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TRANSIENT PULSE TRANSMISSION USING

IHPEDANCE LOADED CYLINDRIC’AL ANTENNAS

ABSTRACT

Two aspectsof-theproblem ofpulsetransmissionusingimpedance
loadedcylindricalantennashave been considered. First,an approxi-
mate solutionis obtainedforthecurrentdistributionon a thincylin-
dricalantennadrivenatan arbitrarypointalongitslength. This
solutionmay be appliedtoan antennaofany length,and itssimplicity
makes thecurrentdistributionrapidlycomputable. This solution
isidealforthepredictionofthetransientelectromagneticfield
radiatedwhen an arbitraryvoltagetransientisimpressed across the
inputterminalsof a long,thin,cylindricalantennaloadedwithlumped
impedances. Second, an antennasynthesisprocedurewas evolved.
This synthesisprocedure yieldsa selectionofresistorpairstobe
used to symmetricallyloada cylindricalantennaso thattheradiated
electromagneticfieldpulseapproximates some prescribedwaveshape.
The lengthoftheantennarequiredtoobtaina usefulapproximationis
alsoconsidered. Sincea voltagestepwas theassumed inputtothe
antenna,thewave shape thatcan be approximatedislimitedtofast
rising,generallydecayingfunctionsoftime.
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LIST OF SYMBOLS

~he monochromatic vector potential at point
P/ x(s)

the normalized voltage across Ri, Equations (3.20)
and (3.31)

Ai

an amplitude constant related to Ai Equation (3.31)A.l,j

Az the z-component of the monochromatic potential
at point (r, d, z), Az(r,z)

the antenna radius, metersa

B~(r,z) the ”d-compcnent of the monochromatic magnetic
field at point (r, @, z)

undefined voltage constants, Equation (2.16)C,D

C’,D’ undefined numerical cor.stants, Equation (2.19)

●
✎

✘the velocity of light Zn vacuo, 3 x 10 meter/seec

d the location of the voltage source on an ar-
bitrarily driven antenna; also the distance
from the center of a cylindrical antenna to
symmetric voltage sources

the monochromatic elec=ric field vector

of the monochromaticEr(r,z) the r-component
field vector

electric

Es the z-component
field vector at

of the monochromatic
the an=enna”surface,

electric
Es(z)

z-components of th= surface electric field;the
due

th~

to current compon~nts L74and VA

z-compon=nt of the monochromatic electric
(

Ez

e(t)

es(t)

field vec~or, Ez(r,z)

a prescribed =iectric Sie.ldtransient (F”ig.3.8) .

a step approximation to eN(t)

. .
.
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e~(t)

ez(r,z)

F(X)

G(d)

G(X)

Gs(d,o)

‘GT(tm)

CJ.Jt)

h

I(z)

I’(z,d)

Is(z,d)

AFML EIIP 1-5

a normalized electric field transient (Fig. 3.8)

the time history” of the z-component of the
electric field

an integral furlcticm, (A2.41)
,

the z-compon&nt of the electric field at the
point of observatio~, Fig. 1.1, due to a 1-
volt monochromatic voltage source applied
to the “antenna at z = d (1.9), G(d,u.))9

an integral function, (A2a46)..

the z-component of the electric” field at the
point of observation, Fig. 1.1, due to a 1-
volt monochromatic voltage scurce, symme-
trically applied to the antenna at z = A d,
(3.44). (meters)-l

the z-component of the electric fiieldat
the point of observation, Fig. 1.1, due to
a l-volt morio,chromaticvoltage source
applied to the center of a cylindrical
antenna symmetrically loaded with lumped
resistors, (>.48)

the time history of ~he electric field at
the point of-observation, Fig. 1.1, when
a unit impulsive voltage is applied to the
center terminals of a cylindrical antenna
symmetrically loaded with lumped resistors.

the antenna half-length, meters

the axial component of the monochromatic
current at point z on a center driven
antenna

the axial component of the monochromatic
currerit at point z on a cylindrical antenna
driven at point z = d

the axial component of the monochromatic
“current at point z on a cylindrical antenna,
symmetrically driven by sources at z = + d

..- .

LLI i



AFML EMP 1-5 70-7

I..(z)

i(z)

i(z,d)

iT(z)

J(p)

K(z,z’)

k.

‘i

s

s(x)

T

T

U,v

the axial component of the total
observed cn a multiply--driven or
loaded ar:tenna

the tireshistory
at pcir.tz op.an
antenr:a

the time history

current
multiply-

.. .

of the current observed
l:~load~d c~nt~r driven

of the current at point z

,’

due to a trar.si&t voltags source at z = d

the time histGry of the current observed
at point-z on a multiply-driven or multiply-
loaded antenna

the volume current density at point p, amperes/
met~r3

Equations (A2.3) and
&:?;al ‘unctions ‘ .

the approximate kernel of the vector Potential
integral, Equation (2.7’)

int=gral flnct.ions,Equations (A2.18) and
(X2.19)

the free space of propagation constant,.
k. = U/c = 2~h

an integral furiction,Equati.@n (A2.32)

dummy coortiimate varkables l,m~n~ [h,-h,d]

integral Eq~atioms (2.50) and (2.5Z)

d..the value of the resistor located at .

dummy variabl= of integrati.ont

an integral fwcti.on, Equation

dummy variable of’integration,

A
Appendix

(A2.50)

Appendix

2

2

expsrimer:tal pulse durationl Equation (2.54)

Equatio~s (2.39) and
t;:i;;t ccmpGr-ents‘

,i

,:

i,:

i-

..

!-

. .
..

—
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. .

t ‘d the monochromatic source voltage impressed
at z = d on a cylindrical antenna

the [.monochromaticvoltage measured across Ri#‘i “
V. source voltage (or the spectral density of

a transient source voltage) applied to the
center of a cylindrical antenna, V. (CD)

,.

dummy variable, Equation (A2.41)x

Y(z,d) the axial component of a monochromatic cur-
rent at point z on a cylindrical antenna
due to a l-volt source at z = d, Equation .
(1..2) , rnhos

to the integral equation, (2.21)Yp(z, i)

y(z,t)

the solution

the time history of the axial current at
point z on a symmetric, multiply-loaded
antenna with a unit” impulsive voltage source
applied to the center of the antenna, Equation
(3.39 ‘

.

1

ys(z) the time history of the axial current at
point z on the antenna, symmetrically driven
by unit impulsive voltages applied at z = + d,
Equation (3 .39).

z(u))

Za

Zd(tu)

the input impedance of a-ninfinite antenna

the characteristic impedance of an antenna,
Equation (3.18)

the input impedance of a cylindrical antenna

z.
J

the general impedance located at z = + d on
a symmetrically loaded cylindrical antenna

6(X) . . Dirac delta function

the permittivity of free space 8.85 x 10-12
farads/meter

,

I

,.
. .

— —
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. .

