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Abstract

- Associated with a distributed-source surface transmission line there are
fields above the source and associated currents in the source. The source must
then deliver charge and energy associated with these currents. The purpose of
this note is to develop an approximate two-dimensional model for these fields,
currents, and charges. Certain idealizations of the geometry are made and a
step~function time dependence of the source (propagating at the speed of light

with no loss in amplltude) is used.
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I. Introduction

In a previous notel we proposed a type of simulator which, in its general
class, can be termed a distributed-source surface transmission line. The
general concept for such a simulator involves distributing an array of energy
sources (e.g., charged capacitors) above the ground surface and then triggering
the sources in a sequence so as to produce an electromagnetic wave propagating
at approximately the speed of light over the ground surface. As illustrated
in figure 1 this array of sources is approximated as a continuous sheet in
order to simplify the calculations. The medium below the sources might be
made conducting in order to allow a late-time vertical current density at
the ground surface. Other sources and impedances might be included at each
end (x=0 and x=d) to try to minimize the distortions due to these discontinuities
in the structure.

In reference 1 we considered the fields below the distributed source for
the uniform, planar geometry illustrated in figure 1. This was a two-dimensional
calculation in that the width of the sheet source, w, was assumed infinite and
the source was assumed independent of y. The sheet source is represented by
specifying the tangential electric field, Eg, along the sheet at z=h as having
only an x component and varying only with x. With this tangential electric
field being, in general, not identically zero there are then electromagnetic
fields above the distributed source. Associated with the magnetic field just
below the source there is a current in the source whereby the source delivers
energy to the fields below the source. There is similarly a current in the
source assoclated with the magnetic field just above the source. In this note
we develop an approximate model for the fields above the source and the
associated current in the source.

The model developed in this note is approximate because of some simplifi-
cations introduced in the geometry. The width, w, of the source in the y
direction is assumed infinite in order to make the problem a two-dimensional
one. The height, h, of the source above the ground is assumed small compared
to the length, d. Thus, for this model for calculating the fields above the
source, the source is assumed at the ground level. Finally, the exposed
ground (for x< 0 and for x>d) is assumed perfectly conducting. This leaves
us with the idealized geometry illustrated in figure 2. The purpose of these
idealizations is, of course, to simplify the calculations somewhat. These
idealizations also introduce inaccuracies into the model but some of the
important features are preserved. In particular we can observe the buildup
in the initial source currents as the source wave propagates at the speed of
light in the +x direction. This phenomenon is associated with the fact that
the source wave is propagating at the same speed as the propagation speed of
the electromagnetic fields above the sheet source, i.e., the speed of light
in vacuum, c. For the present note we take E_ as a step function wave propa-
gating at speed, ¢, in the +x direction with constant amplitude, independent
of x for O<x<d. Other time histories of E_ can be considered, as long as Eg
is still a function only of retarded time, t-x/c, by using convolution techni-
ques with the present results. Other forms of E_ can also be considered by
introducing them at the appropriate point in thescalculational procedure.

1, Capt Carl E. Baum, Sensor and Simulation Note 48, The Planar, Uniform
Surface Transmission Line Driven from a Sheet Source, August 1967.
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In this note we first consider the electromagnetic fields associated with
a specified tangential electric field distribution on a plane and then specialize
this to the case that the tangential electric field has only an x component and
is independent of y. Besides the present application of these results to the
fields above the distributed source, they have other possible applications to
the fields below the distributed source including such things as the field dis-
tortion at the ends of the distributed-source and the effect of the discrete-
ness of the source on the field uniformity, provided that the medium below the
distributed source is a single homogeneous, isotropic medium.

II, Fields Associated with a Two-Dimensionsl Distribution of the Tangential
Electric Field on a Plane

We first consider a tangential electric field distribution on the z=0
plane with components I  and Ey, both of which may be functions of x' and v',
the coordinates for the given tangential electric field distribution. Figure 34
illustrates the coordinates of the observation point or the position at which
we wish to calculate the fields. The distance from a source point (x', y', 0)
on the 2z=0 plane to the observation point is given by

Rz [(xx')% + (y-y)? + 22]%° (L)

r the three coordinate directions.

