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TRANSIENT PULSE TRANSMISSION USING
IMPEDANCE LOADED CYLINDRICAL ANTENNAS

ABSTRACT

Two aspects of the problem of pulse transmission using impedance
loaded cylindrical antennas have been considered. First, an approxi-
mate solution is obtained for the current distribution on a thin cylin-
drical antenna driven at an arbitrary point along its length. This
solution may be applied to an antenna of any length, and its simplicity
makes the current distribution rapidly computable. This solution
is ideal for the prediction of the transient electromagnetic field
radiated when an arbitrary voltage transient is impressed across the
input terminals of a long, thin, cylindrical antenna loaded with lumped
impedances. Second, an antenna synthesis procedure was evolved.
This synthesis procedure yields a selection of resistor pairs to be
used to symmetrically load a cylindrical antenna so that the radiated
electromagnetic field pulse approximates some prescribed waveshape.
The length of the antenna required to obtain a useful approximation is
also considered. Since a voltage step was the assumed input to the
antenna, the waveshape that can be approximated is limited to fast
rising, generally decaying functions of time.
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LIST OF SYMBOLS

X the monochromatic vector potential at point
: B, E(B)
A, the normalizad voltage zacross R . Bquations (3.20)
i
and (3.31)
A an amplitude constant related to A; Equation (3.31)
14
A the z-component of the monochromatlc potential
Z
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trically applied to the antenna at z = £ 4,

(3.44), (wmeters)-1

the z-component of the electric field at
the point of observation, Fig. 1.1, due to
a l-volt moriochromatic voltage source
applied to the center of a cylindrical
antenna symmetrically loaded with lumped
resistors, (3.48)

the time history of the electric field at
the point of- observation, Fig. 1.1, when
a unit impulsive voltage is applied to the
center terminals of a cylirdrical antenna
symmetrically loaded with lumped resistors.

the antenna half-length, meters

the axial componznt of the monochromatic

current at point z on a center driven
antenna

the axial component of the morochromatic
current at point z on a cylindrical antenna
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the axial component of the monochromatic

current at point z on a cylirdrical antenna,
symmetrically driven by sources at z = 1+ d
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the axial component of the total current
observed cn a multiply-driven or multlply-
load=d artenna

the tim= history of the current observed
at pcirt z on an unloadad center driven
antenra

the time history of the current at point 2z
due to a trarnsient voltags source at z = 4

the time history of the current observed
at point z on a multiply-driven or nultiply-
loaded antenna

the volume current density at p01 \t p, amperes/
meter

integral functions, Equations (A2.3) and

(a2.4)

-

the approximate kernel of the vector potential
integral, Equation (2.7)

integral functions, Equations (A2.18) and

- (A2.19)

the free space of propagation cbnstant,

k, = w/c = 21/A

an integral function, Equation (22.32)

" dummy coordirate variables z,m{hg [h,-h,d]

integral Equations (2.50) and (2.52)

the value of the resistor located at di
dummy variablis of irntegration, App=ndix 2
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the monochromatic source voltage impressed
at 2 = d on a cylindrical antenna

the monochromatic voltage measured across Ri'
source voltage (or the spectral density of

a transient source voltage) applied to the
center of a cylindrical antenna, Vb(w)

dunmy variable, Equation (A2.41)

the axial component of a monochromatic cur-
rent at point z on a cylindrical antenna
due to a l-volt source at z = d, Eguation
(1.2), mhos :

the solution to the integral equation,(2.21)

the time history of the axial current at

point z on a symmetric, multiply-loaded
antenna with a unit' impulsive voltage source
applied to the center of the antenna, Equation
(3.39) '

the time history of the axial current at

point z on the antenna, symmetrically driven

by unit impulsive voltages applied at z = 1 d,
Equation (3.39)

the input impedance of an infinite antenna

the characteristic impedance of an antenna,
Equation (3.18)

the input impedance of a cylindrical antenna

the general impedance located at z = + d on
a symmetrically loaded cylindrical antenna

.Dirac delta function

the permittivity of free space 8.85 x 10712
farads/meter :

T



AFWL EMP 1-5

70-9

the free space wavelength of a monochromatic
wave

the pérmeability of free space, 47 x 10-7“
henrys/meter

scaler potential, Equation (2.9) and (2.10)
the expansion parameter, Eduation (3.7)
the near-constant value of y (z)

the radian frequency of an applied monochro-
matic voltage sgurce or the Fourier transform
variable
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CHAPTER 1

INTRGDUCTION

Intens=2 elecfromagnetic pulses are creatgd by nuclea¥
explosions and lightning flashes. Accurates knowladge of
the field waveshape generated can often yizld irnsight into
the physical processes which create the fi=2ld pulse. .For
this reason, research has beaen devoted to the aralysis of
transient-field generation, propagation, and raception,l"a

' Since transient field pulses can be very intense
(105v/m at 1 km from a lightning flash),5 reséarch has also
been performed to dstermire the effects of intenses field
pulses on power distribution and communications equipment

as well as on missile systemsu6 Assocliated with the study

of the effects of intense electromagnetic pulses on electronic

equipmant is the problem cof the generation of an intense’
electromagnetic field pulse for testing purposes. .Since the
vulnerability of an electronic system may depend upon the
frequéncy content of the pulse as well as on the maximum

7 the waveshape of the field pulse to which the

intensity,
system may be exposed should be simulated. Very-high-
voltage equipment is normally employed in the design of the
field~pulse genzsrating equipment; therefore, the system
desigrer. cannot easily shape th2 current into the antenna
terminals by filtering anrd switching in the transmitting

equipment. For this reason, attention is devotad to the

problem of anternna synthssis, i.e., designing an antenna

.
f.,
=

e
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system which will take the conventional output of high-
voltage equipment and produce the desired fi=ld waveshap=

incident upon the test object. This réport considars' the

characteristics of one type of antenna that might be used

in this application.

The antenna considered is the multiply-loadsd dipole
antenna shown in Figure 1l.1. The origin of the assumed
cylindrical cocrdirate system is at the center of the
antenna. Two important aspects of the prcblem are con-
sidered here. In Chapter 2, an antenna theory is daveloped
which will allow the calculation of the electric field
pulse radiated When a fast~rising voltage step is applied

v
to the input terminals of a lorng impedancs lcaded dipole
antenna. In Chapter 3, using a simplified ant=nna theory,
a synthesis procesdure is evolved that will yield a selection
of lumped resistor pairs to be used to symmetrically load
the antenna. The values of the resistcrs ars chosen sc
that when a voltags step is applied to ths antznna tﬁe
radiated el=sctric field pulse apprcximates som2 prascribed,
fast-rising, generally decaying furctior of tims.

Whan the antenna is excited by a morochromatic volt-

+ 3
age source (viz, v.e Jmt), the electric field at the point
of observation has only a z-compcnent°8
, L ey TI%T n {
E, (r,0) = - joA (r,0) = - 57— © S_h 1{z) @z.(1.1)




POINT OF OBSERVATION
CYLINDRICAL COORDINATES (r,¢,0)

P WHERE r>h

e

Figure 1.1..

Multiply Loaded-Antenna

zmh

g .
v,
I
§

ELEL

S-1 dW3
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where:
Az(r,o) = the z-component of the magnetic vector potential
' &valuatad at the point of observation

IT(z) = thz2 total axial current flowing at point z on the
anterna

2h = the total length of the dipols antenna

kb = the frese space propagation constant,,ko = w/c

o = the radian frequency of the applied excitation,

' w = 2[f

c = thglyelocity of light in free space, 3 x lO8
neters/second

Ho = the permsability of free space, 41 x l(_)"7 heriry/meter

€, = the permittivity of free spacz, 8.85 x 10712 :
farads/meter '

The realaticn of the total current to the resistive loading
arnd to ths appiied source voltage is determined by apply-
irng the Compensation Theorem of network theory.9
By the'Compeﬁsation Theorem, any ioad impedancse, 2,
can. be replacsd by an equivalernt voltage source, Vi = - ILZL'
without disturbing the network. Therefore, the symmzstric
resistance loadsd dipclz of Figure l.2a is equivalent to
the mulciply-driven structure shown in Figure 1.2b, where
each equival=ant voltage source has zero interral impsdance.

The total current or. the antenna showr in Figure 1l.2b

can be obtairned by sups2rpesition.
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" b) Multiply-Driven Dipole Antenna

Figure 1.2. Equivalent Multiply-Loaded and Multiply-Driven Dipole Antennas
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:‘ o N-1 .
1 I (z) = v ¥(z.0) + LY (Y(z,di) + Y(z,—di)) (1.2)

vhere IT(u) is the total axial current on Ehe antenna
mzasured at point z,
| Y(z,di) is the current msasurced at the same point
z when a unit voltage spurce is applied at ppint di'
The lcad voltagé Vi iz to bs cdetermined by the Compznsation

Theorem;'
| vy = -IT(di)Zi. (1.3)

Combination of (1.2) and (1.3) yields a set of (N-1) simul-

taneous eqguations for determining the (N-1) unknown lo~d

voltages,
N-1 :
jzﬁ Yy 843 T -V, ¥(q; /o) 1= 1y, (N-1).
Here
= ’ + ' mQ, j
ay g Y(di dj) Y(di, dJ), i3
a;; = Y(di.di) +.Y(di,-di) t 1z, . (1.4)

Substituting the solutions obtained from (1.4) back into
(1.3) yields the complete distribution of current on the

. antenna needed to compute the electric field by (1l.1).
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JwJ

E,(r,0) = - ﬂ?f_ e— {V S Y(z,0)dz
+ N;zl v, S [Y(z a, )+¥(z,-q, ):[dzf (1.5)

But by symmetry
Y(z,-4;) = ¥(-2.,4;), | (1.6)

and

h h
.S_hy(-z,di)dz = S ¥(x,d, )ax, (1.7)

so that the total electric field at the point of observation

is written

N-1 :
E (r,0) =V G(o) +2 v, G(d ) . (1.8)
2 i=1 :
Here
-jkor
jou e h
¢(a) = - — 7 ShY(z,d)dz . (1.9)

To compute the transient response, v6 is interpreted as

the spactral density of the applied voltage transient defined

by

e -
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V@) = § vo(e)e e, (1.10)

with the inverse transform

volt) = 3= S” v_(0)et %%, (1.11)

-

The time history of the electric field transient is then

obtained by taking the inverse Fourier transform, of (1.8).




AFWL EMP 1-5 70-19

.CHAPTER 2

ANTENNA THEORY

In Chapter 1 it was determineé that the transient
electric field radiated by én impedance loadéd antenna could
be determined if the.cgrrent distribution on the antenna
driven at an arbitrary point along its length and the
radiated field produced bf this current distribution were
known.

Theories have been developed that provide this infor-
mation if the electrical length of the antenna is not too
long. However, to conéider fast-rising pulses in impedance
loaded antennas; an approximate theory that has no funda-
mental frequency limitation is required. In this chapter,
an approximate theory is developed that satisfies this re-
gquirement. The current distributions preéicted by the theory
agree réasonably well with the ﬁeasured current distributions
on both urnloaded and impedance loaded electrically long

antennas as reported by Altsch'.zler.lO

2.1 Fcrmulation of the Antenna Problem
In recent work cn antenna theory, it has been found con-~
venient to determine the field maintained by a given dis-

tribution of.electric currents from Maxwell's equations with

‘the intermediary of the magnetic vector potential.