1

A

PO “

.6

y(z)

*

(D

70-9

the free space wavelength of a monochromatic
wave

the permeability of free space, 4T x 10
-7 .

henrys/meter

scaler potential, Equatiori (2.9) and (2.10)

the expar.sion parameter, E@ation (3.7)

the near-constant value ofy (z)

th-eradian frequency of an applied monochro-
matic voltage sglurceor the Fourier transform
variable

. .
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INTRODUCTION

Intens? electromagnetic pulses are created by nuclear

explosions and lightning flashes. Accurate knowledge of

the field ~raveshape generated can often yield i~sight into

the physical processes which create the fi.dd pulse. .For

this reason, research has been devoted to the zu?alysisof

transient~”field generation,
1-4

propagation and raception.

Simce transient field pulses can be very intense
I

(l&v/m at 1 km from a lightning flash),5res~arch has also

been performed to determi~e the effects of intense field

pulses ‘onpower distribution and,communications equipment

as W=ll as on missile systems.6 Associated with the study

of the effects of intense electromagnetic. pulses on electronic

equipmer.t is ths problem cf the generation of ar-intense<
.

electromagnetic field pulse for testing purposes. .Since the

vulr.srability of an electronic system may depend upon the

frequency content of the pulse as well as on the maximum

intensity,7 the waveshape of the field pulse to which the
:>

system may be exposed should be simulated. Very-high- ....-

voltags equipment is normally employed in the design of the .

field-pulse generating equipment; therefore the system ,.

desigcer,cannot easily shape the current into the antenna

terminals by filtering and switching in the transmitting .-
L

equipment. For this reason, attentioti is devoted to the

problem of antenna synth;sis, i.e., designing an antenna
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,

system which will

voltage equipment
.

incident uFon the

AFWL EMP 1-5

take the conventional output of high--

and produce the desired fisld waveshaps

test object. This re”port considsrs-the

characteristics of ore type of antenna that

in this application.

might be used

The antenna considered is the multiply-loaded dipole

antenna shown in Figure 1.1. The origin of the assumed

cyliridrical coordinate system is at the center of the

antenna. Two important aspects of the prcblem are con- :

sidered here. In Chapter 2, an antenna theory is developed

which will allow the calculation of the electric field

pulse radiated when a fast-rising voltage step is applied
\

to the input terminals of a long imp~dancs lcad~d dipole

antenna. In Chapter 3, using a simplified artsnna theory,

a synthesis procedure is evolved that will yield a selection

of lumped resistor pairs to be used to symmetrically load

the antenna. The values of the resisters are chosen sc

that when a voltags step is applied to ths ar.tsnnathe

radiated electric field p’~lse approximates soresprsscri.bed,

fast-rising, generally decaying fmction of tires.

When the antenna is excited by a monochromatic volt-

“ut), the electric field at the pointage source (viz, Voe J

“8Of observation has only a z-compcnent.
...

.
. .

. .
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Figure 1.1. Multiply Loaded-Antenna
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I

where:

Az(r,o) = the z-component of the magnetic vector potential

k.

m

c

Po

<0

svaluateil

the total.

antenna

the total

‘at the point of observation . .

axial current flowing at point z on the

length of the dipols antenna

the free space propagation constant,.ko = u/c

the radian frequency of the applied excitation,

u= 2fif

the’velocity of light in free space, 3 x 10
8

. . . .

meters/second

the permeability of free space, KUX 1~-7 hetiry/meter
/

the permittivity of f~ee space, 8.85 x 10-12

farads/meter

The relaticfiof the total current to the resistive loading

ar.dto th= applied source voltage is determined by apply-

ing the Compensation Theorem of network theory. 9

By ths “Compensation Theorem, any load impedance, ZL, “

can be replaced by an equivalent voltage source, V = - I ZL L L’

without disturbing the network. Therefore, the symmatric

resistance loaded dipcla of Figure 1.2a is equivalent to

the multi.ply-driven structure shown in Figure 1.2b, where

each equiv.al~nt voltage sour”cehas z~ro internal impsdance.

The total cu~renc or.the antema showr-.ic Figure 1.2b

can be obtaiced by superposition.

-.

8

II
1

,

i

1
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. .