L . - -
There are the three unit vectors &, 2., &, fo
The unit vector in the direction from the source point to the observation point
is :
1 T ER
2oz XX 2 oL ¥V 3 o+%2 %, (2)
R R X R v R

The permittivizv, permeability, and conductivity (e,u, and o, respectively)

of the medium for z>0 are assumed to be scalars and to be independent of ) -
the coordinates. The resulits are formulated for the fields for z>U, buc

by use of appropriate symmetry relationships they can be applied to the

fields Lelow the z = 0 plane with the same restrictions on the medium there.

We first formuliate the Laplace transform of the fields and for this case &,

u, and o can be functions of the Laplace :zransform variable, s (or jw for
frequency domain considerations). Then we consider the time domain case with

€ =g ,u= uo,c = (0 for which case the medium corresponds to free space.

, . ; PSR B v
As our starting point we use an equation in Smythe Xhlch gives the
vector potential as an integral over the electric field, E', on tne z=0
plane as

2. All units are rationaiized MKSA. )
3. W. R. 3mythe, Static and Dynamic Electricity, 2nd ed., 1950, p.4%0, egn.

14,19(1).
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A= - _l_.j. ;YR+1 [(Zz x E'"(x',y"))x gR]e-YRdx'dy' (3)

The tilde, ~, is used to denote the Laplace transform of the quantity with
respect to time. Zero initial conditions are assumed and/or this transform
can be interpreted as a two-sided Laplace transform. The propagation constant,
Y, 1s given by

Y =VeE@eD) = 5k )

where k is also termed the propagation constant and is useful for frequency-
domain considerations as

k =Vuu(ue-jo) . (5

The result of equation 3 is reached by considering the tangential electric

field on the z=0 plane to be produced by an appropriate distribution of mag-
netic dipoles and then finding the vector potential as an integral over this
magnetic-dipole distribution. Note that we have allowed a nonzero U in the

above formulation thereby allowing conduction currents in the medium of interest.
In this type of formulation the vector potential is an integral over only the
source currents. This is equivalent to allowing the permittivity to be a
complex function of frequency. Equation 3 is an exact result, matching the
tangential electric field on the z=0 plane and having the proper behavior in
the limit of large =z. A

The scalar potential (for z>0) from the magnetic dipole distribution
(on the 2z=0 plane) is zero so that the electric field for z>0 1s related
to the vector potential as

A z >
F=.24 £= gk (6)
at
giving
Cr N
z_ L1 i yR+1 z ~ 1 e -YR I
E o J ~J R2 [(e, x E") x eR]e dx'dy (7)

The magnetic field (for z>0) is related to the vector potential as

—ﬁ - -

-
WE=vx & R B=ypl =V xA , (8)

giving - o
i Ay

1 K | R+1 i - 1
s | j jl;i— [(2, x £ x eg] dx'ay’ [ (9)
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Expanding the integrand in vector components we have

+
5, 3 3,
- ? ~ < ~ -
e, x E' =|0 0 1 = -E° e .+ Eé ey (10)
y
Er ot ﬁv
pid v A
Using eqguation 2 for ZR we have
g 2 g
X v z
T ~ -
1 = | ~F!? t
(Zz x ') x é’R Ey E; 0
X"Xz B | ‘Z_
R R R
~ ~ X-'Xr =1 -y ! ~r -+
R L e T

Note that only the tangential components of the electric field on the z=0
plane appear in the integrands in equations 7 and 9. For the x and y compon-
ents of the electric fieild we then have

- L YR+l z YR =, Tt 12
X,y T 2m 7 RE By &Y (12)

bk

—C0 0O

where the subscript x, y is used to indicate that either the x or y component
can be used as long as it is used consistently throughout the equation. The
z component is given by