-jko|§,- ﬁ’l

-y

AE) =73 § 3G =
v P-P

av. (2.1)
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3(;’) is the electric current density at the point p' lo-
cated in V, and p is th= point of observation located either
inside or outside the volumelva To evéluaﬁe préperiy} X(;),
the indicated integration must be taken over all currents
flowing ir the antenna, its feesding transmission line, and
the exciting transmitter. One normally is interestad in only
that pcrtion of the field which is due to currents distri-
buted on the intend2d radiating element; therefore, most
theories have bean developed using an idealized model similar
to that shown in ?igure 2.1. The antenna is assumed to be
constructed of an extremely thin-walled tube of infinite con-

ductivity without endcaps. The, length -0of the antenna is
11

2h and the radius is "a". The anternna is driven by a mono-
. . +jwt .
chromatic voltage gererator, Vae , applied across a narrow

circumferential gap located a distance, d, from the center of

the anterra. The voltage across the gap is defined by .

v, =~ \: E_dz, (2.2)
4 'Sgap ]

where Es is the z~comporernt of the electric field evaluated
at ths surface of the antsnra. ES is zero everywhere on the
antenna surface except in the small gap, since the walls of
the tube havs 5eeﬁ assumed to bs perfectly corducting. If .
the gap width is decreased while the voltége V., is h=l1ld con-

a
stant, E_ approaches ths form
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B, = ~V4 §(z-a), for |z| s h, - (2.3)

where § denotes the Dirac délta function.

The electric field may also be obtained from the mag-
netic vector potential, (2.1). Because the model is symmetric
about the z-~axis, there is only a z-component of the mag-
netic vector potential;

A, (x,2) =%‘rq1 S_hI(z',d) K(z,2') dz' , (2.4)

where I(z,d) is the axial distribution of current on the

)

antenna due to voltage V., applied at z = d. The kernel, K(z,z'),

d

is defined by
2 ~Ik R !
. 1 T a 1
K(z,2"') = == S £ ___ ag, 2.5) {
21 o R ( Q

where
i
R = qéQ + a®-2r a cosg' + (z;z')?- (2.6)

L[] [ .t

For thin antennas, for which a << h ana koa <¢ 1, a suf-

ficiertly accurate approximation of the kernel is

-

e-jkoR . . :
K(z,z') = T ¢ : ‘ (2.7)
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where

R = J@Z + (z-—z’)2 (2.8)

This approximation yields accurate results even when the field
near the surface of the antenna is to be evaluated. The

electric field at all points in space is giveﬁ by12

E = -vf ~ joR, | (2.9)

.where @ is the scaler potential, related to the diver-

gence of A by the Lorentz condition,

vV°A + —039. g = 0. (2.10)

~

‘Equations (2.9) and (2.10) may-be combined to give the non-
zaro components of the electrcmagnetic field in cylindrical

coordinates:12

: 2

2

E (r,z) = - -]J:"Z% %7 +x5) A_(xr,z), (2.11)

. Z
o .

2
.3 Az(r,Z,).

e

= . 48
.Er(r,z) "2 arez ’ (2.12) .
O
3A_(r,z) :
Bg(TIZ) = - '—%—_ o (2.13)

i
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Knowladge of the distributiocn of current on the antenna yields
the entire descripticn of the electromagnetic field.
If (2.11) is evaluated at the suxface of the antenna
where (2.3) must be satisfied, then,
2 K

2 .
(§;§ + ko)AZ(a,z) = _3159 \

a ‘5(2—6.), (2‘114)

where |z}“s h. Appropriate sclutions to the homogzneous

+jk z -Jkoz
equation are e arnd e . These may be combined to
yield a solution to (2.14) in the form .
L1 vy -jk|z-4|
= + .r _—— 2 ° °
Az(a,z, = [Ccos kz +Dsinkz +== 8 1-(2.15)

A

An int=sgral equation for I(z,d) can be obtained by sub-
stituting for the laft side of the equation the defining

integral, {(2.4).

IJO h {1 1 [
pres S-hI\z ,d)K(z,z' )dz' =

v. -k |z-4|
. o
[Ccos kz +Dsinkz+—5e 1. (2.16)

nha

where the kernel ¥K{z,z') is given by (2.5), or approximately
by (2.7) svaluated at r=a. Henceforth it will be assumed
that the radius of the antenra is small so that the use of

th2 approximate kerrel is appropriats.

NPT W F
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{2.16) is Hallér's integral equation for the

\

Equation
arbitrarily driver cylindrical antenna. Other forms of
Hallén’s intzgrzal eduatian are the starting point for most
thzorezical trzatmsnts of the antenrna problem. C and D,
the unkncwn constants appsaring in the right side of (2.16),
may bz elimirated by applying the boundary condition that the

current at each =nd of the anterna must vanish.

2.2 Previces Solutions of the Antenna Problem
‘Studiez of the current distributior cn the antenna
have primarily bser limited tc the important special case
of th=z cexnter driven antanna for thch d =0and D=0 in
(2.16). Many analytical procodurns have bsen applied to this

13 y,15

problzame iteration (HalLen. (Klpg ard Middleto

: . . . 1 , .
Foyurier Sarias (Duncan and Hirchey), 6 Numerical Integration

i7

(Mei;, ' and an application of the Wiener-Hopf Techniquse

(e 18

These theoriss all yield the approximate current

distributicr: on ths arterna. However, the complexity of the
scipticnes has iimited their Ttility to the determination of
tha irp.t impedanca of the isolated anterna. In 1959, King

shcws=d thz+t the current distribution on a center driven

ahtenra could b2 reprasanted approximately by the linear

19

1{z} = & sin % _(h-|2|} + B [cos k z - cos k h], (2.17)

pr2vidz¢ the half ieongth Ff the antenra dld not sxcz2d 5A/8.
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The éimplicity of this function has led to its use in
the solution of many complicated problems ranging frog the
Yagi-Uda array théoryzo to the leakagz of RF eneréy info the
electronics of a miegile in flight.

¥ing used ;ifect substitviion in Hallén’s integral

19

equation to obtain the coefficients A and B. Storer
showed that the calculus of variations could be employed to
optimize the choicz of these coefficients.22 His'results,
howéver,\do not differ significantly .from King's. Tri also
applied the calculus 6f variations to the antenna problem,

23

using one different trial function;

I(z)=A sin ko(h~|z|) + B k, (b-]z]) cos k_(h-]|z]). (2.18)

This form has the advantage that there are no frequencies at
which the inbut current is zero, a dafect suffered by King's
assumed current. Tai's results may be applied to longer
antennas, h > 5X/8; however, the resulting cgrrént distri-
bution is generally not similar to the measured data. In
the fregquency range wvhere comparison is appropriate, h < 5A/8,
Tai's results support the results of both Storer and King.lj
King added a third function to his assumed sclution in
1966 which further increasés the accuracy of the approxi-
mation at the expense of additional compl'exi_ty.zll In 1967,

King and Wu extended the theory:.to .the antenna driven at an

arbitrary peint aiong its length,25 thus allowing the study

‘IMWMW | -
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)l A

of multiply-driven or impedance loaded antznnas which satisfy
the requirement that h < 5)\/8.
For lorger anctennas, the results have not been as far

18

reaching; Wu's thedory ~ could be ised to find an accuraée
current distributicn for the arbitrarily-dciven dipole. ?f
However, thess results would not ks in a simple fcrm, as . i
are those which Lave been found to be so useful in werking ;
with shcrter antennas.
King and faunders were able to find a trigonoﬁetric I
expahsion for the current distributicn cn the center drive i
1
resorant antenna.26 They concluded that no simple trigono- £
metric form could ke obtained for currents on long anti- 0
resonant antennas.
In the treatmsnt to follow, a simple expansion of the "

b

currznt distrilueticr on an arbitrarily driven cylindrical

w

antenna is dgveloped. Unlike the previous approximate dis- .:
tributicns develcoped fecr short center driver antsnnas,

tricoenomztric current components are not empleysd in this e
development; inst=zad, attenuated traveling wavas 0f current

ars assumed to emanate from the driving point and frcm the

zrnds cf the arnt=znna. Conversion of this ferm of solution to
that cf atternuatz=d trigcrometric components is poseibie.
However, a significant reduction in mathematical complexity

is cbtained b& retaining tﬂe traveliné wave form of sclutiocn.
Cnly linearly attenuated waves are considared in the numerical
aralysis givan, but the addition of higher oréder terms reo-

guired for greater accuracy is straightforward.

o e
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2.7 Traveling Wava Antenna Theory
The development begins with (2.19), which is the

equivalent of Hallén's integral, (2.16).

Vy -3k |z~h| ' -3k, |z+n] ‘jkélz‘dl
5e (¢ = *Dl e toe 1- (2.19)
) . +jk_h
= (E:JD) tikgh and D' = -E%lg)e °
d d

In this form it is evident that the total current can be con-

zidered to bz the sum of three components.

L

i{z,a) = v, [C‘Yp(z,h) + D'Yp(z,~h) + Yp(z,d)], (2.20)

whoere the comporents of the form Yb(zoﬂ) are solutions of

the integral eguation.

-jk lz—zl
“ﬁ S Y {z',3)K(z,z')dz"" -E% e ° ' (2.21)

winere |z s h and |z| < h.
The current. distribution on an infinite antenna driven
at an arbitrary:point along its length by a unit voltage.

source is th& soluticn of (2.21) with h=«. It has been pre-

viously determined that an approximate solution for this case

1327

Cinittem le i1
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‘ol

v (s0) =2 %2 , (2.22)

%o EP[“éjlﬁ éJ]
T koa

where k_a<< 1, a << |z-2], and fnT = 0.577215, Euler's con-
stant. .Ths valus of tha integral in (2 21) at a point, .z, is
dete;mined primarily by the current within a small ‘distance
of thét point.' This is due to a very'sharp peak in the ker-
nel at the point z'=z. Accordingly, (2.22) is also an ap-
prexinate solution of (2ﬂ21) except near the ends of‘thef
antenna.

.Since the'invérsenloéaxithmic attenuation of the
traveling wave in (2.22) is gradual, the.solution’of (2.21)
may also be app;oximated over the finite length of the
antenna by a more tractable linearly attenuated traveling
wave.

, -3k |z-1]
Yp(z.),) =[A +Bk |z-4|] e . ol l. (2.23)

where A and B are suitably selected complex coefficients.
When (2.23) is substituted into (2.20), the total current

cn the antenna is expressed in the form.

g H’N

I".

oA
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—jko|z-h|
1(z,d) = d,\A +Bk|zh|)e
. . —jko|z+h|
+ (A__h+ B_pk,|zth|) e
-jk_|z-d]|
o
+ (ag + Bk |z-]) e ] . (2.24)

Here, C'and D' have been incorporated inﬁo-the unknown A's and
B's. The total current on the antenna is expressed as the

{ sum of attenuated traveling waves emanating from the driving
source and from each end of the structure.

" Two of the constants could be eliminated by enforcing
the boundary condition that thé current is zero on thé ends
of the antenna; however, a more general cdass of functions
is allowed if this smooth approgimation is not required to

vanish at the ends of the antenna. The appropriate boundary

condition is that current exists only on the antenna, where

a discontinuity is allowed at the end of the structure.
Clearly, an increase in the accuracy of the distribution
could be obtained by increasing the number of terms in the
indicated series expansion of the attenuation function. For
the problem at hand, the analysis of transients in impedance
loaded structures, ﬁany frequencies and several drive points
must be considered. For this type of problem, simplicity is

often more important than extreme accuracy.
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The reaction concept was employed to determine appro-

. . ) ’ {
priate values for the six constants required. This technique i

28

is equivalent to Galerkin's method or to the variational

22

approach employed by Storer to optimize the choice of co-

{

!

i

i
efficients for the current components previously selected !
by King. o . ' |
i

The reaction concept was invented by V. H. Rumsey in g
1954,29 and while it is equivalent to the other technigques,

]
|

it is conceptually easier to apply. The reaction between a 13
field, a, and a source, b, is defined as 3
i

2a 7b

{(a,b) = S. ET. J° av. (2.25) ,

The reciprocity theorem in Rumsey's notation is

(@,b) = (b,a) .- - | (2.26)

One may also define the self-reaction as the reaction of a

field on its own source.

