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Abstract _

This paper develops a generalized form of inhomogeneous TEM plane wave involving
inhomogeneous (but isotropic) constitutive parameters. This is then used in conjunction with differential-
geometric scaling to synthesize inhomogeneous dielectric lenses for transient TEM waves. A special class
of these has a uniform permeability allowing a purely dielectric lens. A special example involving
propagation in the azimuthal direction in cyiindrical coordinates is shown to agree with previous results

based on a different method.



1. Introduction

A recent paper [5] showed that guided TEM waves (modes) of a very general form could be
propagated in an inhomogeneous isotropic dielectric medium with permittivity € proportional to w2
where ¥ is the cylindrical radius in the usual (¥, ¢, z) cylindrical coordinate system. This has the
property of practical importance that the permeability u is a constant (homogeneous), such as y,, the
permeability of free space. Propagation is in the ¢ direction with electric and magnetic fields both
perpendicular to —1)¢ and to each other, with ratio given by the local wave impedance. The TEM wave is
guided by (ideally) perfect conductors with cross sections in each (z, *¥) plane independent of ¢ over some

range ¢1 < ¢ < ¢o for which the special lens is desired.

Special cases of TEM waves (simple forms with field components in only single coordinate
directions in cylindrical and spherical coordinates) in this kind of medium have been discussed in {2, 3].
One application of this type of lens is a dispersionless bend in a coaxial cable, a special but common form

of TEM transmission line. This is considered in an approximate form in [4] and in an exact form in [5].

The exact form of inhomogeneous ¢-directed TEM waves in [5] allows for very general conductor
cross sections in (z, ¥) coordinates. It is developed from a magnetostatic solution for g¢-independent,
¢-directed currents and the associated vector potential with only a ¢-independent ¢ component Ay 6 The
field components are shown to be derivable from V(WA 6 ) times the waveform function describing the

propagation in the ¢ direction. The quantity ¥Ap o Serves the role of an electric scalar potential.

In [7] lens synthesis (design) is considered for various types of inhomogeneous media supporting
TEM modes. This synthesis is based on a differential-geometric scaling of coordinates, fields, and media.
One form of wave, say a TEM plane wave, is thereby transformed into a TEM wave propagating in some
curved manner. The question then arises as to whether the new types of solutions can also be cast into
this differential-geometric format so as to extend this method to new classes of solutions. This is the

subject of this paper.



2. Inhomogeneous TEM Plane Waves in Uniform Isotropic Media

As discussed in [7 (Section 2.4)] we have inhomogeneous TEM plane waves of the form

- -
E’ = Ej(u1,up) f(t~‘:—?)

— -
H’ = Hj(up,up) f(t— ‘:?)

- — - - - -
13 x Eg(uy,up) = Z'Hj(u,up) , Z"Hj(ug,up) =— 13 x Ejlug,un)

4

Z = [i} = wave impedance

’, 7 _1/2
= £ = wave speed
¢ = [we] wave sp @

-
Ef(u1,up) =—Videluy,up) , Vi2da(uy,uz) = 0
._)
Hplug,u) =—Vidplug,up) , Vi2@p(uy,up) = 0
f(t—ﬁ-) = waveform function
C

R
112 + 122

1 aul 2 aup_
U’ = permeability, €’ = permittivity

v =

Here the right-handed orthogonal curvilinear coordinate system (11, u2, u3) describes the formal fields,
i.e., fields that satisfy the Maxwell equations with the coordinates treated as Cartesian. All the primed
parameters and operators have this interpretation. As a special case, these coordinates can be taken as (x,
y, z), in which case (2.1) describes fields appropriate to a TEM transmission line derivable from a scalar
electric potential @, or scalar magnetic potential @y, including the complex form @, +j®} and

Ej = j Z' Hj with complex coordinate u1 + jupasin (1, 8].