~ 1 YR+1 -YR | x-x' = ' =
E = - —/— —_— ?—‘i_{_z__}_r__Ef dx! t 13
z 2m ( RZ & { R “x R Y } x ' dy (13)
J

Next consider the magnetic fleld which we calcuiate from
-

e S e
p v ©z
el Y
p=-L wi=-L1 123 3 3 (14)
s s 9% oy oz
X v z
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Thus one-can obtain B from equations 12 and 13. In taking the required
derivatives we have the intermediate results

3R _x-x' R _y-y! 3R
ax R

Z
Z 15
R 7 oy ' 3z R (13)
and
9 Y e«YR 2
— [XREL TR o LS [(YR) 4 3R + 3] (16)
3R 3 R4
R
+
The components of B are then
= _ 1 0 (x=x") (y-y") 2 e YR
Bx"zn_sj g - > [(YR)“ + 3YR + 3] 3 Eg
R R
AN -YR - )
- + e
+ 2R + 2 - M—z——z—— [(vR)Z + 3vR + 3] | =5 £ bax'ay’
R R™ 7
(17)
5 1 ((x-x") (y-v") 2 YR - 7
B = = R)“ + + E!
v " Tms 2 [(YR) 3YR + 3] 3y
' 2 2 ) "‘YR. -~ J—
- [ZYR + 2 - <_X:z<_22:.z_ [(YR)™ + 3YR + 3] | & 5 By pdx'dy’
R R
© (18)
. ot ~YR
Bz=2_i'_ K 2>Z[(YR)2+3YR+3]—Q—§— g
S R R
- | . \
- ‘ - -~
+ —(5—"2—)2— [(vR)Z + 3yR + 3] & - :y‘ dx'dy' (19)
R R

Thus, We have the transform of the six field components for specified
transforms, Eé and E§, of the tangential components of the electric field om
the z=0 plane. Alternatively one can calculate the six field components in
the time domain, if Ey and E are specified, by performing a convolution
integral of each of these quantities with the inverse transforms of the
appropriate Laplace-—-domain coefficients as they appear in the above equa-
tions. For the special case that the medium for 2z>0 corresponds to free
space (with € = €os H = H, , 0 = 0) the forms of the inverse transforms
gimplify since Y = s/c where we also have



o (20)
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k=t
ﬁ

o]

Then e YR introduces a time delay sco that we have
Laplace domain time domain
YR 1 t E
e E (s) B (=2
—~YR ~ R
e E!(s E' (t- =)
y() y (t= 3

The polynomials in YR become derivatives in the time domain, operating on
the retarded tangential fields in the following forms

Laplace domain time domain
R ¢
YR = =
c dt
2
(YR) (%232
cf 3¢?

In the case that ¢ # 0 the forms of the inverse transforms of the inte-~
grands in equations 12, 13, 17, 18, and 19 are somewhat more complilcated.

ITI. Fields Associated with a One-Dimensional Distribution of a Particular
Single-Component Tangential Electric Field on a Plane

We now speclalize the results of the previous section to a case of
present interest to us. Specifically, we set E'Z0 and constrain E! to be

X
independent of y'. Then because of the symmetr? thereby introduced three
of the field components are zero, specifically

Ey =0 s By =0 s Bz =0 (21)

The remaining field components then have the forms
= 1 1 YR+l =z _-YR =
= = sl 4 T E! T T
E, - } > R © % dx'dy (22)
00 -] R
~ 1 U YR+l x—x' _-YR:
E = - —— e E! ax'dy' (23)
z 2m 2 R X
o o R
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2 -YR .