(a,a) = S OlLEa- 7% av. (2.27)
v

—
-
i—
4

For the arbitrarily driven antenna, the current exists 6niy

on the surface of the antenna, so the integration reduces to
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h
(a,a) = S—hEs(z) 1(z,d)az, (2.28)

where Es(z) is the z-component of the electric -field at the
surface of the antenna. Since the antenna model is that of
a peifectly conducting tube, the electric field is nonzero

only in the gap where the antenna is driven,.as can be seen

from (2.3). Therefore, the value of the reaction is given by
(a,a) = -vgI(d,d). (2.29)

Vg = I(d,d)zd,where Z

and may be written

a is the input. impedance of the antenna,

Zgq = Ei;fii%l' : (2.30)

The reaction betwesen any two approximate sources is stationary

if it is subjected to the constraint:30

(a/b) = (e /D) = (aicy), (2.31)

where cy and cy represenf the "correct" sources and fields.

The application of this constraint yields a stationary ap-

proximation to the reaction and is hence equivalent to the

variational approach used by Storer.22
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The mcthod of determining the appropriate current dis-
tribution coefficients ig straichtforward. -Suppose that the
total current is to be represeated by two trial components:

a

I° = V4 [AU+BV]., Set the reacticn batwaen tha approxi-

mate field and each trlal cuxrent equal to the reaction be-

30

tween the trus fizld and each trial current.

(a,ﬁ) = (c,U) (2.32}

(a,V) = {c,V) . (2.33)

The reaction be!ween the corroect field and each trlal cur-~

rent is known, since E, = -V4 6(z~d). Therefore,
.A (U,U) + B(V,U) = -u(d), | (2.34)
A (U,V) + B(V,%) = -v(d). (2.35)

By reciprocity, (U,V) = (V,U), and there are three reactions

in the coefficient matrix to be determined. The extension to

six variables is straightforward.

Let
-k |z~ 4] (2.36)
e

and

. ..jk zZ=3
Vi = kolz-sle ol==sl (2.37)

The following matrix equation results

o

-~

g e



r‘

=

(U Bnd VoprUond Pqrlop) Fgrlop? (peVop? Fprlop)
(U_ V)

(U_pYa "

(??y' a -

(U_p V)

(UipsUn? (U« Up)

-
-3k, (n+d)

~Jko(h+d)

ko(h+d)e

-3k (n-d)

ko(h-d)e

-jk_(h~d
Ik, (na)

(2.38)

v€-0L
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All the elemsnts of the reaction matrix are of the form
<U5’Um)' (szvm), (Vz'Um)' or <Vg'vﬁ)° By reciprocity,

(Uz,Vm) = (Vm,UL), so that only three ganeral formulas

are iequiréd to define.all 36 matrix elements. Therefore, .

the analytical part of this solution, using a 6-com-
ponent tria; currént, is obtained as easily as when using
a general 2-component solut.ibn° |

It is this significarnt reduction in computational
effort which makes the traveling wave form cf an asguméd
soluticn superior to tﬁe trigonometric forms extensively
used in anterna theory.

In Appendix 1, the electric field at the surface of
the antenna dué to each of the current component forms is
derived. These fieids are then used to determine the
three required reaction formulas in Appendix 2.

It was found that each of these reacticns could be
reduced to exﬁressions involving the tabulated sine and
cosine integrals, so that no numerical integratioﬁ was
necessary.

In the remaining sections of this chaptef, the
accuracy of this theory is evaluated by comparison with

existing experimental data and theoretical evidence.

ite

.2.4 Current Distributions

Very accurate measuremsnt technigues have been devisged

for determining both the real and the imaginary components

of the currernt distribution or a center driven dipole
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antenna,ll In Figure 2.2, both the measursd current dis-
tribution and the current distribution pradicted by the
traveling wave thecry are given for center driven anpenngs.
of four differant lengthsp The agreemsnt bstwsen tha
measuraed arnd the predicted distributicrns is quite good
except for the long antiresonant antenna. Although this
discrepancy is unimportant for transient analysis because
the tctal antenna current is quite small at antiresonant
frequencies, it is apparent that a lirear attenuateé cur-
rent model will not adequately describe the rapid varia-
tions which occur rnear the end of the antirssonrnant antenna.
No measurement sxists of the current distribution on
an artsrrna not drivsr at its cgpter; however, Altschulerlo
has repcrtad the current distribution on a center driven
dipcls symmetrically lecaded with a pair of resistors lo-
cated crne quarter of a wavelength from the ends c¢f ths
gtructure. The total current flowing on this structure

can be obtaired from (1.2) and (1.3).
IT(z} A Y{z,0) + vy [¥(z.,d) + ¥(z,-4)], (2.39)
where

- vy = -IT(d) Rgq- (2.40)
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Figure 2.2. Comparison of Current Distributions on Standing Wave Antennas
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Since Y(z,-d) = ¥{-z,d4), (1.6), only the symmetrical com-

ponent of the current distribution on an arbitrarily driven

|

antsnna can bz evaluated by comparing the calculated re-=.
sults to Altschuler’'s mzasured data.lo’32

In Figure.2.3, both the predicted and the measured
current distributions ars plotted for seven different
antenna lengths. The value of the resistor was 240 ohms .
Experimentally, Altschuler fcund that this value yielded
a traveling wave distfibution cf current between the driving
terminals and the resistoxr. .Since much of the rapid
variation of the current distribution is removed when these
resistors are placad in thes antenna, the predicted current
distributions are acceptable fqQr both resonant and anti-

rescnant l2ngths.

2.5 Radiated Fields
The rnormalized radiatsd electromagnetic field at the
peint ;f ob;ervation, whan the antenna -is driven at an
— arbitrary point along its length, (1.9) is required to
-.. complete the analysis of the pulses radiated by a symmet-
rically loaded structurs. The desired compdhsent is
. -jkor |
jou e ~h
¢(d) = - —E— S_h.y(g,a)dz, (2.41)

-

where Y/z,d) is obraired from (2.24). Substitution yields
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Antenna Current IT(z)/Vo, (ma/volt)

Figure 2.3, Comparison of Current Distributions of Traveling Wave Antennas
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-h -h
+
TA LR Bn P
d d
+
Ad P>+ Bd P2,
where
~jkor .
Y =73wuoe Sh -Jko|z~;z|dz
1 Anr -h
-7 -jk r -jk_h
L . _"o o _ o
Py TiE e (1L - e cos koz],
and '
-jkor
~jop e h -ik_|z-2|
4 = o - o
P2 Tt S kolz sle dz,
-h
: jz_ -jk _r -ik_(k-g)
d o o o . _ o
P T © [(1 + jk_(h-2)) e
_ ~jk_(hty)
(1 + jk (hig)) e © - 27 .

Here, Zo ="120[f chms.

L}

(2.42)

(2.43)

(2.44)

(2.45)

(2.16)

Another .irnteresting check on the traveling wave thsory

is to compare thz radiated electric field transients pre-

dicted by this theory with those both predicted and msasured by

] Ry iy
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"Schmitt, Harriscr, and Williams.3 Schmitt, et al used
Kirg-Middleton anterna theory15 for frequercies where
h < 5)/8 and the theory developzad by Wu18 for frequencies
whzre h » 5M\/8 to predict the radiatzd electric field-
trarsient. ' |

The configuration considered is shown in Figure 2.1a,
a cylindrical mcnopole fed by a coaxial lins with a charactsr-
istic impedancs cf 50 ohms. The input voltags pulse is the
type of square pulse that can be generated in the labcratory.

This pulse is wsll apprcximated by the analytical sxpression:

vy(€) = vy [E(t)u(t)-2(t-T)u(e-1}],  (2.47)
wh=re
-t/t, .
£(t) = [1 - (#t/e)e 17, S (2.18)
0, x<0 e
u(x) = (2.49)
1, x =20

tl is a paramater related to the rise time of th2 pulse
(riss tim2 = 5tl), and T is the pulse duration in seconds.

The Fourler transform cf this voltage wave is

v (w) = Volts/Hz. (2.50)

B I EE

)

[ W

e e mt e e e e g
PE U e
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Figure 2.4. Experimental Configuration
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The time history of this veltage pulse is shown in Figure
2.4c. All times have beear normalized by the factor h/c, the
‘one-way travel time from the input of the antenra to ths

énd of the structure. Ths time history of~the iadiafed
el=actric ficsld puiss is obtained by taking th2 irnvarse Fourier
trarsferm of the frequency descripticn of ths pulse. Using

traveling wave thecry, the frequency description cf the pulse

~

-~

is

Vgsw) Zd(w)
zdgn)+-22g

Ez(r,o) = 2 G(o,w). | (2.51)

Here, Zd(w) is the input impedarce of ths equivalent\dipole:

Zd(w) = 1/¥(0,0). (2.52)

Tha facters of 2 are required to apply ths dipcle artenna
data te ths monopels configuration used in the =xperimant.
In FPigur=z Z.5, the calculatad radiation zone field along the
ground piane is presented for one value of ct;/h, 0.05, and
four valu=es of relative-pulse width cT/h. Thass data were
obtaired by numarically calculating th= inverse Fouriar trans-
form of (2.51).

In.Figurss 2.6 and 2.7, the calculat=d and measured
data obtain=d by Schmitt, Harrison, and Williams3 for th=s

sam2 antenna and exciting sources are presented. The

T e el
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Figure 2.5. Radiated Pulses Predicted by
Traveling Wave Theory




AFWL EMP 1-5

Normalized Radlation Field

rez(r,O).
Vv

70-45

A1l Curves: ctI/h = 0,05

0.2
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Figure 2.7.
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Transient Electric Fields Medsuxed by
Schmitt, Harrison, and Williams

. h=0.84meters, h/a=99%4, r=1.52 meters.

For all sweeps, ct,/h=0.05 and the
time scale is 1l.25 nsec/div.- V_(t) is
shown in the upper traces..
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experimental configuration did not wsll satisfy the far field
radiation requirzment; thus, precise agreement bstween the 0
measured data and the calculated data cannot bs expactad. In Rf

>

their publication, Schmitt, Harrison, and Williams” showsd

that the discrepanciss between the mz=asured data a2nd the cal-

culated data could bz attributed to the difference in con-

figuration at least until ct/h=2. -
The comparison ¢f the transients predictad by the

traveling wave theory (Figure 2.5) with Figures 2.6'and 2.7

reveals good general agfeement among ali three sets of curves.

The two theoretical predictions agrez mcre closely with each

other than with the measured data, although the traveling

wave theory predicts somewhat higher levels and a larger 0

e

pulse at the time that the current pulse, reflected by the

)

end of the arnterna, returns to the driving sourca.
Based upon this comparison and the previcus comparisons

of current distribution, it is .expected that the travealing !

wave theory with linear attenuation is sufficierntly accurate .

to describe the elecctromagnetic pulse radiated when a transient

voltags is impressed across the input terminals of an impedance

loaded dipole anternna.

' I'., T
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CHAPTER 3

TRANSTENT ELECTRIC FIELD SYNTHESIS

The traveling wave antenna th2ory devslopzd in Chapter
2 can be employed to predict accurately the time histcry of
the electromagn=tic pulse radiated when a fast-rising tran-
sient voltage is applied to a long 1mpedarc= loaded d1pole°
However, due to the complexity of the equations lnvolved
the theory is not well suited for application to thes synthesis
problem-~the problem of determining the set of resistors with
which to load.the-antenna to obtain a prescribsd electro-
magnetic field pulse.

In this chapter, a simplified theory is employ=d to
determine the current distribution onh the symm2trically driven
cylindrical antenna. The synthesis problem is then solved,
using this simplified currernt distribution model.

In Section 3.4, examples of the pulses radiated when
a trarsient voltage is applied to the input terminals of an
antenna loaded with resistors are considered. The pulsas
predicted, using the simplified wodel, are ccmpar=d to
those predicted by the application of the mocre accurate
traveling wave theory. This comparison indicates that the
error expscted whar employing the synthesis procedurzs is

not very severe.
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3.1 The Symmetrically Driven Cylindrical Antenna
~~Simplified Theory--

The idealized antenra mod=2l to be considered is shown in
Figure 3.1. It is a thin tubular nodel of infinite con-
ductivity without endcaps. It has a total length of 2h ard

11 1n

a radius of "a". It is assumed to be symmetrically driven

across two narrow circumferential gaps located a distance, 4,

i
;=

from the cernter of the antenna. .