In [7] this type of wave is then transformed by a coordinate transformation where u3 is in general

curved to form what are called the real fields, etc. In this process €’ and u’ are changed to € and ¢ which

may, in general, be dyadics. It is important to note that these constitutive parameters have the forms

(e 0 0 w 0 0
(eam) =0 & 0|, Wpm=]0 p O
00 00w 22)
(e 0 O u 0 0
(Enm)=|0 € 0], (Upm)=|0 u O
0 0 & 0 0 u3




where the components operating on the third components of the fields can be anything since these field
components are zero by hypothesis. This gives a certain degree of freedom on selection of suitable

orthogonal curvilinear coordinate systems for (u1, up, u3).
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' 3. Generalized Inhomogeneous TEM Plane Waves in Inhomogeneous but Isotropic Media

Still thinking of our (11, up, u3) coordinates as though they were Cartesian, let us allow &’ and
#’ to be inhomogeneous and derive a more general form of TEM plane wave. Let us look for solutions,

again in the (11, u2, u3) coordinates as formal fields, etc., of the form

- -

E’ = E§(uy,up) f(t—7(u3))

- -

H’ = H(uy,up) flt—1(uz) 3.1
- - — -

Ej(uy,up) * 13 = 0, Hj(ug,uz) 13 =0

Again, restricting the fields to have no third components makes €3 and u3 in (2.2) play no role.
However, now we let ¢’ and u’ be functions of the coordinates (i.e., inhomogeneous). Note also that
uz /¢’ in (2.1) is replaced by the more general 7(u3) in (3.1). Thus the wave is propagating in the u3
direction, but perhaps with variable speed.

For convenience we have

~1/2

v =[] = wave speed
. g 1/2
A [s’} wave impedance (3.2)

>0, >0

I

where now these may be coordinate dependent. Note also that

of __of |_dr|_ _of dr (3.3)
dus ot—1)| duj ot dug ’

Consider one of the Maxwell equations

a 3
y B’ H’
V’/ % E/ = ——. = 1 - 4

where we think of the (u1, u2, u3) formally as Cartesian (x, y, z) coordinates. This leads to the
requirements (given the constraints of (3.1))

-



d d
—Ej, -—Ep, =0
oy 02 ™ 5y 01
- = dr - = dr - -’ 3.5
13 X E— = u'Hy , Ef— = —-p’ 13 X Hj
duz dus
The second Maxwell equation
=, 3_) a_’
DI EI
V xH = —=¢g—— 6
> 3 (3.6
similarly leads to
d d
—Hj, ——Hpj, =0
E 02 =5, 0
- - dr - = dr - - (3.7)
13 x Hy— = —¢’Ej) , Hj— = €’ 13 x Ej
du3 du3

With our constraints, satisfaction of (3.5) and (3.7) is equivalent to satisfying the Maxwell equations.

From the two forms of the cross products in (3.5) and (3.7) we have the constraint

1 dr _ du

g’ duy H dr (3.8)
dt rnl/2 ~1 .
_= % = +
dus 2wz =

Choosing the + sign for convenience (propagation in the +u3 direction) we have

Eéuz- = v Huz)
3
u3 (3.9)

duj
] oy T

where we have taken the lower limit of integration as zero, but any convenient value of ¥3 can be used.

Note that we have also shown that

(3.10

v = [u'.s']_l/2 = v’(u3) (a function of only u3) .
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so that the product p’g’ is a function of only u3.

The requirements of (3.5) and (3.7) may now be summarized as

J J d .. d ,
2 _FE; 2 Fn = 4, ——— Hp, =0
dup 2 dup ! (3.11)

-
13 x E) = Z’H) , 13 x Hyj = -Z’Ej

Note the local TEM wave condition with the local field ratio given by the local wave impedance (Z’ in

general being coordinate dependent). There are three conditions in (3.9) now to be satisfied (the last two

- -
equations being equivalent). Note that since Ej and H{ are not functions of u3 (by hypothesis in (3.1))

we have

’

Al/2
zZ = [E—:] = Z'(u1,u3) (not a function of u3) (3.12)
£

so that the ratio u’/€” is independent of u3.

The forms of these equations suggest that we try solutions of the form
- -
EjGuy,uz) = = Vdp(ug,up) , Hilup,uz) = =V dp(ug,um) (3.13)

where the transverse gradients in the formal coordinates make this a two-dimensional potential problem.
As usual, the electric potential is solved subject to specified potentials on the conductors passing through
the lens, and the magnetic potential has to allow for a discontinuity in passing around a conductor (the

discontinuity being equal to the current in the conductor).