m
~

‘N-1 ‘N-2 ‘3 ‘2
-VO + RI

u

‘1 ‘2 ‘3 ‘N-2 ‘N-1 d

~~~ac=w~ ~
.

t-

1 I I I I I
z

‘1 ‘2 ‘3 “ ‘W ‘N-1 h

a) Multiply-Loaded

‘N-1 %2 ‘3 ‘2 ‘1 ‘o

Dipole Antenna

“1 ‘2 ‘3 v
N-2 ‘N-1

+ - + - -1’ - +. - + - + -’+- - + - + - + -“+.

b) Multiply-DriVen Dipole Antenna

v. = -I(d.)R.

..

Figure 1.2. Equivalent

.L

Multiply-Loaded

J.J.

and Multiply-Driven Dipole Antennas
u
oI
(n

. —.
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where IT(::) is the total axial ,CUZrent on the ~ntenna

measured at paint z,

Y(z,di) is the cti~rant rmasu~ed at the same point

z when a unit voltage wwrce is applied at point di,,1

The lGad voltage Vi is to ba determined by the Conpansation
..

Theorem~

‘i
= -IT(di)zi.

.
(1.3)

Combination of (1.2) and (1.3) yields a set of (El-l)simul-

taneous equations for &termining the (N-1) unknown load

voltages,

N-1 .

= -VoY(di,o)
j% ‘Vj.aij i = Iw*,(N-1).

H~r,e

=ij
= Y(di,dj) + Y(dir,-dj), i$j

I

I
I

1:

aii = Y(di,di) + Y(di,-di) + 17’Z
i“ (1.4)

.

Substituting the solutions obtained from (1.4) back into

(1.3) yields thecomplete distribution of current on the

antenna needed to compute the electric field by (1.1).

s
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jcoyo ‘
Ez(r,o) = - 3Z e-“0’ {V. f;(zlo)d.

..

+ ~ ‘i ~h[y(z,di)+y(z, -dij~dz} ● (1*5)

.’:

But by symmetry :+
;.

Y(z,~di) = Y(-z,di), - (1.6)

..

and
..

..

“—.
so that the total electric field at the poi-ntof observation

is written “

Ez(r,o) = VOG(0) +’2 ‘-ZIVi G(di) .
i=l

(1.8)

Here

-jkor
j~oe

G(d) s - ~Tr fh( )Y z,d dz .

,.

(1.9)

To compute the transient response, V. is interpreted as
.

. the spectral density of the applied voltage transient defined

by

. .

. —.- —
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“

●

with the inverse transform

Vo(t) = &f’ VO(.)J’”’MO
-m

(1.10)

. . . .

(1.11)

The time history of the electric field transient is then

obtained by taking the inverse Fourier transform, of (1.8).

r
.

:

—
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.CHAPTER 2

ANTENNA THEORY

,’ .,

In Ch”apter 1“it was determined
.;-:.

that the”transient *

electric field radiated by an impedance loaded antenna could

be determined if the current distribution on the antenna..

driven at an arbitrary point along its length and the
‘rj

radiated field produced by this current distribution were 1,,

known. “- “

Theories have been developed that provide this infor-

mation if the electrical length of the antenna is not too
i

long. However, to consider fast-rising pulses in impedance

loaded antennas, an approximate theory that has no funda-

..
i

mental frequer.cy limitation is required. In this chapter,

an approximate theory is developed that satisfies this re-

quirement. The current distributions predicted by the theory

agree reasonably well with the measured current distributions
\

on both unloaded and impedance loaded electrically long

10antennas as reported by Altsch~ler.

2.1 Formulation of the Antenna Problem

In recent work Gn antenna theory, it has been found con-

venient to determine the field maintained by a given dis-

tribution of.electric currents from Maxwell’s equations with

“the intermediary of the magnetic vector potential. . .

.

(2.1) .

i

. . . . ,;
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~(~’) is the electric current density at the point p’ lo-

cated i.nV, and p is ths point of observation located either
. .
insids or outside the volume V. To evaluate properly”, ~(~), “

the indicatsd integration must be taken over all currents

flowing in the antenna, its feeding transmission. line, and

the exciting transmitter. One normally is interested in only

that pcrtion of the field which is due to currents distri-

bu~ed on the intended radiating element; therefore, most

theories hav; besn developed using an idealized model similar

to that shown in Figure 2.1. The antenna is assumed to be

constructed of an extremely thin-walled tube of infinite con-

ductivity without endcaps. The, length -of the antenna is

2h and the radius is “a”.
11

The antenna is driven by a mono-

chromatic voltage ger-erator, vde+@~, appli~d across a narrow

circumferential gap located a distance, d, from the center of

th= ar,ter.ca. The voltage across the gap is defined by

S E dz,‘d=-. gaps (2.2)

where Es is the z-compo~ent of the electric field evaluated

at th= surface of the ant~nna. Es is zero everywhere on the ...

ar.tenr.asurface. except ir.the small gap, since the walls of

the tube have beefiassumed to be perfectly conducting. If

the gap width is dscreased while the voltage Vd is held con-

stant, E approaches ths form
s

●
✎ ✎
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+

‘d-

Figure

( —

2.1. Idealized Arbitrarily

●

70-21 ‘“

,—

;,=
-!

. ..

!.

Driven Antenna

—
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E = -Vd b(z-d), for Izl < h,
s -(2.3)

where b denotes the Dirac delta ‘function.

The electric field

netic vector potential,

about the z-axis, there

netic vector potential;

may also be obtained from the mag-

(2.1). Because the model is symmetric

is only a z-component of the mag-

J&’ A K(-’ ) k’ J (2.4)

whereI(z~d) is the axial distribution of current on the
\

antenna dde to vcltage Vd applied at z = d. The kernel, K(z,z’),

is defined by

2~ -jkoR

K(z,z;) =+H s
e

R
d~’ , (2.5)

o“

where

i

(2.6)

For thin antennas, for which a <e h an’dkoa <C 1, a suf-

ficiently accurate approximation of the kernel is
.

-jkoR

K(z,z’) =+” , (2.7)

I
I

. --- .

&

,-
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where

(2.8)

This approximation yields accurate results even when the field

,

●

near the surface of the antenna is to be evaluated. The

12
electric field at all points in space is given by

. . .-)
E = -W3 - jtiz, (2.9)

,where @ is the scaler potential, related to the diver-
...

gefice~f”~ by the Lorentz condition,

j k2
v“i+~f$=o. (2.10)

.
. ..:

‘Equations (2.9) and (2.10) may-be combined to give the non-

ZgrO components of the electromagnetic field in cylindrical

“12 “
coordinates:

. 2
Ez(r,z) = -lQ (~

k2
+ kg) Az(r,z),

~ az2

.

(2.11) ;,
‘.

(2.12)
.

u

.
.

(2.13)
,,
:+—
.,-
i.,.’,

.,

. . . .

, ..
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Knowlsdge of the d.istributicn of current on the antenna yields

the entire description of the electromagnetic field.

If (2.11) is evaluated at the suzface of the antenna

where (2.3) must be satisfied, then,

k2

(++@z(ajZ) =-& Vd ‘~(z-d),
az

(2.14)

where lz~”s h. Appropriate solutions to the homogeneous
+jkoz -jkoz

equation are e and e o These may be combined to

yield a solution to (2.14) in the form .

‘d
-jkolz-dl

Az(a,z) =~[Ccos kcz+Dsinkoz+7 e IC(2.15)
\

An intsgral eqaation for I(z,d) can be

stituting for the left side of the =qUatiOII

.

integral, (2.4).

Po h

s~q -hI(z’,d)K(z,z’)dz’ =

obtained by sub-

the defining

. v.
-jkolz-dl

-$ [C cos koz + D sin koz + –~ e

where the kernel ~(z,z’) is given by (2.5), or

by (2.7) evaluateil at r=a. Henceforth it will

approximateely

be assumed

that the radius of the antenna is small so that the use of

the approximate ksrr+?lis appropriate.
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.