While the model selected is not as general as that

e ’ W

used in the development of the traveling wave theory, it is ;

of sufficient generality to be employed in the solution of “e

the prcblem at hand. L

The electric field on the surface of the idealized

-

antenrna is given by *.__
| =

B, = -Vy [6(2-a) + 8(2+d)],  |z| s k. (3.1) —

N

Accordingly, Hallén's integral equatién for the symmetrically f
drivan arntenna is P
-

h
vl
A:(a,z) -{l-% S—hls(z!) K (z,z') dz'

-jk_'z-a -jk_|z+d
OI ‘ + e OI l .

’

v
[5= (e

|
nl—

+ C cos k_z]. (3.2)
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where the kerrel K(z,z') is approximately
e—JkOR
K(z,z") = — (3.3)
and
R = ng + (z—z')2 . (3.4)

Some insight into the expected current distribution can be

gained by noting that the real part of the kernel,

) cos koR

KR(z,z') = —— (3-5)

is a decaying oscillatory function with a very large peak

at the point of z = z'. The imaginary part of the kernel,

- sin k R
. (o)

KI(z,z') = R ' (3.6)

is also a decaying oscillatory function, but it does not
have a very large peak at z = z'. Due to this peaking pro-
perty of the kernsl, the "expansion parameter" defined by

HnAz(a,z) _

h
1 . t A ]
Y(z)-a “oI(z) < Iz) S-hI(z X(z,z'jaz', (3.7)
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: is almost a constant real value, ), independent of z; except
near the ends of the anterra. The properties of the expansion

23

parameter have besn extensively studied by King. H2 has

\ shown that the valus of o is-nearly indspendent-of fhe choica '
of current distributions uszed in (3.7). Physically, tha im-
plication is that the magnetic vector potential evaluated at

A a given point on the surface of the antenna is primarily de-

termined by the current very close to that point°3a If the
approximation,

s _ Mo s 8

2, (asz) =35 ¢ T (2), (3.8)

is employed, (3.2) defines the current distribution on the

1

ant=rra.
v -_fk z-d
15(z) =-$£EL [C cos k_z +‘~% (e ol |
o
-jk_|z+d]|
+e ° )3- (3.9)

The corstart C can be determined by employirng the boundary
condit:xon that the currernt at the end of the antenra must
varish, I(h) = 0. The resulting value is
-Jkoh

C = -V, [cos k_d/cos k_h] e (3.10)
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When {3.10} is sukstituted into (3.9), a simple approximation

to the current distribution is obtained.

j2nvd

s _ .
I (z) = TR

<H [sin k_(h-|z-d[) + sin k, (h-]z+a|)}].

(3.11)

The result is simple enough to apply to the synthesis problem.

Note that when d is allowed to approach zero, this current is

twice the zeroth order solution given by King for the center

driven antenna.35' This results because the voltage applied to

the center of the antenna is then 2V, (3.1).

Before proceeding to the consideration of the multiply-
loaded antenna, it is instructive to consider the transient
response cof the symmetrically driven anternna. Dividing
(3.3i1} by Vd yields a transfer function relating the Fourier
trarsform of the current on the anterna to the voltags

applied symmetrically to the two pairs of input terminals on

the antenna.
= jzn ; _ s s
¥z cos k. h [sin k (h-|2-d]) + sin k_(h-|z+&|)].
(3.12)

- .

Takirng th= inverss Fourier fransform of (3.12) results in ths

"impuis2 response” of the antenna. This is the time history
of ths current which would ba observed at a point z on tha
artsnra if an impulsive voltage were applied to the termirals

of the antenna.
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In exponential notation, (3.12) is written

Is(z) =42H' [e
7 bz ik h 3% T
d o e o - e o

+ik (h~]z-d|) -j¥ (b-|2z-d|)
. - e )

+jko(h—|z+d|) -jko(h-|z+d|)
+ = £ 1 .
+jk_h SENY
e + e

(3.13)

Multiply the numerator and the denominator of each term by

—jkoh ~jk03h :

e -e .
-3k |z-4| -jk_(2h - |z-d])
1°(z) _ 21 = ol l—,e - ° | |
Vs TR -Jﬂkoh

l - e

e—jko(Zh * |z-d]) e-jko(ah - |z-4])

-

_ -jdk h
l - e °
e-jko|z+d| e—jko(Zh—|z+d|)
+ -JI%_n
l ~c¢e
e-jko(Zh + |z+d‘)- e-jko(uh - |z+4])

-jukoh
l - e

1 e (3-14)
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If ) may be considered to be a frequency independent real

constant, the inverse Fourier transform of (3.14) is easily

obtained. With the expansion,

1 -jolbn/c -jw8h/c
STRh S 1 + e + e + —wee, (3.15)

it is apparent that the denominator of each fractional term
in (3.14) serves to make the time function represented by
the numerator periodic after t = o, with a period T = 4h/c.

Employing (3,15), the inverse Fourier transform of

(3.14) is written

ys(z) =$2-'IZL [é(t..,j- J—?;;—é-l-) + é(t - |Z;d|)
o

- (¢ - 2B —cLz+d1) - st - 2o —cLz—dj)

- 6(t - 2h +c!Z+dl) - 6(t - 2h +CLZ"d!_)

4h -c1z+aL) + 8(t _'Mh--clz—dl)]

(3.16)

+ 6 (t -

for t = 4n/c, and ys(z) is periodic in time with period
T = Uh/c.
36

A bounce diagram
the physical phenomena described by (3.16). At the time that

the voltags is applisd to each pair of driving terminals, a

U

is employed in Figure 3.2 to illustrate

| g -

Syt
"'I‘:Lw:‘\'

- .-

e e a8 -
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Figure 3.2. Current Pulses on a Symmetrically-Driven Antenna
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pulse of current leaves each pair of terminals traveling in
both directions. Each of the four current pulses impressed
upon the antenna proceads along the antenna until it is
reflected by the end, when the poiarity and the direction of
the pulse are reversed and.the pulse travelé back toward the
source. Each of the four current pulses bounces back and
forth from one end of the antenna to the other. Due to the
several simplifyinq assuﬁptions which were required to obtain
these results, the radiation of energy by the antenna has been
neglected. .Consequently, this simplified theory predicts
that these pulses bounce back and forth forever, undistorted
and unattenuated. In effect, the assumptions required have
reduced the symmetrically driven cylindrical antenna to the
symmetrically driven open ended transmission line shown in
Figure 3.3. By examinétion of (3.16) it is apparent that the

characteristic impedance of the transmission line must be

Zon T Zo/4H (3.17)

The quantity

z_ = chh =y zo/zn (3.18)
can also oe defined as the ratio cf the amplitude of the
impulsive voltage applied at the input terminals of the

anterna to the amplitude of the resultant inpﬁt current

TN TR Lo
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impulse. Equation (3.18) can also be used to define the

. .,
».
"

expansion parameter j in terms of a measurable quantity,

Za" In Appendix 3,.approximate solutions for Za.and ) ére

obtaired tky consideration of the irfinite antenna tﬁeory;
One may question the validity of emplcying an antenna

model which allows no radiation of en=2rgy, to determine the

radiated electric field produced by the antenna. However,
it is well krown that the current distribution con a radiating L
cylindrical antenna is quite similar to the current distri- {j
butio-n on an open-ended transmission line;37 henée, a reasonable -
approximation to the radiated field should be obtained. More- ?;;;
over, if the resistive loéding of the antenna is significant, Eﬁ
the energy dissipated in the antenna will far exceed the :{

¢
radiated energy. The neglected radiated erergy will then f E;
be less important. ‘ i
3.2 The Symn{etric Resistance lLoaded Dipole Antenna ':‘ g

The approximate current distribution on a dipole anteﬁna
symmetrically loéded with reSistors cén be obtained by ap-
plicatior of the superposition and compensati&n theorens,
as describad in Chapter 1. The resultant equation for the

total current distributed on the antenna when excited by a

monochromatic voltage source is

Iy

" {‘ & g
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j2gv
= o 4 3 —
IT(z) TR {31n x(h |z])
o o
N-1 \
+ p Ajlsin ko(h - |z-4;1) .
i=l
+ sin k(b - |z+di|)]}", _ (3.19)
where:
Vo =.the voltage apﬁlied to the antenna's center terminals

(N-1) = the total number of resistor pairs,

Ai = the ratio of the voltage developed across the
resistor Ri to the input voltags, determined by
the compensation theorem,

LY

Ay = ~IT(di) Ri/Vo, i=1, --- (N-1), (3.20)

d; = ih/N. |

Cnly periodic loading need be considered, since any
realizéble aperiodic symmetric loading of a finite antenna
can be described in some periodic system.

When (3.19) is substituted into (3020), the following

r

system of N-1 simultaneous equations results.

N- 1. 0
)2 Ajaii = - gin ko(h—di), i=1, ===, (N-1), (3.21)

j=1 B

Here
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a;; = sin k(b ~ |d;~d,|) + sin k (h - |a;+d;]). 1 # ]

(3.22)
. . "1
a;; = sin k h + sin ko(h—Zdi) + -§§; ' (3.23)
and
j2n
Y = b (3.24)
) Zo cos koh -

The total approximate current distribution is obtained
by substituting the solution to the (N-1) simultaneous
equatiors back into (3.19). This required matrix inversion
prevents the calculation of the transient response of the
antenna directly from (3.19). However, another approach is
possible., It has. been shown that the approximations which
have bz2sn made have reduced thg antenna éo an equivalent
traﬁsmission line; transmission line concepts can therefore
be used to find the approximate currents and voltages which
will be observed on the antenna.

Consider the infinite transmission line circuit con-
tgining an impulsive voltage source and a resistor-Rd, shown
in Figure 304. The superposition and compensation theorems
“may again b=z employed to find all the current pulses on the
line and their location at any time. The total current,

iT(z), may be separated irnto two components,

-i fr
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v (t)=v 8(t) -
o o Vd(t) iT(z)
- + - + .
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z = 22,
z=( " z=d

Figure 3.4. Infinite Transmission Line Circuit

M4V

G=-L dWd
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iT(z) = i(z,0) + i(z,d). ‘ (3.25)

i{z,0) is the ‘impulsive current emanating from the impulsive

voltage source applied at t = 0, and located at z = 0.

i(z,0) =-;'§ 5(t - ng). (3.26)

a

i(z,d) is the impulsive current emanating from the equivalent

voltage source Vé(t) located at z = 4.
i(z,d) =-vd(t - -Lz—::g-l-)/Zé. - (3.27)
vd(t) may be determined by use of the Compensation Theorem.

valt) = -ig(a) Rge - . (3.28)

Substitution of (3.26) ard (3.27) into (3.28) yields

= : a
Vd(t) = de 5(t - —‘?L). _(3-29)
Here,
e (3.30)
AV - . Vv . 030
Ry Ryt 2, B

"
s

([

4. w,
| g |
I 40,
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With (3.29) and (3.30), a complete description of currents

on the infinite transmission line has been cbtained.
The approximate voltages and currents observed on a

multiply-loaded antenna may be obtained in the same manner.
A bounce diagram, as shown in Figure 3.5, helps to ciarify
the time dependence of the voltages and currents observed on
the antenna. An impulsive voltage source of unit amplitude
shall be assuﬁed to be applied to the center terminals of the
antenna at t = 0. Due to the periodicity of the loading, the
voltage across each- of the.resistors is a collection of delta
functions. The first impqlse occurs at the time that the
current wave arrives from the source, and additional impulses
occur at time intervals of32A/c thereafter, where A is the
separation distance betweeﬁ two‘resi;t'ors°

- For an infinite aﬁténna periodically loaded with resis-

tors, the voltage observed across any resistor Ri may be

written,
a;(e) = za; 5 ele-(i+2(3-1)) 4/¢)1, (3.31)
j=1%
for i =1,2, =-—-=- ;D .