Consider first constructing the solution via the electric potential. Then

= d d
Ej = —Vid, —Ej, ——Ej, =0 3.14

satisfying the first condition in (3.11). The magnetic field has the form

—

H,_Z,—l_l) ‘,’_,—1|_,_’_,‘*
b = 3 xXEjy=2 LEO1 12 - Ep, 11 . (3.15)



Then require

d 9 o | Eo, d | Eo,
- — ’ __HI LA P M2
0= G Ho2 ~55 F0 = 54 [ Z’] " P [ z

- (3.16)
-V - % = —V; - [2"1 V;tbe]
Consider the fact that
\28 B’ =0=
0=V - [s'?oJ= v; [ o1z E_(;]= v lv; [Z’_l E)’o] (3.17)

where the fact that v’ is a function of only u3 has been used. Hence, requiring that ®; satisfy a Laplace-
type equation for an inhomogeneous medium (variable ¢’) gives a two-dimensional potential which
satisfies all three conditions ((3.14) - (3.17)).

The alternate approach to the solution is to use the magnetic potential. Then

> d J
Hy = -V @ —Hj, ——Hp), =0 3.18
0 t Py = o 02 £ 04 (3.18)

satisfying the second condition in (3.11). The electric field has the form
— - —
Ej = ~Z"13 xH}j (3.19)

Then require

0= 'a_i;Eéz '55_21361 ="%[2,H61]_%[Z’H62]
(3.20)

S
=-V; - {Z’Hél} =Vi * [Z'Vi Dy ]

Consider the fact that



—)
V' B =0=
- 1., 1 -
0=V; *|wHy|=V; | 2’Hy | = v~ 1v; - |Z'Hp (3.21)

where again v’ is factored through the transverse divergence, being a function of only u3. Hence,

requiring that @}, satisfy a Laplace-type equation for an inhomogeneous medium (variable u”) gives a

two-dimensional potential which satisfies all three conditions ((3.18) — (3.20)).



4. Examples of Discrete Changes in Permeability and Permittivity

As an aid to understanding the properties of such generalized inhomogeneous TEM plane waves,
let us consider some simple special cases. While y’ and € can have continuous variation with the
coordina_teé, let us consider two simple cases of discrete variation. As illustrated in fig. 4.1, we can think
of dividing a parallel-plate waveguide (infinitely wide) into two regions. Here we take two examples

designated parallel and series. Both cases are approached from the electric-potential point of view.

We are still regarding the (11, u2, u3) coordinates as Cartesian as illustrated in fig. 4.1. In this case

the formal fields and the real fields are the same. Note that the two regions (subscripts 1 and 2) have
U{E] = UHEG) =V 4.1

as required by (3.10). Here we have a cross section as a plane of constant u3 on which to solve our

potential problem. Variation with u3 of the above products is allowed, but does not affect the results.

4.1 Two media in parallel

As our first example, fig. 4.1A shows a region bounded by two equipotential surfaces (perfectly
conducting) as planes on 12 = 0, d. The two media meet on the u1 = 0 plane. The symmetry of the

problem allows us to choose a solution of the form

, u
@, = —dz—Vo
4.1
- VO -
Ey =——-1
in both media. Finishing out the solution we have
o 1/2 15 1/72
Z, —_ _] , Zl = —__2_
1 [fi} ’ [z]
13XE) = —= 11 f 0 4.2)
5 Z 3 xXEy iz 1 for u;<
Hg =
Z’_1T3xI:T') =2 ? for u; >0
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u2

Qe = Vp

d //j///////////////////I///jj/////////////

K€ H €3

O =0 U1

A. Two media in parallel
u2

Qe = Vo
dy LLLLLLZLL LSS

f v U
K € 1
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Q: = -V

B. Two media in series

Fig. 4.1. Examples of Discrete Changesin y' and €.
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On the boundary (11 = 0) we have continuity of the tangential electric field as in (4.1) and continuity of *
the normal magnetic flux density as ) ‘
=4 i
By = pHj
M o . 1/2V0 7
. Z_i—a_ll —[/J.1£1] -71—11 for u; <0 (4.3)
ps Vo 7 L 2172V 7
= =11 = £ — 11 for u1>0
7 2 1 [#3 €3] = 11 U

So the Maxwell equations and boundary conditions are satisfied.