-..

.

Equatior. (2.16~ is Hall+r:s integral equation for the

arbitra~ily driver.cylin-d’ficalantenna. Other forms of

Hall&’s. intsgral sqtiatianare the starting paint for most “

‘.

\ :--..

.;—
I

the ur~kncwr ccr.stantsapp~ari.ng in the right side of (2..16),
.

.
.

may be eliminated by applyin-gth-ebo’mdary cond-itionth-atthe

curren-t at.each end of the antecna must vanish: ~,.
: :,,.

:; ,...,,
,, $

,..

(:
Studies of ths current distribution cn the antenna

!.

have primarily bser,limited to the important special case

of ths cent~r dri.v%r,ant+r.na for which d = O and D = O in ,ii
;,,r

,-

. .

..

.—

‘ 16 Numerical IntegrationFe-crierSe:ies (Dlmcan and Hinchey/,

(M=i],‘7 and an applicaticm of the Wiener-Hopf !Echniqus

(W2)018 Thsse tb.eoriss all yield the approximate current

Sczuti,czzshas l.imite~thei.xutility to the determination of

ths i.rp-timp=dznce.of the isalated anter-na. In 1959, King

,i

~“(z?‘=, A ~i~ ko(h-lzl) ~ B [COS koz - COS koh], (2.17)

$.
!,

. .

_ .————
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The simplicity of this function has led to its use in

the solution of .msny complicated pzoblems zanging from the

i
20

. .
Yagi-Uda array theory to the leakag= of RF energy into

~~hCJUS~d ~iy~~t SllbSt~-tL%iOnii~H~,l~~n’~ i~.tegral

equation to obtain the coefficients A and B.19 Storer

shcwed that the calculus of variations could be employed
.A

the “

to

optimize the choice of these coefficients. LL
His ‘results,

however, do not differ significantly from King.’s. Tri also

applied the calculus of variations to the antenna problem,

23using one diffetent trial function;

I(z)=A sin kc(h-lzl) + b ko(h-lzl) cos ko(h-lz l). (2.18)

This fozm has the advantage that there are ILOfrequencies at
.

which the input current is zezo, a defect suffered by King’s

assumed current. Tai’s results may be applied to longer

antennas, “h > 5A/8; however; the resulting current distri-

bution is generally not similar to the measured data. In

the frequency range where comparison is appropriate, h < 5?J8,

13Tai’s xesults support the results of both Storer and King. .

King added a third function to his assumed solution in

1966 which ftirtherincreases the accuracy of the approxi-

mation at the ‘expense of additional complexity. 24 In 1967,

King and.Wu extended the theory”~tothe antenna driven at an

25arbitrary pGint aiong its length, thus allcwir:gthe stl~dy

,

.-
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of multiply-driven or impedance loaded antennas which satisfy

the reql~iremsnt that h < 5X/8.

For longer ~i]~~~n~sl the results have not been as faz

18.
. .

reaching; l’Tu’stheory could be ~sed to find an accurate

current distribution fOr the arbitrarily-dciverl dipole.

However, these results would not be in a simple fcrm, as

are those which have been found to be so useful in wcxking

with. slmrter anter.nas.

King and Saunders were able to find a trigonometric

expansion foz the current d.istributien cn the cer~terdrive

26
resonant antenna. They concluded that no sim,pletzigawo-

metric foxm co-~ldbe obtained for currents on long anti-

resonant ar.tennas.

In the treatment to follow, a simple expansim of the

er.ds cf tb.e ar.t..sr~-n.a. Conversion of tkis fcrm of solution to

that cf atts.nuated trigonometric components is possible. “

~cws:~~~, a significant reduction in mathematical

is obtaimd by retair.f.n-gthe trav=ling wave form

Cnly linearly attenuated waves ars considered in

ar.a.lysisgivsn.,lx~tthe addition of higher order

q~irsd for greatex accuracy is straightforward.

——— ——.—

complexity

of sclutim...

., ?
:/‘1,.

the numerical

,: .-

,—
-

terms re-
:’,.
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The devc~lopmcnt begins with (2.1$)),which is tha

equivalent of Hall~n’s integral, (2.16).

:; fhI(z’,d)i:(z,z ’)dz’=

-jkolz-h~ -jkolz-i-hl -jko[z-dl
‘d~ [c’ e +D’e +e -1●

Jn this form it is evi.d~nt that the total current can

~idered to b-a the sum af three compone~nts.

\

“(z,ci)=. Vd [Ccyp(z,h) + D’yp(a-h) + Yp(z,d)],

(2.19)

be con-

(2.20) :

i

where the ca’&xments of the form Yp(ztfi) are solutions of v

t}ieintegral. equation.

Po h
s

-Wolz+q~...
l+q

Y (z’,~)K(z,z’)dz’ =-# e (2.21)
:h P

8 ,.
‘!

Izi s h and. 121 < h.
1

k;;>.ere

The currsnt. distribution on an infinite antenna driven
i

i
at an arbi.trary’point along its length by a unit voltage.

source iS the so~~~ticn of (2.21) with h=a. It has been pre-

viously determined that an approximate solution for this case

~~27

.
-.

—
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YP(Z,J?,)=’” .(i.i?)“

/

determined primarily by

of that point. This is

nel at the point z’=z-.

dub to a very sharp peak “inthe 3:er-

kccoxdifi~ly, (2.22) is achm an ap-
.

prcximate solution of (2.21) cxmpt Max the ends of’the.

anterina.’
,.,

Since the inverse logarithmic attenuation of-the

traveling wave in (2.22) is gradual, the. solution. of (2.21)

may also be approximated’over the fintte leng~h of the

antenha by a more tractabl~ linearly attenuated traveling

wave.

-jk Iz-AI
“YP(Z,A) g .~A.+Bko)z-~l] e ; 0 , (2.23)

wheze A and B are suitably selected complex coefficients. “

Whe7L (2.23) IS substituted into (2.20), the total current

sn.the antenna is expressed in the form.

.

70-29

. .
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)7

‘,

.
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I

1(z,d)

Here, C’and D’ have been

B’s. The total current

+ (A
-h

+ (Ad

+

-+

+

Bhkolz-hl)

B-hkolz+hl)

Bdkolz-dl)

incorporated

t

AFNL EMP 1-5

-jkolz-hl
3

-jko\z+hl
e

-jkolz-dl
e 1.

into the unknown

(2.24)

A’s and

on the antenna is expressed as the

sum of attenuated traveling waves emanating f~om the driving

source and from each end of the
.
Two of the constants could

the boundary condition that th~

of the antenna; however, a more

structure.

be eliminated by enforcing

current

general

is zero on the ends

cilassof functions

is not required to

appropriate boundary

is allowed if this smooth approximation

vanish at the ends of the antenna. The

condition is that current exists only on the

a discontinuity is allowed at the end of the

Clearly, an increase in the accuracy of

antenna, where

structure. .

the distribution

could be obtained by increasing the number of terms in the

indicated series expansion of the attenuation function. “For

the problem at hand, the analysis of transients in impedance .
.

loaded structures, many frequencies and several drive points

must be considered. For this type of problem, simplicity is

1

often more important than extreme accuracy.
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The reaction concept

priate values for-the six
.,-1

was employed to determine appro-

constants required: This technique

is equivalent Zu to Galerkin’s method or to the variational

approach employed by Storer22 to optimize the choice of co-

efficients for the current components previously selected

.

by King.
19

The reaction concept was invented by”V. H.., .Rumsey in

techniques,1954 t
29 and while it is equivalent to the other

it is conceptually easier to apply. The reaction between a