The amplitude of each impulse, A, 57 can be ascertained by

-
A

inspection of Figure 3.5.

The aﬁplitude of the first impulse across any resister
is proportional Eb the sum of the input impulse.amplitudé
and the contributions from other resistors located between

the source and the resistor in question.
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Figure 3.5. Bounce Diagram for a Mulfiply-Loaded Antenna
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Ri i~1 :
Al 1T TR T (1 + P Ay q)- ' (3.32)
i "a k=1

On Fhe bounce diagram, the amplitude is proportional
to the sum of all amplitudes recoxded on .the upper half of
the diagonal passing through Ai,l' The amplitudes of the
succeeding impulses, Ai I where j-is greater than 2, can

’

also be determined from Figure 3.5. Ai j is proportional
4

to the sum of all the amplitudes recorded on the upper half

of the two diagohals passing through Ai -

e]
Ri ) i+j'-l i-l
A, | 5 = m——e s + .
i,] Ri+Za ( k=§gl Ak,3+1-k kz& Ak,J
=1 \) (
+ 3 1) 3.33)
k=1 KR
where i = 1,2, —=ww—e=- t o, and j=2,3,--—~=~ @

Having solved the case of the symmetrically loaded
infinite structure, the truncation to a finite structure
with N~1 symmetric resistor pairs is easily accomplished.
If'RN is allowed to approach infinity, volpageé across
resistors Ri' i > N, approach zero and voltages across
resistors Ri' i< N,:approach t@ose observed on the fipite
structure. Equations (3.32) and (3.33) become:

i ( 5 ) (3.34)
A, . =~ 1+ 3 , 3.3
', 1 R, 2 W Bxal
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70-67
for i = 1,2,----- . (N-1) and,
| N-1 _
A, =-(1+ T 8 ) ' (3.35)
] k=l _l
R Ml i-1
AJ_,_] - - Rl+Za (k___i:‘?l Ak,i’i‘j-k kzl Ak:J
, M2 6
kz& Ak:j—k)' (3.36)
for i = 1,2~~~ . N, and i = 2,3,----=,
where
Ml = Min(N,it+j-1), (3.37)
and
M2 = Min(N,j-1). (3-38)

The notation L = Min(J,K) means that L should be set equal to
the smaller of the two integers J or K.
The current anywhere on the structure, driven by a delta

function source of unit amplitude, can be obtained by super-

position.

e e Fi e e m o em

‘1'? ,
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- y(z,t) = g-l" {6(’c - J%l)
a
e opag(e - 2Rl L (e - J2HALY (339)
i=1 S . _
Substituting (3.31) into (3.39) yields
y(z.t) = 5= {s(¢ - Azl)
Lt a

. N. P
+ 3 b Ai
i=l j=1

5 [8(e S lz=ial L (r2(5o1)a,

’

#5(t - |z+(i:A| _ (i+2c(3-12_')é)]} . . (3.40)

Equation (3.40) completes the description of the currents
and voltages obsefved on the éntenna when excited by a unit
impulse, .Tpe respons2 of the antenna to an arbitrary time
function can be obtained by use of the conveolution theorem.
.For eXample, the current at point z on the antenna when a

causal voltage, vo(t), is applied to the input terminals is

t
ip(z) = { vo(t-)y(z,7)ar. (3.41)

o}

Since y(z,t) is a collection of delta functions, the integra-

tion is easily performed.
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2) = 3= {ro(e - 12h)

a

i,

N ©
+ 5 ¥ AL

-iA (i+2(j-1))A
i=1l j=1 i,j [Vo(t - lz - J - == éJ = )

C

+ Vo(t _ izZiAl _ (i+2éj-l))A)]} . .(3.42)

3.3 Radiation Field

The approximate current distribution resulting from a
single pair of symmetric sources is given in (3.11). The
electric field at the point of observation (as shown in
Figure 1.1) resultiné from this distribution can be obtained

by substituting (3.11) into (1.1).

jou, -Jk,r h jemvy
E, (r.0) = T I © S-h E’l’zo cos k_h 1

[sin k_(h - |z+d]) + sin ko(h - |z-d})jaz.

(3.43)
Carrying out the integration,
-jk r
E (r,0) 3% cos k_d
Staw) -2 "1 - _2e ~ ¢y __" o
G~ () 7 . yr [l. cos koh]° (3°44)

S . ’ .
G (d,w), defined by (3.44), is the Fourier transform of the

"impulse response" of the network made up of symmetrically

Tﬁﬁy“hu\

Al

P
S

PTR

(Y
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driven anterna and the transmission path to thes point of

cbservation. Taking the inverse transform of (3.44) will
yield the electric fi=ld observed when a unit vcoltage impulse
is applied to the input terminals of the antenna. Multiplying,

the numerator and ths denominator of the latter term by

o~ Jwh/c e—jw}h/c' (3.45)
The following form results
s ze-jwr/_c e-jcn(h+d)/c - éjw(3h+d)_/c
¢ (dw) = - br (- 1 - o J0®hh/c
jo(h-d)/e - JI®(3n-a)/e e
- 1 - e-jwﬂh/c 1 (3.46)

When ) may k= considered to be a frequency independent real
constant, the inverse Fourier transform of (3.46) is a col-
iection of delta functions.

The factor,
g Jor/c, | (3.47)

accounts for the expacted delay between the application of
the signal to the input terminals and the observable effect
at the point of observaticn.. If signals at the point of
observation are msasured in retarded time, this factor needs

no farther consideration. The "1" within the brackets

}
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accounts for the first pulse to reach the pcint of obser-
vation. It corresponds to the time that the current pulses
emerge from the driving sources onto the.antenna. The frac-
tional terms represent components periodic after t = O, with
period T = 4h/c. These components represent successive
radiations from the ends of the antenna as each of the four
currant pulses placed on the antenna by the two impulse
voltage sources bounce back and forth from one end of the
antenna ;o the other. This type of behavior has been verified
by both measurement and calculation, using much more accurate

2,3

theories.

The radiation field, when a monochromatic voltage source

is applied to the center of a symmetric multiply-loaded

antenna, may b= obtained by superposition.

= cwt kT o1
Gp(w) = re °© ;{[l cos k_h ]
.  N-1 cos k d,
*+2 iz& By [(L- cos k h ]} (5.48)

A; has been defined (3.?0). Equation (3.48) can also

be written in the form

e e

eyt

“ e

]
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g —
6 (o) = ~ g3 emior/e {1 + 2 hz} A,
T pr i=1 i

e—jwh/c wenijh/c

—-iny{h-~ -9 “h-
N-1 . jo(h di)/c . jo(3h d;)/c

1 - eajwﬂh/c

N1 ~jo(h+d, )/c —jw(3h+di)/c

e -e

In (3.49), the fractional terms again represent successive
reflection from the ends of the antenna. The form of (3°49)
can be simplified. '

In solving for the voltage across each resistor in a
finite antenna periodically lgaded with (N-1) resistor pairs,
it was convenient to consider the infinite structure loaded
with N resistor pairs, where the last resistor.was so large
that total reflection occurs. This same principle can be_

applied here. If total reflection occurs at RN' no current

exists above Ry and (3.49) becomes,

N . . .

-jor/c -
6 (@) = - == &~JOT/C 1y 4 5
E 1 i=1

1
yr

The inverse Fourier transform of (3.50) is apparent. In

retard=ad time, when the antenna is driven by a unit impulse,
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the radiated field is a collection of impulses. The first
occurs when the current pulse emerges from the driving source;
the ;econd, of oppcsite polarity, occurs when the current
pulse reaches the first résistdr. Further pulses océur-aé fhe
primary wave from the center of the antenna passes each suc-

cessive periodically spaced resistor.

_ 1 N = A
gT(t) =~ Tr {6(t)f2 iE& jz& Aijé(t"(l+2(J~l);'5)}-
(3.51)

The radiated field which occurs when an arbitrary causal voltage
pulse is applied to the input terminals of the antenna can

be obtained by use of the convolution theorem

ez(r,o) = St

. vo(t - T) gT(r)dT . - (3.52)

Substitution of (3.51) into (3.52) yields

o, (e10) = gk frg(e
N o . . Adn .
+ 2 i-.-.z-l lelAiJ. Vo(t-(l + 2(3-1)) -E)J. . (3.53)

With (3.53), the approximate radiated field at the point of

observation has besen completely evaluated.

il
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3.4 Accuracy of the Simplified Theory

In Chapter 2, an antenna theory was developed which
would permit the-prediction, with reasonable accuracy, of the
radiated electromagnetic pulse observed when a transient
voltage is impressed across the input terminals of a dipole
antenna symmetrically loaded with resistors. 1In this chapter
accuracy of the antenna theory was sacrificed to obtain a
simple descriptién of the current on the antenna and the radi-
ated elecfromagnetié pulse that can be applied to the
antenna synthesis problem. It was reasoned that the radiation
of energy, neglected by the simplified theori, would become
less important as the energy dissipated within the antenna
is increased. '

In this section, the predicted response of three resis-
tively loaded antennas is computed, using-both theories,
and the results are compared. The voltage impresssd across
the input terminals of the antenna was the type of square
pulse that can be génerated in the laboratory, previously

used by Schmitt and described in Section 2‘.5,3

v (t) = VgLE(t)u(t) -£(t-T)u(t-T)1, (3.54)

where

-

£(t) = 1 -(1rt/ey) e,  (3.55)
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and u(t) is the unit step function,

u(t) = 0, t <O

at) =1,  e=0 (3.56)

- The time history of the input voltage is shown in Figure 2.lc.
For éhe calculation made_in this section, Vﬁ = 1, and the pulse
duration relatea to T was made much larger than the time in-
terval of observatibn. The waveform thén approximates the
type of unit voltage step which can be generated in the labor-
atory. )
Again, following Schmitt, all times weré normalized to
the ons~way traval time between the input at the center and

the end of the antenna.3 The parameter t related to the

1
rise time of the pulse, was taken to be 0.05h/c, as used in
-Section 2.5.

The three antenna configurations considered are shown
in Figure 3.6. The length~-to-~diamster ratio of the antenna,

h/a, was taken to b= 904, for which the "thickness parameter,"l1

1In £2 = 15.0 . (3.57)

The prsdicted electromagnztic field pulses ars shown in
Figure 3.7. The top curve fpr each antenra configuration
represents the radiated elebtromagnetic field predicted by
the traveling wave theory given in dhapter 2 and computed

by the procudre given in Chapter 1. Numerical integration

| ]

.

‘ARt
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Figure 3.6.

Impedance-Loaded Antennas
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Figure 3.7. Predicted Radiated Electric Field Transients
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L was used to compute the inverse Fourier transform.  The

C voltage across each resistor was obtained by inverting the

| matrix given by (1.3) at each of the frequencies used in the
-integration. It should be ﬁoted that the travéliﬁg wave
theory yielded current distributions which only approximately

satisfied the reciprocity condition,

v(a;.4;) = v(a;.4;) . , (3.58)

.l Although the differences were not great, the average value
| of the two numbers was used in calculating the matrix co-
efficients réquired in solving (1.4).

The lower curve for each antenna configuration in Figure
3.7 is thé radiated electromagﬁetic field predicted by the
| simplified theory. Equation (3.53) was used to obtain this
1 result. The characteristic antenna impedance, Za' used in
E this calculatior was 667 ohms, as dstermined from the. con-
?J siderations given in Appendix 3.
] In each of the configurations considered,-the values of
! the resistors that loadsd the antenna were such that the
amplitude of the electric field pulse had become quite small
when the current wave reached the end of the structure.
-Reflection of tha current wave from the end of the structure
L is apparent in t@e negative swing of the pulse at t=h/c.
As anticipated, the agreement betweén the two pre-

dicted field pulses becomas more acceptable as the resistive
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loading of the antenna becomes more significant. While the
agreement is never perfect, it is evident that the simplified
.theory will yield a good engineering approximation to the pulse
produced. The simplified theory can therefore be eﬁployed
in the desired synthesis procedure to yield at least an initial
selection of resistors.