B =—21 g J[(Xx;“ [(YR)% + 3YR + 3] -2YR - 2 ‘dy'

y R
= (24)

Since ﬁé is independent of y' we can perform the integration over y' before
further specifying E;. For our present considerations we introduce two cylindri--
cal coordinate systems as illustrated in figure 3B. There is the (p,¢,-y)
system where

2 4 22]1/2 , tan(¢) = 2 (25)

X

p =[x

and there is the (p',%¢',-y) system where

22]1/2 , tan(¢') = Z - (26)

X=X

o' = [(X—X')2

Note that -y is used in both cases to make the systems right handed. The first—

system is centered on the axis (x,z) = (0,0) while the second is centered on
(x,2) = (x',0). Introducing a change of variable
n Ey—-y' (27)

we then have
R = [0'2 + n?yl/2 (28)

Equations 22 through 24 can now be rewritten as

Y 2 . 2
~ i~ sin(9 1 ol SIR yoaf o -
By =\ Eq “’7%?‘1' ET’[YR+1] — e ’ \ug( ax’ (29)

\
"
—

1 >
N R

¢
E, = - [YR+1] = (30) - -
1y
~ ,
B, = TOR)Z + 3R + 3] = 2R = 2] & R dn (ax
3
iz (31)

In appendix A the first integral with respect to n is solved. Using
equation A5 the electric field components are then



2]

trie
1

~; sin(¢') 1 .
< = S. Eg §5E§7—2- = yo! Kylyp') dx' (32}

- - Yy 1
E, =~ SE E—O-S*Q—)-;Yp‘ Ky (vel) dx! (33)

in equation 31 the integral over N can a%so be evaluated, but a simpler
approach is to use the relation between B and £ in equation 14 which gives

K (yo')

= 1V yid 1 3p'! 1

B, = =\E, 14— [ (e ! . 3P ,
y SSXN 3p | ot [ax i-(x-x")] by ZJ

. Kl(Yp ) A -(x-x")] SZ] .
o T - dx
o) ax z
?3 K, (yo ! K, (vo'
1y [ Ky )| ASLAY o
= —S— _ Y 30 ¢ 0! ot
1 ot Y -
=3 g E;{ ?r—p—' vo! rxz(ypf) - 2Kl<'ypr) dx'
X o 1 t 1 1
s S B qot el K (el dx (34)

where we have used the derivative and recurrence relationships for the
Bessel functions. For convenience in frequency domaiz analysis one can
use Y = jk and other forms of the Bessel functions as

1 t o ko' (2) 1

=y Kplyp') = - 5 Hi% (ke ')

}_ 1 1y . ko! (2)

—ve' K (ye') = 5 H (kp ') (35)

4, See AMS 55, Handbook of Mathematical Functions, National Bureau of
Standards, 1964 for the various Bessel function relationships.
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Equations 32, 33, and 35 express the results for the transforms of the three
field components for the assumed form of E} independent of y' with E! = 0,
These same results can be reached by considering a line magnetic dipdole at
a particular x' giving an Ey (independent of y') and associated fields in
the form of an expanding cylindrical wave described by the Bessel functions
as above. Integrating over x' then gives the above results.

Our interest now centers on the case that the medium for z>0 corresponds
to free space for which we have Y = s/c. The three field components can then
be written

E, = \sE' 8in(®') [p' g, (spl dx' (36)

% gs X P! et ( c )

= =y cos(¢") o' sp’ ,

E, fsEX o e Ky ( e ) ldx! (37)
ot 1

B =L \sE' 1 12 k (2| a' . (38)

y c x p' Te © c

The functions in the square brackets have inverse transforms given by

Laplace domain time domain -
0! o! 1 2 ")_1/2 ot
P_ 5P _ ct P
Te KO ( o > ‘TT_ [(5—') —lj U(t" c )
o' sp! 1 ct |fct 2 e o
Te Kl ( c ) i 57' -1 u(t- o)
For convenience we give names to these two functions as
2 =1/2
e! =z . ¢t eLy -1 u(t- 2n (39)
O¢ T e p c

5. See reference 3 and use equation 29.3.119 and use a time derivative and
delay in equation 29.3.121,
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{42 q-1/2
n! = %-H%—) - ]z u(t -2 ) (40)

hoo
SE! i q)t
S i kel #R00 a (41)
[=]
3!
B = X 4.1 cos(¥h) ' 2
z S Y ?=eo¢ —T dx (42)
o SE'
1 X dx!
B = = 2 ARt =S
¥ o S ot o p! (43)

where * is used to indicate the convolution integral with respect to time.
With Eé specified as a function of x' and t one can use these last equations
to calculate the fields directly in the time domain.