field, a, and a source, b, is defined as

s(a,b) = “ ~a= ~bdv.
Vo1

(2.25)

The reciprocity theorem in Rumsey’s notation is

(2.26)(a#b) = (b,a) .. .

One may also define the self-reaction as the reaction of a

field on its own source.
“m

.-

(ata) (2.27)dv .
.-
=

‘a
For the arbitrarily driven antenna, the current exists oniy

—

.

.
.

on the surface of the antenna, so the integration reduces to
.

.“. . , ,’:
‘.

,.
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f ()(a,a) = Es z
-h

where Es(z) is the z-component

surface of the antenna. Since

AFhJL EMP 1-5

I(z,d)dz, (2.28)

of the electric field at the

the antenna model is that of

a perfectly conducting tube, the electric field is nonzero

only in the gap where the antenna is driven,.as can be seen

from (2.>). Therefore, the value of the reaction is given by

(a,a) = -VdI(d,d). (2.29)
.

‘d = I(d,d)Zd,where Zd is the input”.impedance..of the antenna,

and may be written .\

(a,a)
‘d = I(d,d)2 “

.

The reaction between any two approximate

if it is subjected to the constraint: 30

(a,b) = (ca,b) = (a,cb), (2.31)

(2.30)

sources is stationary

where c and c
a b

represent the “correct” sources and fields.

The application of this constraint yields a stationary ap-

proximation to tilereaction and is hence equivalent to the

22
variational approach used by Storer.

.,

—
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.

The method of daterminit~g the appropriate current dis-

tribution coeffic.i.cmtsis straightforward. Suppose that the

.

●

,,1)

(2.32)(a,U) = (c,U)
,;

(2.33)(a,V) = (c,V)

.

l’hs react.io:~lw~:ween the corroct field and each trial cur-

rent is known, gince E =
z

-Vd b(z-d.). ThereSore,
.

. (2.34)A {U,U) + B(V,U) = -U(d),

.
A (U,V) + B{V,V) = -V(d) . (2-35)

;:
f

By

in

reciprocity, (U,V) = (V,U), and there are three reactions

The extension tothe coefficient matrix to be determined.

six variables is straightforward.

Let

-jkolz-ll
U=e
A

(2.36) ,-

arid

,;

(2.37)

The following matrix equation results

. . . .



—
—..-— . .

.

.

(u&u+) {vd~u+) (v&~) (Uh++)

.

*

9

-. —.——

.

‘-h

‘-h

‘d

‘d

‘h

%

: .-

.. . ---...
— .—

-jko(h+d)
e

-jko(h+d)
ko(h+d)e “

o“

-jko(h-d)
ko(h-d)e

-jko(h-d)
e

.

(2.38)
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I

All the elements of the reaction matrix are of the form

(qJ,Vm), (Vj,Um), or (Vl,Vm). By reciprocity,(“~~um)~

(Uj,vm) = (vm,uA), so that only three general formulas
. .

are required to defime.all 36 matrix elements. Therefore.,.

the analytical part.of this solution, using a 6-com-.

ponent trial current, is obtained as easily as when using
.1

a general 2-component soluti~no

,It is this significant reduction in computational
.

effcrt which makes the traveling wave form cf an assumed

soluticn superior to the trigonometric forms extensively

used in antenna theory.

In Appendix 1, the electric field at the surface of

the antenna due to each of the current component forms is
.

d~ri~ed. These fields are then used to determine the

three required reaction formulas in Appendix 2.

It was found that each of these reacticns could be

reduced to expressions involving” the tabulated sine and

cosine integrals, so that no numerical integration was

p.~ces~aryo “

In the remaining sections of this chapter, the

accuracy of this theory is evaluated by comparison with
.

existing experimental data and theoretical evidence.
. .~.-

.2.4 CurreritDistributions
.

Very accurate measurement techniques have been devis:~d

for determining both the real and the imaginary components

of the current distribution on a center driven dipole

I

II
.. . .
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antenna.
11

In Figurs 2.2, both the measured curren~ dis-

tribution and the current distribution predicted by the

traveling wave thecry ars giveq.fox center driven antennas. .

of fo”urdifferent lengths. The agrsemsr~tbstwsen the

measursd and the predicted distri.buticn.sis quite good

except for tb.elcng antirssonant antenna. Althol~gh this

discrepancy is unimportant for transient analysis because

the tctal antenna current is quite small at antiresonant

frequencies, it is apparent that a linear attsruated cur-

rent model will not adequately describe the rapid varia-

tions which occur near the end of the antiresonant antenna.

No measurement exists of the current distribution on

10an antsnrianot drivep at its ce,nter;however, Altschuler

has repcrted the curr=nt distribution on a

dipcla symmetrically leaded with a pair of

cated cne qua~ter of a waveler~gth from the

center driven

resistors lo-

ends cf ths

structur=. The total czrrent flowing

can be obtair.ed fr~m (1.2) and (1.3).

on this structure

IT(Z) = Vc Y(z,o) + Vd [Y(z,d) + Y(z,-d)], (2.39)

where

.
‘d

= -IT(d) Rd. (2.40)

. .

~–——
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SiriceY(z,-ti) = Y(-z,d), (1.6), only the symmetrical com-

ponent of the currer.tdistribution on an arbitrarily driven

ant@nna can be evaluatsd by comparing the calculated re: - 0

10,32suits to Altschuler’s maasured data.

In Figlme 2.3, both the predicted and the measured

current distributions are plotted for seven different

antenna lengths. The value of the resistor was 24o ohms.

Experimentally, Altschuler fcund that this value yielded

a traveling wave distribution Gf current between the driving

terminals and ths resistor. ..Sincemuch of the rapid

variaticn of the current distribution is removed when these

resistors are placsd.i~.ths antenna, the predicted current

distributions are acceptable for both resonant and anti-

remnant lengths.

2.5 .RadiatedoFields

The rmrmalized radiated electromagnetic field at the

pc-intcf observation, when the antenna -is driven at an

arbitrary point along its length, (1.9) is required to

complete the arial.ysisof the pulses radiated by a symmet-

rically load=d structurs. The desired comp&ent is

-jkor

G(d) = - j~: . $-: Y(zfd)d.t
.-

(2.41)

where Y(zjd) is obtained from (2.24). Substitution yields

I.

-

.

.-
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where

and

G(d) = b h
‘hpl + ‘h ‘2

+A ‘h+B -h
-h ‘1 -h ‘2

+AP ‘+E3P d
dld2’

- Z. -jkor -jkoh
P3 = _-
1 2~r e [1-e COS ko~] ,

(2.42)

(2.43)

(2.44)

P’;= - ~ e-jkor
-jko(h-~)

[(1 + jko(h-~)) e

-jko(h+~)
+ (1 + jko(h+~)) e -2].

Hers, Z. ‘.120n chins.

(2.46) , [

i.

. .
●

Another .interesting check on the traveling wave th=ory
.~

is to compare ths radiated electric field transients pre-
—

dieted by this theory with those both predicted and measuredly
1

I

—

—

I
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Schmitt, Harri,sGn, and WllllamS. 3 .Schmitt, et al used

15 for frequentKing-Middl.eton ar.tennatheory ies where

h e 51/8 and the theory developed by Wu
18 fcr frequencies

v~hare h 2“5x/8 to predict th~ radiatsd ‘electzic”field”

transient.

The configuration considered is shmzn ir.Figure 2.4a,

a cylindrical moncpole fed by a coaxial lins with a character-

istic impedance cf 50 ohms. The input voltags pul.ss.is the

type of square pulse that can be generated ir.the laboratory.

This pulse is WS1l approximated by the analytical expression:

: Vg(t) = VB [f(t)u(t)-f(t-T)u(t-T:] ,