An interesting point is that although the discrete
nature of the loadiné is apparent in the predicted electric
field transient Qhen the antenna is loaded with either one
or two resistor pairs, loading the antenna with five resistor
pairs resulted in a smooth predicted electric field transient.
This results because the travel time between resistors is

smaller than the rise time of the pulée.

3.5 Synthesis of Radiated Electromagnetic Field Transients
In preceding sections of this chaptér,_an approximate
formula has been developed for the electric field transient
radiated when an arbitrary voltage pulse is applied to the
input éerminals of a dipole antenna symmetricallyiloaded
with resistors. It has also been shown that this simplified
approximation does yield a good engineering approximation to
the radiated pulse expected.
. From this point, the procedure may be inverted to obtain
a selection df resistors with whicﬁ to load the antenna.t6
approximate a prescribed electric field transient. A voltage

step will be assumed to be the input voltage to the antenna.
|
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The voltage step has been found to be a waveform which can
be generated with high-voltage equipment and therefore is a
typical choice for a voltage input. This choics limits the
type of functions which can be simulated to fast-rising
pulses that decay with time.

Another limitation on the type of pulse that can be
generated by the antenna 'is not apparent in the formulas
given. This limitation is that the average value of the
radiated- field must be zero. It is essential to the physical
nature of radiation that the signal be time~yarying, no
static (Dc) fields can be radiated by a meaningful source of
finite dimensions. This does not limit the ﬁse of the im-
pedance loaded dipole however,- since, presumably, arny radiated
field pulse which one would desire to approximate would be
subject to the same requirement.

From (3.53), it is apparent that the rise time of the '
radiated field is equal to the rise time of the input volt-
age puls=2, provided the spacing between resistors is no smaller

than

A . = ct_- (3‘59)

where tr is the rise time of the desired field puls=. If
the rise time of the high-voltage step is made equal to the
rise time of the desired electric field transient, and th=

spacing between resistors is no smaller than Amin' the rise
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time of both the input voltage and the desired electric field
transient can be ignored in the process of selecting resistors
with which to load the antenna.

The develobment begins with tne normalized radiated field
pulse observed when a voltage step is applied to the input

terminals of the antenna. -From (3.53),

+ 2 % ;“, A.J. uft-(i+2(j-1)) A/c]}, (3.60)

where'Vé is the amplitude of the voltage step and u(t) is
the unit step function previously defined.

Consider the transient electric field illustrated in
Figure 3.8a. 1In Figure 3.8b, a normalized pulse is shown.
The normalization is somewhat unusual; the average of the
values of pulse at t=0 and at t=tl was selected as the nor-
malizing factor, where [tl,t2~---] ?s a periodic time sequence
which will adequately describe the character of the pulse,
In Figure 3.8¢c, a step function approximation of the norma-
lized pulse is illustrated. If the time ;nterval between

steps is equated to the travel time between resistors on the

antenna, the step approximétioh to ey is written

ea(t) = [u(t) + ;,Mku(t—kA/c)] ' (3.61)
k=1 -

_
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e(t), volts/m

2e(t)
e(0)+e(t])

ey (t)

1 ==

¥ : ! '
}? Jl eN(t])+eN(t2)

______________ 7

e, (1)
/;g;//"

M= enlty) - ey(0)

c) Step Approximation

Fiqure 3.8. Development of a Step Approximation
to an Electric Field Transient
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where decrements, Mk' have been selected to yield an average

fit to the normalized pulse,

eyltyyy )-eg (e y)

n_ = 5 . k=1,2,-==- o . (3.62)
It is evident that the step size may be reduced by adding
more resistors to the antenna to increase the accuracy of
the approximation within the limitation imposed by (3.59).
An équation implicitly involving‘éhe selection of
resistors on the antenna is obtained by equating the right

sides of (3.60) and (3.61), which yields
JM
M= . .
T 2LE Pe2(3-1) ks W ~ (3.63)

where k < (N-1) and JM=(k+1)/2 if k is odd, and JM=k/2 if

k is even. Ak,l is the voltage step developed across the kth
resistor by the primary wavelof current traveling away from

the driving terminals toward the end of the antenna, while

the other terms in the summation are terms due to second and
higher order bounces between the previOusly chosen resistors.
Each resistor may be chosen to yield the desired decrement J
in the electric field at the time that the primary wave reaches

that resistor. The following equation for Ak 1 results:
’

JM
Mg~ M2 - JZ P2 (35108 - (3.64)

{
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An apparent limitation on the type of waveform that can

be generated is that the quantity A determin=d by (3.64),

k,1l’
must be negative. ‘If the desired waveform is a smcoth de-~
caying function, the indicated summation is rormally positive
ard the requirement is easily satisfied. Having determined

the required value of Ak,l’ the needed value of Rk can be
obtained from (3.34).

Using the procedure given above, all the resistor values
have been chosen when the primary wave reaches the end of the
antenna. Thé waveform after t = h/c is outside the control of
the designer. Accordingly, the length of the antenna should
be chosen so that the significant part of the dasired transient
will be obtained when the wave reaches the end of the antennra.

As an example of the effect of truncating the antenna on the

radiated waveshap=, the pulse

e(t) = 0e~1-386 t/t _ ~0.693t/t (3.65)

was ccnsidered. This pulse has a maximum value cf ore at
t=0, the signal passes through zerc at t=tc, and the average
value of the pulse is zero.

.8ince the transient has no clearly defined end, it serves
as a good example of the effect of truncating the anterna
on the pulse shapé° The spacing between resistors was chosen

to be
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A = ct /20. (3.66)

The values of the resistors required to approxlfimate the pulse.
were determined by use of (3.64) and (3.3L). 1In Figure 3.9,
the normalized field transient eN(t) is compared to the step
function approximation of the pulseé generated by four
antennas ranging in length from 0.75c tc to }°50c tc° Of
interest here is the deviation of the approximation from the
desired function aftér the wave reaches the end of the antenna,
t=h/c. This is the portion of the approximation over which
the designer has no control. For shorter antennas, the de-
viatioh is quite severe, but as the length of the antenna is
increased, more of the waveform has been accurately described
and less current approaches the end of the structure. This
reduces the amplitude of the reflection from the end of the
antenna and results in an overall improveéent of the quality

of the approximation.

S
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CHAPTER 4

SUMMARY

The primary use of dipole antennas multiply-loaded W;En
resistors has been as an electromagnetic pulse genekator. 1In
this report, two important problems associated with this ap-
plication have been considered.

In Chapter 2, aﬁ approximate solution for the current
distribﬁéion on an arbitrarily driven cylinarical antenna
was obtained. The problem of determining the current dis-
tribution on a cylindrical antenna has been Lreated many
times in the past. However, no solution was available which
could be employed to calculate the electromagnetic field
transient radiated when an arbitrary voltage source is
applied to the input terminals of a long impedance loaded
dipole antenna.

The success of the theory developed in Chaptexr 2 re-
sults from expressing the current distribution as the sum-
mation of attenuated traveling waves emanating from the
driving point and from the ends of the antenna. This for-
mulation overcomes several of the-disadvantages found in
previous solutions. First, tﬁere is no difference in the
form of the solution when the antéﬁna is center driven or
arbitrarily driven.. Second, there is no fundamental limitatiﬁn
on the electrical length of the antenna which may be consid-

ered. Third, the accuracy of the solution may be increased
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by adding self-evident additional terms to the attenuation
function. And fourth, the simplicity of the solution makes
it ideal for those'problems where a large number of calcu-
lations must be made.

In Chapter 3, using a simplified antenna theory, a
synthesis procedure was evolved that would yield the selection
of resistors with which to load a dipole antenna so that the
radiated electric field transient approximates some prescribed
waveshape. A voltage step was assumed to be impressed across
the antenna terminals, limiting the type of wave form which
can be simulated to fast-rising transients which generally
decay with time. The accuracy of this synthesis procedure
was investigated by comparing the pulses predicted by this
simplified theory with the more accurate predictions obtained
by employing the traveling wave theory developed in Chapter 2.
These resultg indicate that, for resistively loaded antennas,
the simplified antenna theory will yield a reasoﬁably good
approximation to the radiated pulse. The syntheéis procedure
can therefore be used to obtain a good initial selection of

resistors with which to load the antenna.
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APPENDIX 1

COMPUTATICN OF SURFACE FI1ELDS DUE TC CURRENT COHMECNENTS

To compite ths reactions required in ths tr =sll-g
wave thecry, the axial slecdiric field alorg ths surfac2 of
the antenna prcduced by each current comporent must be eval-

uated. Throughout this apperdix ard Appardix 2, sxtensive

of current assumed on the antenna, there are only two formss

_ e’jko‘z‘z| , (a1.1)

and

_jkolz-zl n
v, = k |z-2]e 0 (a1.2)
The calculation cf the electric field is made by first de-
termiring the magnetic vactor potentlal alorg the antenna;

then the valu: of the surfac: electric flﬂld is dptermlncd

from (2.11)

2 ,
3°A (aiz) 2
- _ O [z =+ k4A ,2) Al.3)
Es ) ké { 522 oAz (a z'} (A1.3)

The magnstic vector potencial evaluated at ths antsarna sur-

face is given by

[P —

S
Ml
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o

Jh
Az(a,z) = % 5 I(z')k(z,z') dz . (a1.4)
904

It will be assumed that the antenna is thin encugh, koa < 0.1,

that the kernel is well approximated by

-jkoR
K(z,z') = EL_}{——— (a1.5)
where
R = Jéz + (z-2")2 (a1.6)
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Tangential Axial Field due to Current Component 5

-ik |z-4]
o

Evaluate the magnetic vector potenctial at the surface of the

antenna, .
| | 2
—jko(R + |z*-2]) 5{
a (a,z) = Lo = dz' (a1.7) :
2 I Il'_ir—[ S-‘h R I3 o ] B
wﬁere . o \ _
R==Jé2-+(z—z')2 ) (21.8) s

Removing the absolute value notation requires separating the D

integral into two parts.

. _ ¥
a_(a,z) = E% I, + 12}~f (nr1.9) o

where

Ii and 12 are given by

W -3k (R + (2'-5))
I, = Sz e = az’, (A1.10)

and

L e ' :
I, = S ) dz'. (a1.11)

with the substitution, o = z-2',
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and
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. -jk (R -
5k (1) pamg Ko (B0
I, = e S - do, (A1.12)
z-h fo]
z+h
. -3 +
+Jko(z~z) S o Jko(Rg o)
12 = e z- 4 = dg - (A1.23)

o

The differentiation required to determine Es(z) can be car-

ried out quite easily, using Leibniz's rule,

-jk R

aIl e ol e_jkO(th+(h—z))
o= = - Jk I+ - = - (Al.14)
0z ° lf, % 1h
and
o1, e T i A
—% =+ jk I, - + Al.15
dz o2 Rlz Ron
where
Ry, = Ja2+(z-4)? (21.16)
Ry, = JaZ+(z-h)2 (a1.17)
R, = ,/-a2+(z+h)2 (a1.18)
"2h . .
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Accordingly,
521 ~jk Jk (z-24) :
N -k2I - e o l.@ [ + (Z"ﬂ_-.)]
2 o1l 2 R. 2
92 Ry 1y
. é-jko(th—i-(h-,Q,)) jko-+ jk (z-h) . (z=n)
R 2
1h th th
(a1.19)
and
521 Jk (Z 5)
0 C2 . 21 _ . ¥ lz[ _ (z-g)]
02 2 R, 7
3 Rig 14
-o \‘ . (3 4 \.
+ e Jko(R2h+(h+2), Jko . Jko(z"'h, . (Z""hl]
. R 2 > J°
2h Rom Ron
(Al1.20)

E 5 ,the surface field due to current component Uz, may be
7

determined from (Al.3).
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2
. A _(a.z)
E = -j -2 {- 2 7L 4 ka (a,z)}
s,U 2 2 oz
4 ko D2

Z 2
- jlﬂﬁ%; {327 + kg} {Il+12} .

