIF@l, ., = sup
t

24



For vector functions this gives the peak of the vector magnitude over all time. Note the use of conjugate

(*); for cases of real-valued vectors this is not required. Furthermore ¢ (time) is taken as real valued.

With the two-sided Laplace (or Fourier) transform

5 T g
F) = [F®e™at  (ansform)
2 A.
P = —2—’1:— JP () eds (inverse transform) (A6)
Br
s = Q+ jo = Laplace- transform variable or complex frequency
Br = Bromwich contour in strip of convergence

we can describe ?(t) by F(s) and consider norms of F(s). Of course, let us then restrict ?(t) such that

. its transform exists and has a strip of convergence for defining the inverse transform. This is part of what

—_—
is meant by “suitably behaved”. Note also that isolated points of F(#) which are discontinuous on both
sides are assumed not to exist since their temporal integrals are zero and thereby contribute zero to the

transform.

Consider now the norm of F(s) and its use as a norm of F(#). For anorm of E(s) the properties
in (A.1) must apply with t replaced by s. A subscript “s” or “” as appropriate will be used to distinguish
such norms. Suppose there is such a norm with

ol o -

I E@lly {=0iff F(s) = 0

> 0 otherwise

“a?(s)”s = || ||?(s)”s , @ = a complex scalar (A7)

IF10) + Fa@lly < IF161l, + 1 F2wll

Within our “suitably behaved” requirement 1—}(5) =0 is equivalent to F) = 0 , 5o the first property in
(A.7) is equivalent to the first property in (A.1). The second property is also equivalent in frequency and
time due to the linearity of the Laplace/Fourier transform. Consider the third property of (A.7) and note
that if the frequency-domain norm satisfies this, and the frequency-domain norm is used to define the
temporal norm, then the third property in (A.1) is automatically satisfied (by definition). Therefore,

norms of the transforms are norms of the temporal functions (and conversely).

In a symbolic way this result of frequency-domain norms applying to temporal waveforms can be
stated as



NEwll, = Il free d i (A8)

with this defining the temporal norm by a frequency-domain norm. One can also define a frequency-

domain norm by

hEwll, = 1L [Eore asll, (A9)
27 Br

as a dual procedure.

This relation between norms in time and frequency domains is illustrated by the 2-norm.
Considering real vector-valued functions we have [12, 17]
T - 2 5 S
IFwly = [Fo - Fo arp = - [F© - Feos) do
327:: M
Al g (A.10)

-~ %

1|72, 3. 2 g 3
= jP(]co) * F (jo) dot = ors Il Fjorllpg

showing that the 2-norm is the same in time and frequency domains except for a multiplicative constant.
> S
Note the requirement that F(s) and F(-s)have a common strip of convergence which includes the j&

axis.

The above can be generalized to complex temporal vector functions, such as the combined field in
Section 2, from [11] as

- = - - - -
Eg(r,t) = E(r,t) + qj Z, H(r,1)

”—-) —3 ” m—) —3 —)*-—-) E N—) — o d -3 2
Eq(r,tlly = { [Eq(r,0 - Eq(rnaty = {[Eq(r.t - E—g(r nat

—ca

1

2> 5o = 2
- j E(r,0) * E(r, )+ Z2 H(r 0 H(r 0 |dt

S
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1 |22, .2 - 1 )72 -,
= 7= [Eq(r - Eg(r i} = 7o) [Earjor -

—00

1
* 2 (A11)

]

LI, ol
oy g(r,jalizg

This is a generalization of the well-known Parseval theorem to complex vector functions.
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Appendix B. Weighted Frequency-Domain Norms of Temporal Waveforms

Similar to the form in [18], let us define a weighted norm in frequency domain by use of a

weighting function g(s), so that (A.7) is applied to (s} _I?(s) and thereby to g(f) o F() where o denotes
convolution with respect to time. Here g(f) is a scalar, but vector and dyadic forms are also possible.
Considering the first property in (A.7), let us restrict g(s) such that g(s) has only isolated zeros and
oy 2 =
3(s) Fs) = 0 & (B.1)
2sye Fih = 0 &

in the sense previously discussed. Physically, we can think of g(s) as some kind of filter which

2 ~
emphasizes certain frequencies in F(s) at our discretion. Thus, one may wish to restrict g(s) such that

8(t) is real valued and g(f) < is a causal operator, corresponding to a physical filter.

Symbolically we can define

]

1 Fes) ”Sg- 1 3¢s) Fs) Il

B2
. 4 (B.2)
”F(t)”tg = llgwo Fnyll,

as weighted norms in frequency domain, and their equivalents in time domain.

In [7] the D- and I-norms (temporal) are introduced, where by these are meant for our vector

waveform

Wiy, = H%?a)llt

5 £ (B3)
e, =1l | Fyarll,

—
These are norms of F(#) provided appropriate restrictions are placed on the waveform. For the D-norm

the derivative needs to be suitably bounded. For the I-norm, the integral similarly needs to be bounded
- -
and this implies that F(t) — 0 as { — —eo in some suitable fashion, such as being identically zero before

some finite time.

In frequency domain we have
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4 2@ - sFe
. E? - S 5
. (B4)

t__) 1 kN
jp(t')dt' - < F©

—oo

So in frequency domain we have s and 1/s as weighting functions to take the place of g(s) in (B.2). In
time domain g(t) takes the forms

s = —5?5(1‘) (derivative of a delta function)
%-—) u(t) (step function) (B.5)

d
&) = E; u(t)

" The delta function and its derivative should be understood in an appropriate limiting sense.

e
So we define norms of F(¢) symbolically via

WFolp = NsFel,

. I Foll,

where the particular form of temporal norm is defined by the form chosen in frequency domain. Note

(B.6)

m

112wl
s

that if we choose a particular form of frequency-domain norm, such as 2-norm, then (A.8) gives
1R0lpy = — Lo Ejenllg ®7)
. A2

which is not the D2-norm (2-norm of the derivative) in time domain, but a constant times it. Similarly we
have

WPl = —= 1L Fjolhe (B.8)

2r jo

So the norms on the two sides of the equations in (B.6) have, in general, different senses.
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