.

-t/ti”
f(t) = [1 - (i+t/tl) e ],-

[

0, x<

u(x) =
1, x>

‘1 is a paramster related to the rise

(ris= tiress 5t1) , and T is the pulse

The Four~er transform of this voltage

: (2.48)

., :

0

(2.49)
o

time of the pulse

duraticn in seconds.

waJe is

Volts/Hz. (2.s0)

● . .

.

.

.-
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Figure 2.4. Experimental Configuration
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The time history of this vcl.tage pulse i.sshown in Figure
:.

2.4C0 .All times have been normalized by the factor h/c, the

“one-way txa:Jeltime from the i.np-ut.Gf the antenca to th=
. . . .

er,dof the structure. Th~ time history of the radiat”ed

electric field p<clseis obtained by takir~g the inv~rse Fourier

trar.sfcrm Gf the frequency description of ths pulse. Using

travsling wave theory, the frequency description cf the pulse

v (u.)) ZJJ.))
Ez(r,o) = 2 %*2%; G(o,uJ). (2.s1)

Here, Zd(m) is the input impedance of th~ equivalent“dipole:

Zd(cu) s l/Y(o,o). (2.52)
r

.i’

The fact.crsof 2 are required

to th~ monopcle configurationdatzi

In Figure 2.5, the calculated radiation z,anefisl~ along the

grcund p~ane is pres=nted fcr

four values of relative’pulse

obtair,ed by r~umsrically calculating

form

cne value of et,/h, 0.05~ and :,

wi’dth

In.E’igures 2.6 and 2.7, the calculated and measured

obtained by Schmitt, Harrison, and Williams 3 for the

antenna and exciting sources are pressnt.ed. Ths

●

✎ ✎



70-44 AFIIJL EIIP 1-5

I

I

.
0.2

n
o

.
L

w

a)h
L

u
a)

.-
I.L

c
0.-
U
l-u

.-

-u

2
-u
al
N

m
EL
0

z

0.2

0.2

0.2

All Curves: et,/h 0.05

cT/h-= 0.2 “ “

P--

0.5

cT/h

1

/

1 !

.P cT/h = 2

.

o 1 2 3 4 5

Normalized time et/h
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cT/h = 0.2

cT/h

cT/h =

cT/h =

0.5

1.0

2.0

Figure 2!7. Transient Electric Fields lieasused by
Schmitt, Harrison, and Williams
h=O.84meters, h/a=994, r=l.52 meters. .
For all sweeps, ctl/h=0.05 and the
time scale is 1.25 nsec/div. . Vg(t) is
shown in the upper traces..

. .

.

1



.

AFIJL EMP 1-5 70-47

experimental configurate.or.did net well satisfy the far field

radiation requirmer:t ; thus, precise agreement bstween the

measured data and the talc-ulated data cannot b= expscted. In

3their publication, Schmitt, Harrison, and Williams. sb.cwzd

culated data could be attributed to the diffsrsnce ir~con-

figuration at least until ct/h=2.

The comparison ef the transients predi.ct~dby the

traveling wave thecry (Figure 2.5) with Figures 2.6 end 2:7
..

reveals good general agreement amor.gall three sets of clurves.

The two theoretical predictions agree mere closely with each
.

other than with the measured data, although the traveling

wave theory predicts somewhat higher levels and a larger
.

pulse at the tiresthat the current pulse, reflected by the

.
end of the

Bas~d

of current

ar.tenna, returns to the driving source.

upon this comparison and the previcus comparisons

distribl~tion, it is expected that the traveling

wave theory with linear attenuation is sufficiently accurate

to describe the electromagnetic pulse radiated when a transient

voltags is imprassed across the input terminals of an impeda~ce

loaded dipole antsr.na.

.

.

. .
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~~~TER 3

‘TRANSIENTELECTRIC FIELD SYNTHESIS

The traveling wavs antenna th”sorydevsloped in Chspter

2 can be employed to predict accurately the time history of

the electromagnetic pulse radiated when a fast-risi.rlgtran-

sient voltage is applied to a long impedance loaded dipOle.

However, due to the complexity of the equations involved,

the theory is not well.suited for application to the synthesis

problem-- the problem of determining the set of resistors with

which to load the antenna to obtain a prescribed electro-
.

magnetic field pulse.

In this chapter, a simplified theory is ~mploysd to

determins the current distrib;~tion O; the symmetrically driven

cylindrical antenna. The synthesis problem is therisolved,

using this simplified current distribution model.

In Section 3.4, examples of the puises radiated when

a tracs:ent voltage is applied to the input tsrminals of an

antenna loaded with resistors are considered. The pUk2S

predicted, using the simplified model, are ccmparsd to

those pzedicted by the application of the mGre accurate

traveling wave theory. This comparison indicates that the

error expected whsr.employing the syn-thesis procedure is

not very severe.

.,
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3.1 The Symmetrically Driven Cylindrical Antenna
-.-Simplified Theory--

The idealized .mtenna model to be comsidezed is shown in

Figure 3.1= It is a thin tubular r,lodelof infinite con-

ductivity without endcaps. It has a total length of 2h and

a radius of “a”. It is assumed to be symmetrically driven

across two narrow circumferential gaps located a distance, d,

from the center of-the antenna.

While the model selected is not as qeneral as that

used in the development of the

of sufficient generality to be

the problem at hand.

The electric field on the

antenna is given by

:-
,:
: ‘.
1-

, _

traveling wave theory, it is i:“.
;I:_
:.

employed in the solution of ,!?
!)
/;-
1,‘!.—

surface of the idealized
‘_!—) 1-—.,1.-
;;—
I!,

%
= -Vd [b(Z-d) + (j(z+d)], - 121 s h. (301)

Accordingly, Hal16n’s integral equati@n for the symmetrically

driven aritennais

1 ‘d
-jko!z-dl -jko~z+dl

=— [~ (’ +e
c )“,

+ C COS koz],

—-

i.

‘m

(3.2) –

. .

.
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Figure

.

‘d.
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—z=- h
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where the kernel K(z,z’ ) is approximately

70-51

- j koR

K(z,z.’) ‘~- ,

and

(3.3)

R= Jaz + (z-z’)z .

Some insight into the expected current

gained by noting that the real part of

COS koR
KJz,z’} = R

(3.4)

distribution can be

the kernel,

.

# (3-5)

is a decaying oscillatory function with a very large peak

at the point of z = z’. The imaginary part of the kernel,

- sin koR
K1(z,z’) =“

R— * (3.6)

is also a decaying oscillatory function, but it does not .
.

have a very large peak at z = z’. Due to this peaking pro-

perty of the kernsl, the “expansion parameter” defined by

4~z(a,z)
Y(z) s—

= ~) $Ihl(z’ ‘K(z’z’‘dz’‘ (3.7)Voqz)

. . . .
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\ is almost a constant real value, $, independent of z; except

near the ends of the antenna. The properties of ths expansion

parameter have been extensively studied by King. 33 He has

of current distributions used in (3.7). Physically, the im-
!
,, plication is that the magnetic vector potential evaluated at
I1,j, a given point on the surface of the antenna is primarily de-

te.rm’insdby the current very close to that point. 34 If the

approximation,

is employed, (3.2) defines the current distribution on the
\

ant.sr.ra.

‘d
-jko~z-dl

4m. [c Cas kcz +—2 (eIs(z) =—..
$ Z.

-jkolz+d
+G

The constar:t C can b= determined by emplpyirg the boundary

condit~on that the currenc at the end of the antem.a must
----

var.ish, I(h) = O. The resulting

c- = -Vd [COS kod/cos

value is

-j koh
koh] G (3.10)

.

.
. . .