4.2 Two media in series

As our second example, fig. 4.1B shows a region bounded by two equipotential surfaces

(perfectly conducting) as planes on u = —d1, d2. The two media meet on the u2 = 0 plane. Now we havea
solution of the form

X V1 for uz <0

@, <d1
e =
X Vo for up >0 ‘
(42
v, 4.4)
-— 12 for up<0
- dq
EO = < v -
-2 13 for up >0
| 42

Making normal electric displacement continuous through the boundary (u3 = 0) gives

5 5 £ L foruy <0
D = €'Ef = !

g5 =2 forup > 0 4.5)
i _&

d . .
-+ —  (constraint on potentials)
Vz &7 d

The magnetic field is then



. ~173. 5 Vi3 £1 W
13xE) = —5 11 = ———
@ . “4Z 0 [uie]/? A
Hp = — - v, = 2 V- 4.6)
Z5 13 xEp = =211 = — 2 =2
a7} [15 €5 dy

showing with (4.1) and (4.5) that tangential magnetic field is continuous through the boundary (12 = 0).

Again the Maxwell equations and boundary conditions are satisfied.
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5. Scaling Generalized Inhomogeneous TEM Plane Waves

Summarizing our generalized form of TEM wave we have

- - -5 -

E’ = Eg(uy,up) f(t=(u3)) , E§+13 =0
- - - -

H’ = Hp(uq,up) ft—(u3)) , Hj-13 =0

- - - - a2 -
13xEy = Z’H) , Ho=—-Z"" 13 xE}

M1/2
’ L y .
=|= = Z'(uq, funct f onl d
Z [E'] (u1,u7) (a function of only ¥ and uj) 5.1
v = [u' e’]l/ 2_ v'(u3) (a function of only u3)
u3
_ o _dub
Tlug) = £ )

_)
Ej(uy,up) = —Vi®pluy,up) , Vi-[e'Vidy] =0

p——
Hy(uy,u) = = Vidplug,up) , Vi-[w' Vidy] =0
Here @}, may be multiple valued (as in a conformal transformation) as one goes around a conductor.

Now regard the fields as formal in the sense of [7] and let the (11, u2, u3) coordinates be some
orthogonal curvilinear coordinate system. Then we have a distinction between £’ and £ and between p’

and u in (2.2). The general transformation equations have the forms

- -

- -
E'=(aym)* E , H =(apm) ' H
(E;z,m) = ('Yn,m) ) (En,m) ’ (ﬂr’z,m) = ('Yn,m) ‘ (#n,m)

kohy 0 (5.2)
by 0 O hi -
@pm)=10 h 0|, Gpm)=| 0 2L ¢
0 0 h hy
> 0 0o k2
h3

This lets both the formal and real media be inhomogeneous but isotropic, noting that only 1, 1 and 2, 2

components are relevant since the 3-components of the fields are zero. The scale factors and line element
are

14




K2 =
(5.2)

|
ws_,a_,
.;
Fle
—,
—
g Y

de?

|

z (dun)?

Since the first two diagonal elements of the constitutive-parameter dyadics are equal we have

hahs hahy , _ hoh3 hahy

r _ = , g = = =2 ¢ 5-3
W=y B H " hy ©3)
which implies (taking the positive square root)
b= hy (5.4)

This, in turn implies [7 (Section 2.4), 6] that surfaces of constant u3 can only be spheres or planes. Furthermore

we have
u=hy, ¢ ="he
% = }s_l (a function of u; and ¥y only)
u/? (5.5)
Z= P = Z’ (a function of u; and uy only)
[u ]—1/2 [u£]1/2=h3vl