IVv. Fields Above the Distributed Source

With the results of the last section we now calculate the fields
above the distributed source with the approximations as discussed in the
introduction. As was illustrated in figure 2 we specify the tangential
electric field on the z=0 plane for 0<x<d. Outside this range the tangential
electric field is constrained to be zero., For the calculaticns in this note
we first specify the tangential electric field toc be of the form

Ex = B, u(t- £') u(x") (44)
c .

Thus we consider the field at the source starting at x=0 and propagating

to the right at the speed of light with a constant amplitude, E . Later
we shall stop the source at x'=d. While a step-function time dependemnce

is used here, other time dependences can be considered by using convolution
integral techniques.

For convenience we define normalized waveforms for the three field
components as

h 23-2¥=—F | & 22, e =— (45)
o) Eo Eq 9 E0 0 EO

14



Note that we are using the cylindrical coordinate system, (0,¢, -v), wnich is
centered on the beginning of the source. Considering first ho from equaticn 43
we have

: ) -1/2
! ct _ p! dx'
)& [(py) lJ u(t- Z—-) o

jap
o
it
S
L“_“N
[
~~
ot
]
0%

- tant
£\5 [(ct-x')2~p 2] 1/2 u(t- E—?E" ) dx (46)
s

[e]

Introducing a change of variable

Dzn = (ct—x')2 ~z? -(x—x')2

2 (47)
p dn = -2(ct-x) dx'

and defining a normalized time
- ct . S
T = —— 4
5 (48)

we then have for t>1

=__~_0._§ -1/2 :
By 27 (ct-x) n dn (49)

while hO=O for r<1. Then we nave

_ u(t-1)

-1
o 2m ]

[t-cos (¢)

Q
C 24
s §
\

'«_A
~
N

[a N

=

2 1/2
o ou(r=1) [t -1] / (50)
T T~cos (¢)

which is a rather simple closed-form result.

Next consider the normalized electric field components. Instead of
evaluating equations 41 and 42 with the assumed source dependence we can
take advantage of the fact that hy is a function of ¢ and t in the combina-
tion ct/p or t. Starting from one of Maxwell's equations

@
b1y

(51) _—_

I

v x ﬁ = €
o)

Q
rt
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we have in cylindrical coordinates (p,¢,-y)

8E oH
e —P - _1_y
0 at p dp
(52)
9, 9H
€0 =t = i
0 3¢ 90
which in terms of the normalized field components are
de
®p =_-E_ah0
ot g 3¢
(53)
oe
% .. aho
ot 9p

Now consider T and ¢ as the only independent variables sc that we use

2.cel 3 33 __ 1a
3t p ot * 3p 30 a1 T p 3T (54)

Substituting these operators into equations 53 gives

de
o 2h
LA 2 (55)
T a9
BeO gh
® o0 (56)
3t Che

We use these equations to calculate the electric field components from the
result of equation 50.

For eo we then have
P

T

- u(r=1) oy 2_qq1/2
eop_ il sin(¢) jﬁ iﬁ**;i—*— o dv (57)
[v-cos(¢) ]
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This integral is considered in apﬁeﬁ&ix Ay from eéuation Al0 we have

2 1/2 ,
o, = u(t-l) "Sin(¢)z -LLJiELJL-— arccosh(r?} +cos(¢)arccosfki5£§£gl}

¢ T T~cos (¢) T-cos (9)
(58)
For e, we have, by integrating equation 56 by parts,
IT T
e°¢ = - vho(V) + S ho(v) dv
1 1
2 1/2 : 2 1/2
= u(t-1) T[17-1] ] [Vo-1] dv (59)
b T T-cos(9) v=cos ()

1

The remaining integral is considered in appendix A; from equation Al3 we have,
combining terms,