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When (>.20) is substituted into (3.9), a simpls

to the current distribution is obtained.

.

,

.

.

.

j 2HVd
~~(z) = -. —-—.—.

* “Z. Cos :<oh

70-53

approximation

[sin ko(h-lz-dl) + sin ko(h-lz+~l)]. -

,!

The result is simple enough to apply to the synthesis problem.

Note that when d is allowed to approach zero, this current is

twice the zeroth order solution given by Ring for the center

driven ar.tenna.35 This results because the voltage applied to

the center of the antenna is then 2Vd, (3.1).

Before proceeding to the consideration of the multiply-

loaded antera-ga,it is instructive to consider the transient

respome cf the symmetrically driven ante~.na. Dividing

(30~1) by Vd yields a transfer function relating the Fourier

trar.sform of the current on the ante~na to the voltage

applied symmetrically to the two pairs of input terminals on

ths antenna.

J-
,,,

.;

1.

i

1-
,L

{:

‘1,.

1

1<

1’

I

I!)
,,:,

1,

,;!-

--

Tak~ng the invers= Fourier transform of (3.12) results in the

“imp~:,~~~ r+spcnse:’ of the antenna. This is the time history

of ths current which would be observed at a point z on the

ar.tsnr.aif an impulsive voltage were applied to the terminals

of ths antenna.

,
. .

!,,,/

1-



70-54 AFWL EMP 1-5

. .

In exponential notation, (3.12) is written

+jko(h-lz-dl) -jko(h-lz-d
=2U” e. -e——
~- [ +jkoh

o
-jkoh

‘e -e

. .
—+

+jko(h-lz+dl) -jko(h-lz+dl)

+e -e
+jkoh -jkoh - –1 “ (3.13)

e +e

Multiply the numerator and the denominator of each term by
-jkoh -jko5h

e -e .

-jkolz-bl -jk (2h - Iz-dl)

ti=a[e -e 0
‘d

*’ZO - j 4koh
1 -e

-jko(2h + Iz-dl) -jko(4h - Iz-dl)
e -e-

-j4koh
l-e

-jkolz+dl -jko(2h-lz+dl)

+’ e
-j4koh

l-e

-jko(2h + lz+d~) -jk (Uh - lz+dl)
e -e”

-j4koh
–] .(3.14)

l-e

. .
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lf ~ may be consider~d to be a frequency independent real

constant, the inverse Fourier transform of (3.14) is easily

obtained. With the expansion,
. ..,

1
—TV
l-e

it is apparent that

in (3.14) serves to

-j m4h/c -jw8h/c
=l+e +e + ----, (3.15)

the denominator of each fractional term

make the time function represented by

the numerator periodic after t = o, with a period T =“Ah/c.
.

Employing (3.15), the inverse Fourier transform of

(3.14) is written

AI_ [6(&..) + @ J@.l\ys(z) =*,z ,, c

o

I
C “i

I

‘.
,.‘1 .
,,,i,
7“

2h - Iz-d
c ~)- b(t -

.

a’s)- ~(t-m-!!)
c c’ ,4!.

,;.

>,

.

/,

!
,
,,

4h - “4h.- Iz-d+~(t- !z+d!~ + b(t -
c 1)1c- “1”

is periodic

(3.16)

in time with period

in Figure 3.2 to illustrate

(3.16). At the time that

of driving terminals, a

,.

and ys(z)t s uh/c,

!lh/c.

A bounce

for

T=

is employeddiagram36

the

the

physical phenomena

voltag= is applied

3escribed by

to each pair

. .

s.

—. —... . — — . —.
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pulse of current leaves each pair of terminals traveling in c
.=

both directions. Each of the four current pulses impressed

upon the antenna proceeds along the antenna until it is
—
—

reflected by the end, when the polarity and the direction of

the pulse are reversed and the pulse travels back toward the
.

, source. Each of the four current pulses bounces hack and

forth from one end of the antenna to the other.” Due to the ,
‘i

several simplifying assumptions which were required to obtain

these results, the ‘radiation of energy by the antenna has been
!

,!,

neglected. ..Consequently,this simplified theory predicts

that these pulses bounce back and forth forever, undistorted

I,,
1.and unattenuated. In effect, the assumptions required have

reduced the symmetrically driven cylindrical antenna to the

symmetrically driven open ended transmission line shown in
“,

.

$_.—

,Figure 3.3. By examination of (3.16) it is apparent that the

characteristic impedance.of the transmission line must be
,_—“

The quantity .

(3.18)Za = 2zch =JJzo/2fl

. . ,’ _—.
can also ae defined as the ratio Gf the amplitude of the

.

. impulsive voltage applied at the input terminals ~f the

antenna to the amplitude of the resultant input current

.“- .



. ——-.

u

.

—- —--— -—-— -— .— _- — ..—

.
.

‘d ‘d

—--z ~h= l/)zo/br
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impulse. Equation (3.18) can also be used to define the

expansion parameter ~ in terms of a measurable quantity,

Za.. In Appendix 3, approximate solutions for Za.and + ae

obtained ky consideratioti of the ir.finiteantenna theory:

One may questim the validity of employing an antenna

model which allows no radiation of energy, to determine the

radiated electric field produced by the antenna. However,

it is well known that the current distribution on a radiating

cylindrical antenna is quite similar to the current- distri-

bution on an open-ended transmission line;37 hence, a reasonable

approximation to the radiated field should be obtained. More-

over, if the resistive loading o“fthe antenna is significant,

the energy dissipated in the antenna will far exceed

radiated energy. The neglected radiated energy will

be less important.

the

then

.
3.2 The Symmetric Resistance Loaded Dipole Antenna

The approximate current distribution on a dipole antenna

symmetrically loaded with resistors can be obtained by ap-

plication of the superposition and compensation theorems,

as described in Chapter 1. The resultant equation for the

total currsnt distributed on the antenna when excited by a

monochromatic voltage source is

.

-.

*
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where:

V. =“

(N-1)

Ai =

j2~0
IT(z) =JZ

{
——- sin ko(h - l.!) -COS koh’

o

N-1
+ ~ Ai[sin ko(h - Iz-dil) .

i=1

+ sin ko(h - ~z+dil)]}”, (3-19)

. . .

the voltage applied to the antenna’s center terminals

= the total number of resistor pairs,

the ratio of the voltage developed across the

resistor Ri to the input voltage, determined by

the compensation theorem, .

\

Ai = -IT(di) Ri/Vo, i = 1, --- (N-1), (3.20)

di =..ih/N.

Cnly periodic loading need be considered, since any

realizable aperiodic symmetric loading of a finite anter.na

can be desczibed in.some periodic system.

When (3.19) is substituted into (3.20~, the following
4

system of N-1 simultaneous equations res-dlts.

N-1. .
~ Aja~i = - sin ko(h-di), i ‘= 1, ---, (N-1). (3.2?.)

j=l - .

Here

.,
. . .

.

~– -- -- —--—

.
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a..~J
= sin ko(h - Id.-d,l) + sin ko(h - ldi+djl), i # j

2. J
(>.22)

a
ii

= sin koh + sin ko(h-2di) + ~ t:J-

and

. .

j211 \
‘=~zocoskoh -

(3.23)

(>.24)

The total approximate current distribution is obtained

by substituting the solution to the (N-1) simultaneous

equatiors back into (3.19). This required matrix inversion

prevents the calculation of the transient response of the

antenna directly from (3.19). However, another approach is

possible. It has.been shown that the approximations which

have been made have reduced the antenna to an equivalent.

transmission line; transmission line concepts can therefore

be used to find the approximate currents and voltages which

will be observed on the antenna.

Consider the infinite transmission line circuit con-