7 e'JkoRlz
by, S
) 7o 1y

+ e 2

lh

_jko(th+(h—z))[Jko +\Jko(z-—h)
Rin R

-jk (Ry +(n+g) ) dk Kk (z+h)

+ e : -
R 2

AFWL EMP 1-5

(A1.21)

+ {z-h 1
R 5 J
1nh

(z+h )"
-5
Ron

I o

(a1.22)
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Tangential Axial Field due to Current Component

kg |z 4]
V£=ko|z—z|e

Evaluate the magnetic vector potential at the surface of the

antenna,
A, (a,z) =-5%;? {13—14} ; | _ (A1.23)
where
Iy= Sz (2'-4) e_jk:(RT(z.iz)) dz', (Aioéh)
and
Iy = thLz‘-z) e-ék;(R-(z'-“) dz. (a1.25)

With the substitution, g = z-2z', I, and 14 are written

3
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‘jko(RU_U)

-jk_(z-3g) zZ- g
e} { " e
I - — —— ——— e e,
3 e 1(2 2) Bz_h R dg

and

_; - _, -ik_(R -¢)
EEE - kL4 Jko(z 2) 274 o 7O
az °© 3 )Z-h Rb

(A1.26)

(a1.27)

(A1.28)
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3214 5 +ik_(z-4) .z+h e-Jko(Rg+U) .
— = - k7T, + j2k_e dg
2 o4 R
32 z=-4 o} .
'
- 3 -~ 3 1~ \
SRRy, 3G (Ryyt(nte))
_ & + &
Rig Ron
-jk_(R,, +(h+g)) ik jk_(z+h)
(h+1) e o‘"2h o _ _ A= h)]
Ron R, 2
2h 2h
(a1.31)
and Es v ¢ the tangential component ‘'of surface field due'to
i’

current component V£ is given by (Al.3),

2
= - —— -+
ES.IV J { ) ko AZ}

Z

- 74_1:[ {;—- + kz} {I - } (a1.32)

B
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Z ~-jk _(z-%4) =z-% _jko(3b-0)
By = -iym{- jk, e ° e do
TTh , z~h o

'+jk (z-4) _z+h "jko(Ro+°)
-j2k e °© € do
-4 R
2 g

-ik Ryp =ik (R +(b-4)) =ik (R +(ht))
e e

+2 =2 - = -
Ryg Ry Ron
-ik (R, +(n-%)) . i
o'"1lh ik jk_(z-h) _
+ (h-4) © = e 4 .2 5 + (Z_%l]
1h Rip Ry
-ik (R, +(h+%))_ik_  jk_{z+h)
+ (h+4) e = © 2R e L (g%gll }°
- T 2h Roh Ron™ -
(a1.33)

Equations (A1.22) and. (Al.33) are us=d in Appendix 2 to compute
the reactions required to determine the current coefficients

of the traveling wave antenna theory.
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» -J : \
aI-).l ) ’ +Jko(z"2) -2+h e JkO(RG+G,
Ty = f ik Iy + e R o
z-4 g
-1 N )
(htg) = Jko (Rop (bt g))
- (h+y i
Ronh
whére
Ry = m and Ry = 4@ +(z+h)" .
i
, - . -
1 2 - -ik_(z-28) .z-g Ik (Ry70)
3 1z _ . . c €
RS I S - R %o
3z z-h o
s s PR
kR, . Jk (R +(h-2))
+ -
-3k (R +(h-0)) ik ik_(z-h) (z=h)
+ (h-g) e [ + ¥ ]'
Rih R, 2 R’
ih - 1h

(aL.30)

(a1.29)

e e A e
R o
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APPENDIX 2

COMPUTATION OF REACTIONS

Although there are six currenc components employed in
expar.ding thes current distribution on the antenna, cnly two

forms are assumed:

_jko|z~£| .
= e

and

-k _|z-2]
(o)
Vz = kolz-f’le o

)

Havirg only two assumed forms greatly r=duces ths com-
putational effcrt required to ccmpute the coefficients in the
r=action matrix; three algebraic eguations are sufficient to
defins all 36 elements of the matrix.

In this app=srdix, three-equationé for the reactions,
<U2'Um>’ (Uz,Vh), and (Vz,Vh) are determined=- No aigitional
apprcximations ars introduced at this point. The reactions
are computed exactly, within the limitation imposed by the

use of the electric field, which is computed urdsr th2 assump-

tior. that the antenna is thin, koa<<lﬂ
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Evaluation of (Ug'Um>

S E

3

\l,;

Um dz .

Substitution of (Al.22) into (A2.1) yields

Z
(U, Uy = -3 g {Ji(g,m) + e

where

-Jko(h—z)J

(A2.1;

Rk

(a2.4)

(A2.5)

(a2.6)

-~
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Each of the integrals will be evaluated separately;

djkO(Rlz+(z~m))

h
Jl(z,m) = -2j { g = R dz
m - ) 1y _

m —jko(Rlz— (z-—m))

e
+ S R dz} .
. ¥Y-h 1g

With the substitution, § = ko(z—z) and T = ko(z~z),

Jl(z,m) is written as

o o pn ~3(Rgts)
Jl(L:M) = -2j {e-J (L-M)S "e'—'TR‘—"‘——' das
M-L S

prr 3 (Rp?T)
PR e Ty
JL-M T

where L koz, H = koh, A = koa, etc,

and

7.2

R_ = ,[a%+s%,

S
RT = JA2+T2 .

Define the commonly occurring integral,.

x ~I(Rgts)
F(X) = S e ° as.

0 Rg

(a2.7)

(n2.8)

(a2.9)
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Then,

J,(L.mM) = -2j{e"j@”M)[F(H—L)—F(M—L)]
+ et (L"M)[F(H+L)—F(L—M)]} . (a2.10)

So, Jl(L,M) has been completely determined. " The function F(x)
occurs in all the reactions, and will be further discussed
in the last section of this appendix.

JZ(M) remains to be evaluated.

_ 1 P IR (Rypt(zem))
J2(M) kq {S; e .

jk jk -h ,
. [R © 4+ 0(22 ) + (z-%)} dz
1h Rih Rh

A ~-jk (Ry,.-(z-m))
+ g e o( lh ( ))
-h

jky . ik (z-h) -
] [R R R (z g)] dz} . (a2.11)
In Ry ® . Ryy

Substitute S = k_(z-h) and T = k_(h-z),

e s o ——— e -
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M-H -j(R_.*S)_.
I, (1) = { -3 (8-M) e S /-%- +-l§? +-§—3] as
Jo s R Ry
. 2H +T)
+ o* (5-) % L - ;_7 - 2.7 ar} .(aze2)
H-M

T

The integrand of the first integral is a perfect differential-

The second integrél may be integrated by parts.

Taking
- -5 (Rp=T ) .
U=-e j2T and dVv = e RT [%; - JE?._ ELw] ar,
. B Ry
J2 can be evaluated as:
M-H
-ji(R_*+8)
/—./—- S
RS 5
( . 2H
-.J RT-o-T
+ +J(H-M) {
H~-M
28 -3 (R,*T)
+ 2] S sa__jﬁ;__ dr} . (a2.13}
-M Rn )

So that
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. 2 2 .
-j (H+M+ /A“+LH") ~j (H-M+A)
Jz(M) = = - = A
.ﬁk2+4H2
+ 23 +j (B-M)
je [F(2H)-F(B-M)] . (A2.14)

Substituting (A2.10) and (A2.1%4) into (A2.2) yields

O

Z )
Uy Und = 7 {J A :

+ &t (LM e (21 )-F (5-41)-F (41, 45 {T-1) ]
+ e“j(L'M)[F(ZH)—F(H+M}F(H-L)+F(M-L)j} .

where

p = ,/A2+11H2..

- Evaluaticn of (Uz,Vh)

H
(U, V) = S-hEsle°Vh dz.

Substituting (Al.22) into (A2.16) yields

™3 (2542 ) coq (rom) 3 o3 (2H¥2) o5 (1, m)

(A2.15)

(A2.15)

i
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B Z ~jk_(h-2).

. (o] O

' Vm) = -j 'Il-l-.I {Kl(‘e"m) + e Kz(m)
| -jk_(h+3)
F +e © K2(—m)} , (a2.17)
!
y

where

-ikg | z- m|,e_ o) lz

% l(g m) = ~23 S ko |z- m|e } dz, (A2;18)
y

A,

i

& h -3k (R, +|z-m|)

it K (m)'=}l— S K |z-mle = © P

& 2 Ko d-n ol ‘ )

i '

| (

i 3k jk_(z-h) )

1 Eo g (2 2} az, (22.19)
‘& 1h th th

”

% and

| |
i Ry, = JAl*(z-1)2  (a2.21)

)

i

i Each of :he'integrals will be evaluated separately;
g ' ~

!

4

i R
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n ( e“J'ko(Ru*(Z‘m”
K,(g,m) = -2j4 k (z-m) dz
1 1 Sm o Rlz |
m _ e—jko(Rl;e-j- (z-m)) } .
- k_(z-m) dz(.(A2.22)
S..h 4 Rlz .

With the substitutions, § = k_(z-4) and T

is written

] - ) _j (RS+S)
K, (z,m) = ™) (L““){—zj SH Vs S ds
-L S
H-1L —j(RS+S)
-2j (L—M)-SM—I.EL—TE;_—_— ds}
H+L -j (R *T)
+J (L—M){ 23 S .__.;R_T_.._. ar
Rp
H+L -J(R +T)
-2j (M-1L) S dT}
where

L=k,e,,_H=koh,A=

a, etc.
o ko,tc

Define the commonly occurring function G(X ) by

G(X) = &) S S-—R————. as.
S

= k (4-2), (a2.22) .

. (a2.23)

Nrawd Wl RS

-

(n2.24)

Wi,
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4 I i
IRy T 3 R

w ¥

24

The properties of G(X) are discussed in the last section of

this appendix.

In terms of the defined auxiliary functions, Kl(L,M) is

Kl(L,M) = e~j(L~M){G(M—L)—G(H~L)—2j(L—M)[F(HrL)~F(M—L)j}

+ e+j(L"M){G(L—M)-G(H+L)—2j(M—L)[F(H+L)~F(L~M)]} =

(A2.25)

Kz(m) remains to be evaluated.

h

1 -jk (R, +(z-m))
Kz(m) ='E;.{ Sm k_(z-m)e o'"1h

- B~hko(z—m) e

; [Jko . Jko(z—h).+ (Z“h)] a
! . 2
{4 Rin R, 2 R, 2

! 1h 1h

o -ikg(Rypy~{z-m))

a;.t

P
s

e e G
-

] [i%o . jko(z;h) ; (;-g)l dz} ) (22.26)
1h Rin Rin~

IETn IR

5 *-E.."H—_-r“_"""

With the substitutions, S = ko(z-h) and T = ko(h—z),

K2(m) becomes
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2(M) =

The second

70-109

ar}. (a2.27)

and fourth integrals were encountered in determining

Jo(M). (A2.12).
The first

with
Ul =8 ,dV1
U, = Te 32T,dV2

and third integrals

= e

are evaluated by parts,

-j(R +S) S S
e s» E%g +.i;7 +-;;3] as,

-3 (R ~T)~. .
i NSRS & U S
o 5 3] ar.

T

Rp

L. I Y 1
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Then,

K2(MJ is given by

, M-H :
- ~j (Rg¥s) M-H " ~j(Rg+S)
_ ~j(B-M)r. e e
K, (M) = e S —— - as
2 () { Rs So Rs
0
M-H 2H
~j (Rg*S) _ ~j (Rp*T)
+ (B-M) S }+ e+J(H"M){T S
S 0 H-M
. 2H
© .2H - IRyt =3 (Rp*T)
- S (1-j2r) 2—p—— ar - (8-M) S
2H ‘j(RT+T) N
- j2(m-M) & art . ' (a2.28)
, SH~M Rp ]

In terms of the auxiliary functions, F and G,

ky(n) = (M) o3 (pomatn) | (m) -3 (Hown) o3 (B-M)p (g
- e+j(H'M){[i+j2(H—M)][F(2H)—F(H—M)]-G(2H)+G(ﬁ-M)},
(A2,29)
where

p = MA2+hu?. .
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Evaluation of (V V)
g, M

N .