2 ..1/2 1-Tcos (¢)
) 1 1 . cos (o
%0, = 255 { neos(9) § Emtls carceosh (1) ~sta($)arccos [T"”S(d’) J

(60)

Equations 50, 58, and 60 give the results for the three field components
produced by the assumed step function source as in equation 44, These three
field components have simpler forms at selected values of ¢, ¢.g., we have

at ¢=m7

, 1/2
- u(T-1) -1 -
ho B T [T+l} » &, =0
9

P /2

eo¢ = u(;—l)r [;;i] ~arccosh{t) (61)
at ¢ = m/2 /
o 1/2 B 1/2 ’

b, = u(;~i) [l - %2] . eop = - Ei%—il [ - %2 ] ~arccosh(T)
eo¢ = - Hi%:il arccos [%J (62)

and finally at ¢ = 0

1/2
_ u(t-1) T+1 - -
ho - T [T—l] ’ eop u(t-1)

~

. 1/2 )
e = - u(IZd) F%i} «arccosh(r)j (63)

o] T -1
¢ T

17



The three field components are plotted as functions of T for various values
of ¢ in figures 4 through 6. Note that hy and e, have large magnitudes just

after 1 = 1 for ¢ near zero and that their behaviors are singular at T =1

for ¢ = 0. This behavior near ¢ = 0 can be thought of as being due to the

fact that the source is propagating to the right at ¢, which is the same

propagation speed as the wave above the distributed source. Since the dis-

tributed source is ''phased’ in this way there is a strong constructive inter-

ference near ¢ = 0 of the waves produced by each small element of the distri-

buted source. As the wave propagates to the right it picks up more and more

energy. For another view of this wave look at the contour plots in figures 7

through 10 where we have defined

1/2
e, = [eoz + eo2 (64)
o ¢

as the normalized magnitude of the electric field. Note that for the contour

plots the radial coordinate is 1/T so that the cartesian axes are cos(¢) and
T

sin(¢) , or equivalently x/ct and y/ct, respectively. Since T = ct/p the

T

contour plots of figures 7 through 10 can be considered as displaying

the dependence of the various quantities on p and ¢ for a particular t.

On the other hand figures 4 through 6 can be considered as displaying the

dependence of these quantities on t for particular values of p and ¢.

Agsociated with the magnetic field at ¢ = 0 there is an equal surface
current density in the source in the +x direction. For our assumed step-—
function source this surface current density then has a singularity at 7 =1
as in the first of equations 63. This singularity can be avoided by having
the source rise slower and in a smooth manner while still maintaining the
propagation to the right at speed c¢. Another way to look at this problem
of the current which the source has to supply because of the fields above
the source is to consider the charge which the source must supply out to
any given time. If the source is, for example, an array of capacitors
this charge can be compared to the charge stored on the capacitors which
provides the current associated with the magnetic field below the distributed
source. Some allowance can then be made for this additional charge associated
with the fields above the source,

The charge associated with the fields above the source is given by
t

Q = SO Hy(t') dt’ (65)

This is a charge per unit width (coulombs/meter) for the distributed source.
Defining a corresponding normalized charge per unit width as

ZO
q, ¥ —
[s] EO

Olﬂ

Q (66)
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we then have

t T
c ct! N
qo=,p_jho(.p)dt = | n (v |dv
4 $=0 g ¢=0
T 1/2 ’
_u(r-1) vkl
oo (fa]
1
1/2
= Ei%:ll-{[rz—l] / + arccosh(r{} (67) 7

This normalized charge per unit width is plotted in figure 11. Note that
even though h, for ¢ = 0 is singular atT= 1, the singularity is integrable,
giving a continuous q_. Also note for a given t that Qw is proportional to

P as is seen from the normalization defined by equation 66, However T in
equation 67 also contains o so that for a given retarded time, t - p/c, the
dependence of Q, on p is somewhat more complicated.