While v’ is a function of only u3, v has the extra factor h3 which can in general be a function of the

various uy.
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6. Uniform Permeability Lenses
Now add the requirement that
H=H 6.1

i.e., the permeability is uniform, typically taken as the permeability of free space for some practical lens
applications. The permittivity is allowed to be more generally variable. For physical realizability we also

require in the lens region that
€ 2 £min 2 £ 6.2)

i.e., a permittivity bounded below by that of free space. Note that y” and ¢£’, being formal, do not have

the same restrictions. For the wave speed we now have

v = [uoe]_l/ 2¢ [uoso]—u 2 2 Zo 6.3)

which is the basic causality restriction in the lens region. For the wave impedance we have

1/2 1/2
£ £
From (5.5) we have
1/2
Z = [Il_o] =
£ (6.5)
£ = €luy,up) (a function of w1 and uy only)
Then we also have
-1/2 .
v = [upe] = v(uy,up) (a function of u; and u only) (6.6)
This restricts #3 to the form
v(uy,up)
hy = ——==
3T Puy) . ©6.7)
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7. Example of Dielectric Bending Lens Based on Modified Cylindrical Coordinates

Consider the usual cylindrical coordinates (¥, ¢, z) with
x = Wcos(¢) -, y = ¥sin(¢)

Then identify the (11, u2, u3) coordinates as

u1=z,u2=‘i’,u3=‘l’max¢
- - - - -
12, 12 = 1y, 13 = 19

Juny
fary
i

Note that ¢ has been scaled to Wnax$ to give it distance units (meters). The scale factors are

¥

“Pmax

satisfying the constraints (5.4) and (6.7).

For convenience set

’

o= = [#030]—1/2 - [#,E,]—l/z

giving

v=~hv =hyc= ¥ c<c for 0 < ¥ £ ¥hax

\ymax

S0 Wnax is the maximum ¥ for our lens domain. With our assumption of permeability (g we have

u =hyp = ks Ho
\ymax
’ HO -1 Wrax
g = =g = hy € = £
g 0 3 &0 v 0

- — ¥,
£=h3ls’=h32£0 =[ ‘\’;ax:l g9 2 g9 for 0 < ¥ < ¥hnax

1/2
Z=2'=[ﬂ] m hyZy =—2—Zy < Zg for 0 < ¥ € ¥nax
£ ¥max
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Note that while 4’ < g in the lens region this is not important since here u’ is merely formal.

Now the formal fields can be found from an electric potential as

- - 1 - -
Bj = -Vi® , Hp = 1pxE

(7.7)
0 =V; - [ Vi ]
With
- -
v = 1zai+ w;\; (7.8)
z
the potential equation becomes
2 o4y ,
_ WYmax J <t>e i ‘ymax a‘De
O=e0—y 72 T P v w
0220 o 9 [y 2% 7o
T2 T T 2

This is precisely the same equation as for ‘¥Ag s in [5], derived by an entirely different procedure. From

(7.3) we also have the real fields

-

- - —
Ep =Ey , Hy=H (7.10)

o
O~

So the present differential-geometry scaling method gives the same results as the rotationally symmetric

static-vector-potential.

Installing (perfect) conductors in a ¢-independent manner over an appropriate range ¢; < ¢ < ¢,

then gives a TEM waveguiding structure through the inhomogeneous dielectric lens. From (7.8) one can

solve for @ subject to choice of appropriate potentials (two or more) on the conductors. The fields then
follow directly. In [5] this was discussed in the context of a bend in a coaxial cable, although it can apply
to other forms of TEM structures. See this, for example, in the context of a different kind of bending lens

with both u and ¢ variable [7 (Section E.5)].

18



A _ 8. Concluding Remarks

l The generalized form of a TEM plane wave involving inhomogeneous constitutive parameters
can then be used for the formal fields for generating lens designs based on differential-geometric scaling.
Among other things this allows one to have purely dielectric lenses (free space permeability). Of course

one can have a dual case with a variable-permeability, constant-permittivity lens.
The current procedure has essentially given an extra degree of freedom on transient lens design

via differential-geometric scaling. Perhaps other interesting examples of such lenses can also be

developed utilizing this new kind of formal field.
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