(V, V) = 3 hEs§v v, dz . - (a2.30)
- 2
Substituting the équations for the electric field (Al1.33) and
the current component into (A2.30) yields
z_ . -jk_(h-g) -jk_ (h+g)
) ° o -
(vt,vm> = - Bg {e Kl(h,m)+e Kl(h’ m)
~jk (h-3)
+ ijo(h-z)e °© ) Kz(m)
-k (h+g)
+ 2ik (htg)e = ° K, (-m)
+ L(,q,,m)} . (a2.31)

All the factors have been defined and evaluated except L,

which is defined as

h-z "jko(Ro'l"O-)

h Sk loeml i (o
L(g,m) = Uk S hkolz-m|e ik, |z ml{e ik, (z-1) S . :
) i~z

g

+ik_(z-4) h+z e'Jko(Ro+07

+ e S = dg} dz. (A2.32)
z-4

g
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With the change of variables, Z = koz, etc,

(a2.32) is written as

L(L,M) = 4 SH |z-M|e’j|Z"M|{e'j(Z"L)[F(H—z)-F(L—Z)]
-H

+ e+j(Z‘L)[F(H+z)-F(é-L)]} az .
(r2.33)

Define

H . |
4 S |z-M|e’1|Z“M|eTJ(Z"L)F(N—z) az, (A2.34)
~-H -

LP(L,M,N)

Then, in terms of Lp, L is written

L(L,M) = LP(E;M,H)—LP(L,M,L) + Lp(-L,-M,H\-Lp(-L,-M,-L)°

(n2.35)
L_ can be evaluated:
+j (M+L) o ~j2z
L (L,M,N) = le 5 (z-M)e F(N-2) az
P M
. M
-.Ae"J(M'L)'B (z-M)F(N-2) dz. T (a2.35)

J-H

Integrate both integrals by parts with
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~3%% a5, au, = (z-u) az.

V.= F(N-2), dU; = (z-M)e 2

" Then,

Hi

he¥3 (M+L){(~}3 + 3 ﬁgﬁ)e'jzzp(tq-z)

LP(L,M.N)
M

H N Ny -
+ Sm ('31' + 3 .(Z:Z_Ii).)e-jzz eI ATHE)” + (E))

2+ (-2 )2

M
2
- eI (M‘L){(-gé- -uz) F(N-2)
-H
M2 e-j(.£2+(n-z')2 + (N-2))
+ S & -uz) - dz} (a2.37)
~H 24 (N-2 )2

With the substitution, S = Z-N, in the. first integral
and T = N~Z in the second integral,

np is written

I
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L, (L) = eI (ZH-M-L) (4 55 (g ) )P (5-1)

- e?j(M"L)(1~2M2)F(N-M)

e'j(M'L)(2H2+4MH)F(N+H)

-

H-N  -j(RgtS)

+ e’j(ZN‘MﬁL){[1+j2(N—M)] S & ——as
‘ M-N S
H-N ~j(RgtS) |
+ 2j S T dS}
M-N S

N-M -j (R *T)

T
eI (ML) £ i i L
+ 2N“-LMN ar
- TS {( ) SH+N Ry
N-M  -j(R,tT)
o e T )
+ L4(M-N) Vain T —————jig—— ar
N-M ) -j(RT+T) .
e [
+ 2 P4 Se—— — — — ar! . (a2.38)
SH+N Ry / _
Define
-j (Rg1S)

s(x) = QX 28 ____ as. . (A2.39)
- R .
<0 S )
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Then,

e“j(ZH"M“L)(1+j2(H—M)) F(N-H)

L (L,M,N) =
o (B 16:)

o e-j(ZguM-L){(l+j2(Njﬂ))[F(H-N) ~F(M-N)]

| + G(H-N) - G(M—N)}

+ é"J(M'L) {(2M2+2N2~uMN-1)F(N-M)
+ (2H2-2N2+bMH+uMN)F(H+N)
- 2j(M-N) [G{R-M) - G(H*N)]

+ 2[s(N-M) - S(ﬂ+N)]}. (a2.40)

Equations (2.140), (2.29 and(2.31) completely define <V2,'Vm> in terrﬁs

of the auxiliary functions F(X), G(X), and s(X).

Auxiliary Functions F, G, and S

The function F is defined by .

x -3(R+S) :
F(X) = S-S——~————— as , (a2.51)
o Bs
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where
2
= + .
RS JAT+HS

With the substitution, Y = RS+S,

so that

ay _ ds . ]
, v R (A2.42)
s
F(X) is written

| ~ Q -3y
g F(x) = S 5 &Y. (a2.43)
: A
[ Here,

0=x+ Alx?, . (a2.44)

F(X) is a combination of sine and cosine integrals

F(X) =ci (@) ~ci (a)
S . -3 {si (o) - si (a)} . . (22.15)
The function G is defined by

X p—j(RS+S) )
G{X) = 2j S s :——T as. (az.46)
0

Cammoites o s o

With the substitution, Y = RS,

G(X) is written
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Q 2 s
6(x) = j S LA o7 av. : (22.47)
A Y
-jY -jY Q -jY
_ s {e 2 e 2, e-"
G(x)—3{~—:3-— + A% S +AJSA S aY
A (A2.148)
In terms of F(X), -
G is written
G(X) = e"jA[l-jA]
L2
e 3. AT
.e [1 j Q.
2
- A°F(X) . ] (A2.49)
The function S is defined by
X 5 =j(Rg*s)
s(x).=S s%e S das. . (A2.50)
0 Rg .
With the substitution, Y = RS+S,
S8(X} is written
s(x) = ° (Y + ---—-~"’*Ll - 53-) ™Y gy (a2.51)
SA ) MYB 2Y ) ) :
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Or, finally,

s(x)

AFWL EMP 1-5

4 )
+E @ Se JYI)
A
2
- (%ﬁ +3=) P(X) . (a2.52)

_é.{;jo[ 2;i-j 20+a™ (é— - —é—i)]

e"jA[2+j2A+jA3—A2]

(AA+MA2)F(X)} .

(A2,53)

|r
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APPENDIX 3

THE CHARACTERISTIC IMPEDANCE OF AN ANTENNA

The éharactéristic impedance'of an antenna, Z_, and
the expansion parameter, ¢; reléted by (5018), have been
used as parameters in the development of the antenna synthesis
prpcgdureo In this appendix, these quantities are related to
the physical dimensions df the antenna.

When a short voltage pulse is impressed acrcss the input ;
terminals of an unloaded antenna, the initial response of the
antenna is that of an infinitely long antenna of the same
radius. The approximate input current predicted by the
simplified 5peory, (3.42), is a pulse of similar shape and of

amplitude EE . followed by subsequent reflections from the
a

ends of the structure. In an experimental study, King aﬁd
Schmitt fecund this to be true, and moreover, they demon-
strated that a value of 2. suitable for computing the re-
flection coefficient of the antenna, could be expressed as
an average of the input impedance of the infinite antenna of
the same radius over the significant frequency range of the

38

pulse,

[\
C

_ 1 P N
a So \

Z(w) is the input impedarce of an infinite cylindrical antenna

39

of the same radius. %z(w), as determired by Papas, is
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Y ZO 1 . I
Z(w, =+ (e =3 - 0.5772 -5 5. - (a3.2)

o
The anterna must be thin enough that koa is small, koa < 0.1,
at all frequencies.of interest.

The integration is easily performad, yielding
z_ =2 )+-2, (23.3)

The reflection coefficient is computed from

2 Re

R =
Za+Rc

(a3.4)

'Rc is the characteristic impedance of the feeding transmis-
sion line. The reflection coefficient computed by (A3.4)
is complex, but it was found éhat the magnitude of this co-
efficient agreed quite well with the real reflection coefficient
measurad in the laboratory;37
For long square pulses, the definition given by (A3,l).is

not satisfactcry. The spectrum envelope of the input volt-
age decreages in diresct p}opbrtion to the frequency; there-
fore, the selection of a highest significant frequency becomess
arbitrary. Fcr these cases, King and Schmitt suggest a
weighted average of the input impedance where the weighting.
function is the spectrum function of the input voltage pulse.,37

_ The weigﬁtipg proceduré that seemed most appropriate t»

to the writer was to compute the input current pulse flowing

into an irnfinite antenra when a voltage pulse  is impressed
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across the input terminals. The characteristic impecdance is

. thern defined by the ratio cof the asmplitude of th2 input volt-

age pulse to the input current pulsec.
Congider the input voltzys pulse previoualy employed in

Chapter 2.

vo(t) = [£(t)u(t) -£(t-T)u(t-T)] , (a3.5)

whara
£(e) = 1-(1+t/e,) e V1 . (2%.6)

This pulse was chosen because the parameter, tl' vhich is
related to the rise time of the pulse, .can be selected to
assure that the regquirement, koa < 0.1, for the highest
significant frequency, can be satisfied. Second, the type
of square pulse most often measured in the laboratory is well
apéroximated by this input. The Fourier transform of this

irnput is

)2 . (a3.7)

The time history of the current flowing into the antenna

terminals is given by
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e+3wt

[5 Jdw. (a3.8)
-° L - TR | N I
g (gl - 25772 -3 5= 7a7)
With the change of variables, p=wa/c,
i(o) is written
o -jp ==
. = X l-e a
o) = g { U e 7]
jpyltip )
. ct
_ +jp -
(5 =2 ] dp.(a3.9)

-0 - -5 Il
T (In 8] -577?. 3% Tg‘]')

‘Since the parameter, T, accounts for the delay in the ter-
minating step, the instantaneous current at a time, t < T,

is determined by only one parameter, ctl/a° The function
given by (A3.9). can be irntegrated with the aid of a digital
computer té‘yield a set of universal antenna current curves,;
dgpendent upon orly one parameter, ctl/a° In Figure A35.1,
this set of curves is presented. The?e is sufficient data
presented to describe accurately the pulse of current flowing

into the antenna when the length of the input voltage pulse,
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Figure A3.1. Infinite Antenna Response to a
Laboratory Square Pulse
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,T, is less than 2,000 a/c. The input current pulse is not
exactly square. Current rapidly rushes onto the antenna to
charge up the capacity in_the immediate vicinity of ths driving
point. This results in a sharp pzak on the front of the current
pulse that is particularly evident for thicksr antennas.

Since the current pulse is not exactly sgquare, a value must
be chosen for the characteristic impedance. For the examples
given in Chapter 3, ctl/a = 5.2, the peak value of the currentf
was used to determine the characteristic impedance yielding
Za = 667 ohms. The expansion parameter P was obtained from
(3.18). As a consequence of this selection, the peak fields
obtained by the simplified theory and the traveling wave
theory agree more closely than t?e average values do, as in-
dicated in Figure 3.6. Use of the average value of the current
ir. the time interval, 0 < t <€ h/c, to determine the characteristic
impedance would result in a little better agreement between
average valuss, but this difference is not significant.

In passing, we may note that the gfadual decay of the
field, before the current reaches the first reéistor on the
artenra, follows quite closely ;he decay of the input cur-
rert observed orn the anterna as indicated b& (AE,I), It is
a simple matter to substantiate this relationship. From the
simplified theory, (3.53), the electric.field during this

time interval is -
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ez(r,o) = ~-$~; vo(t).

l[) = 21'5 Za/26:

and the input voltage can bz written in ternms

current:

vo(t) = 1(o) 2_ .
Substitution yiclds

2
ez(:r'o)'.—. -9 é.(.o_l = 602‘-&2).

x b o

==

70-125

(A3.10)

c¢f tha input

(aA3.11)

(r3.12)

This approximate expression is more accurate than (A3.10)

because, with the substitutions, cancellation of the approxi-

mation, Za' 1s obtained.

Ik

‘i}nﬁ‘\ i
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