Up till now we have considered a form for the distributed source given
by equation 44 for which Ej is a step function in retarded time starting at x'=0
and propagating to the rlght indefinitely. This can be modified with a new
definition for EJ as

By = Egu(t - £ [u(x!) = u(x'-d)] (68)

so that the source is now stopped at x' = d. Note, however, that the
additional term, -Eju(t - X "y u(x'-d), is just like the orlglnal term
except for a cnange in 81g% and a shift in the starting point (and
corresponding time) to x' = d., By a similar.change in sign and shift of
origin we can use the previous results for the field components to obtain
the fields associated with this term. Then adding the fields associated
with the two terms we have the fields associated with the source as given
in equation 68. The results of equations 50, 58, and 60 for the fields
then apply for times before the stopping of the source at x' = d can
propagate to the observer.

Using the source of equation 68 the charge per unit width associated
with the fields above the distributed source can be calculated from equation 65.
The new magnetic field, which for O<x<d and z = 0 (just above the plane), is

: 1
= [(9:_)2-1] /2 ”ct-—d )2 l]1/2
o 1 X d-x) ~ ct~d .
H, = — =4 @ XL 2 (&t Lyy el a=xt J — -1 69
L ueg b ct=d , 1 " ( d-x (69,
X d-x

where the first term uses h, for ¢ = O and the second term uses -h, for ¢ =
with a shift of origin and a corresponding time delay. For the present form
of source we define a normalized retarded time as
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1/2

X
U.(Td'f‘ZE -2)

For the present case we define a normalized charge per unit width as

ZO C zO [ ]

= = = = i = t t

4 7 ¥ d QW E d y HY(t ydt
o} o] 3

Then from equation 69, making appropriate substitutions for ct/x in
the first term and (ct-d)/(d-x) in the second term we have

ct ct-d
el £ u(et-x) - vl /d\) d=x (ct+x<2d) o vol
qd anm c Ly v-1 T pletrx= w1 dv
1 1
T
2 1/2 x?d 1
1z u(T ) {[\) -1] +arccosh(v)]
I d d
1
2 1/2 EQ_ -
X - x _ - - S
- (1_ E) ui t 23 2) [[v 1] arccosh(\))]l q
1
T
ulty) 1/2

+ = — + 1
L arccosh ( / 1

= — [Ta(Td+23§-) ]

X
u(Td+25 -2) T

i

(70)

(71)

(72)

1/2

P h |- -1
e X -|1- £} arccosh |— -
[Td(rd ?_d 2)] ( d)

1-%
d

In figure 12 q4 is plotted as a function of T, for various values of x/d,
Note that including the end of the distributad source at x = d levels off
g, somewhat at large T4. Actually qq is still increasing at large Ty but

only logarithmically.

20

(73)



V. Summarz

With the results of this note we have estimates of the fields radiated
above the distributed source and the associated currents in the distributed
source. With these currents the distributed source delivers charge and
energy which should be allowed for in the design of this type of a simulator.
One should note that the initial surface current density (associated with
the fields above the source) can be fairly large due to the fact that the
propagation speed of the source is set equal to the propagation speed of the
fields above the source. For the present calculations we have given the
source a step-function time dependence; these results illustrate the behavior
of the fields, current, and charge. For some particular design of a distribu-
ted-source simulator the time dependence of the source will differ somewhat,
e.g., by having a nonzero rise time and a final decay to zero; the present
results can still be applied using convolution-integral techniques., One
feature not included in the present calculations is amplitude variation of
the source along the z' coordinate; including such a variation of the source
would alter the results to some extent, but not greatly if the relative
amplitude variation is small,

One should note some of the limitations imposed on the results by the
initial assumptions. The ground is rather finitely conducting beyond the
ends of the distributed source (unless one purposely places conductors there).
The distributed source also has only finite width, In the time domain,
however, the presence of the finite width is not initially noticeable on the
source (away from the sides) due to the propagation time required for the
presence of the side to be noticed at the position of interest. Eventually,
however, the presence of the sides will affect the currents in the source.

We would like to thank AlC Henry J. McDermott, Jr., and Amn Richard T.
Clark for the numerical calculations and resulting graphs in this note.
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Appendix A: Evaluation of Some Integrals

In this appendix we evaluate some of the integrals which appear in
previous sections of the note.

From equations 29 and 30 we have the integral

© 2 = i ptl  _
ap el A pyre1ell T g = 2| pvae1) Ig TR an (1)
27 RB T R
e o
Substitute
2 £\ .2 prEAL
£= gr = (DTJ t1o, m=p'VET -1, dn o= SET— (42)
- L
giving
~ ~Yp '€
ki l e
A =i§— [yo '&+1] dg
i 7 g2 NN
1 g2. 1

B @

x< “(—_—'
e 1 Vet JYPE e Jléz— L _~ve'E

_yor (e d8 1 2] - 3
=L g
" j N2, T ¢ 1 1
1 ) (A3)

where the second part of the integral has been integrated by parts. The
center term is zero by letting the real part of y have a small positive part,
Combining the two remaining integrals we have

z gg—Yo'i
oo

' vo ! 1 P
R N A R IRt (84)

1 -

where we have again integrated by parts and the first term goes to zero.
The remaining integral is tabulatedl? giving

)=

Ap = =vP Ki(veh) (A5)

. . 2a
or in terms of k = -JY we have

la. AMS 55, Handbook of Mathematical Functions, National Bureau of Standards,
1864, equation 9.6.23.
2a. Reference la, equation 9.6.,4,
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Ay = - 15%1-H£2)(ko') (46)

where K; and H£2) are well-known types of Bessel functioms.

From equation 57 we have the integral (for T>1)

T 2 t/2

A, = dv (A7)
2 y [v—cos(¢)]2
Substitute
n = v-cos($) (A8)
giving
T=-cos ($)
- 1/2
Ay = n 2[n2+2c05(¢)n ~sin?($)1 / dn
1-cos ($)
T-cos (¢) T-cos(9)
2 , 2 1/2
- In +2cos(¢)2 sin“(¢)] + {n2+2cos(¢)—sin2(¢)]—lfzdn
1-cos (¢) “l-cos(¢)
T-cos (¢)
- 2 =1/2
+ cos(8) | nLin2c0s (8)=sin” ()17 Zan (49)
i-cos (9)
where we have used Dwight3a, equation 380.321. This further reduces to
2 172 5 5 t—-cos (¢)
Amy = - lI_:llv__-+ lnl2[n +2cos (PINn -sin (¢)]1/2+2n+2cos(¢ﬂ
2 T=cos{($)
1-cos (¢)
T~cos ($)
.2
cos ($) . b 2cos(¢)n -2sin”(4)
+ O] arcsin [ o)
1-cos ($)
2 1/2
-1 1/2 -
. Eicos(é) + ln [T+<T2—l) / 1+ E%%%%% - arcsin {%:%gg%é§2]+-%

]

T-cos ($) T-cos ()

2 ..1/2 -
- iz——;l———-+ arccosh(T) + cot(¢) arccos [L—EEEESEl] (A10)

for which we have used Dwight, equations 380.001 and 380.111.

3a. H. B. Dwight, Tables of Integrals and Other Mathematical Data, 4th ed.,

MacMillan, 1961.
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From equation 59 we have the integral (for 7 > 1)

T 2 1/ T-cos (¢)
= j L2l a = atnbecos o —stn® )1 an )
1 l-cos (%)

where we have used the substitution given by equation A8. Then using Dwight,
equation 380.311, we have

T-cos (¢) T~cos (¢)
Ay = [n*2cos (¢)n ~sin®($)11/2 +cos (4) [n2+2c0s (0N ~sin®() T 2an
l-cos(9) lwcos ()
TI-CC>S(<1>)
~sin” () n"Ln%42c0s (4)n —sinz(qb)]“l/?‘d‘n (A12)
1-cos (¢)

These latter two integrals were evaluated in equation Al0. Thus we have

A = [Tz—l]l/2 + cos(¢)arccosh(t) - sin(¢) arccos [£3159§£32—J (A13)

T-cos(¢)
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