taining an impulsive voltage source and a resistorRd, shown

in Figure 3.4. The superposition and compensation theorems

““hay again be employed to fir.dall the current pulses on the

line and their locatior. at any time. The total current,

iT(z), may be separated into two components,

. . . . . .

—

.—_—
—

—
=

:—
,-

—

‘?
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rT(z) ‘
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‘d
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.

.
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I
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1
z=d

Figure 3.4. Infinite Transmission Line Circuit
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(3.25)iT(z) = i(z, o) + i(z, d).

i(z,o) is the “impulsive current emanating. from the impulsive
.

voltage source applied at t = O, and iocated at z ‘.“O. 1“,,’

.-

VB
i(z,o) == b(t-~). (3.26)

- *a IZ
r—

i ,

“>——i(z,d) ,is the impulsive current

voltage source Vd(t) located at

emanating from the equivalent

z = d. /

.’ —
.&

~—=

i(z,d) &l)/zd.= \?d(t - c (3-27)

, vd(t ) may be determined by use of the-Compensation Theorem.

.
Vd(t) = -iT(d) Rd. “ (3.28)

.

Substitution of (3.26) and (3.27) into (3.28) yields “
i

I

Vd(t) = VR ij(t- J-#).
d

(3.29)
1.
,,

Here,

,.
‘d”v

‘Rd = - Rdi-Za B’ (;.30)
.

.
> . .
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with (3.29) and (3-30), a complete description of currents

on the infinite transmission line has been cbtained.

The approximate voltages and currents observed on a ;

multiply--loaded antenna may be obtained in the same manner. . .

A bounce diagram, as shown in Figure 3.5, helps to clarify

the time dependence of the voltages and currents observed on

the antenna. An impulsive voltage source @f unit amplitude

shall be assumed to be applied to the center terminals of the

antenna at t = O. Due to the ‘periodicity of the loading, the

voltage across each”of the resistors is a collection of delta

functions. The first impulse occurs at the time that the

current wave arrives from the source, and additional impulses
,.

occur at time intervals of .2A/c thereafter, where A is the
&

. . .

separation distance between two<resistors.
..

For an infinite antenna periodically loaded with
.

tors, the voltage observed across any resistor Ri may
.

written,

~ Ai(t) = ~Ai,j 6[t-(i+2(j-1)) A/c)],
j=l

resis-

be

(3.31)

for i = 1,2, .---- ,Ca.

The amplitude of each impulse, A. ., can be ascertained by
21J

inspection of Figure 3.5.
A

The amplitude of the first impulse across any resistor
.

is proportional to the sum of the input impulse.amplitude

and the contribution.s from other resistors located between

the source and the resistor in qUeStiOn.

. . . . .

,. ~.
..
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R. i-l
A, = . .— -.—

Ri+i
(1+ z~~).

1,1
a k=l ‘

(3.32)

On the bounce diagram, the amplitude is proportional.

to the sum of all amplitudes recozded on.the upper half of

the diagonal passing through Ai,l. The amplitudes of the

succeeding impulses, A+ ~, where j is greater than 2, can
~tJ

also be determined from Figure 3.5. A. is
~lj

to the sum of all the amplitudes recorded on

proportional

the upper half

of the two diagonals passing through A.
~,j”

. .
. .

R. “ i+j-1 i-1
A. =-RW~ ( ~ \,j+i-k +I,j k~l %,j

ia k=i+l

, where i = 1,2, ------_;~ I and j=2,3,-----= ..

(3=33)

Having solved the case of the symmetrically loaded...

infinite structure, the truncation to a finite structure

with N-1 symmstric resistor pairs is easily accomplished.

If “~ is allowed to approach infinity, voltages
.

resistors R. , i > N, approach zero and voltages
1

resistors R. 8 i < N, approach those observsd on
1 .

structure 1 Equations (3.32) and (3.33) become:

#
.

A. =
.1,1

JL(l+=;lq l),
Ri+z~

k=l ‘

across

across

the finite

(3.34)

!

. . .

—
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for i = 1,2,-----, (N-1) and,

~!:’

70-67

N-1

%,1= -(I+ZAkl)t
k=l .’

(3.35)

.

Ml i-1

.-
M2 “

+
k~l %c,j-k)’ (3.36)

for i = 1,2-----, N, and

where

.

Ml

M2

= Min(N,i+j-1), (3*37)

and

= Min(N,j-1). (3-38)

equalnotation L = Min(J,K) means

smaller of the two integers

The

the

The

that

J or

L should be

K.

to

——

the structure, driven by

amplitude, can be obtained by super--

current anywhere on..

function source of unit

position.
.

.

7-.

. .

*..
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(3-39)

Substituting (3.31) into (3.39) yields

,

y(z,t) = {( M)*, bt-.c
.. a

.N m

+ z z Ai, j [6(t - ‘J-=4 -- ~i+2@lJ)A)
i=l j=l c c

(3.40)

Equation (3.40) “completes the description of the currents

and voltages observed on the antenna when excited by a unit

impulse. “The response of the antenna to an arbitrary time

function can be obtained by use of the convolution thsorem.

.For e%ample, the current at point z on the antenna when a
..

causal voltage, vo(t), is applied to the input terminals is

(3.41)

.

Since y(z,t) is a collection of delta functions, the integra-

tion is easily performed. 2

,1 ;

,,

..-. .

‘1

—
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CJ
[v, (t - kia . (i+2(j-l))A).+ ; EA~,j ~ c

i=l j=l c

+v(t-&A-L.L=u-M)q’ .
0 c c }

. .

~,-.=
.

..
.—

\-

1’
‘1 ,’,

i“-
CI ,-

3.3 Radiation Field j
.’

,$”
The approximate current distribution resulting from a

single pair of symmetric sources is given in (3.11). The

electric field at the point of observation (as shown in

Figure 1.1) resulting from this distribution

by substituting (3.11) into (1.1).

.Ez(r,o)
j~o -jkor

:-~e

h

s-h.

[sin ko(h - ~z+d )

j2gV=

sin ko(h - z-dl)]dz.

(3.43)
i-

i

Carrying out the integration,

Ez(r,o) z ~-jkor COS kod
Gs(d,m) s =- 1.

‘d
~r ‘l.- cos koh

(3.44)

Gs(d,o), defined by (3.44), is the Fourier transform of the

“impulse response” of the network made up of symmetrically

. .
,: ...
i“
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driven anter,na and the transmission path to the point of

observation. Takirigthe inverse transform of ’(>.44) will

yield the electric field observed when a unit voltage impulSe

is applied to the i~put tsrminals of the antenna. Multiplying. .

ths numerator and the denominator of the latter term by

e-jmh/c _ e-jo>h/c
t (3.45)

The following form results

~=-jar/c
ju(>h+d)/c

-jo(h+d)/c - ~
Gs(d,m) = - ‘Or [1 - e

l-e
-ju)4h/c

-jm(>h-d)/c
e-ju(h-d)/c - ~

-j04h/c 1“
l-e

(3.46)

i

WhGn $ may .-~’ considered to be a frequency ir.dependent real

constant, the inverse Fourier transform of (>.46) is a col-

lection of del”tafunctions.

The factor,

~-jmr/c
#

accounts fOr the eXF=ct=d delay between the

(3.47)

application of

the Sigrtalto the input terminals and.the observable effect

at the point of observation. If signals at the point of
*

observation are mea~ured in retarded time, this factor needs

no fmther consideration. The “1” within the brackets

I

. .

“
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accc,:.mtsfor the first pulse to reach the pcint of obser-

vation. It Corresponds to the time that the current pulses

emezga from the driving sources onto the.aptenna. The frac-

tional terms represent components periodic after t = O, with

period T = 4h/c. These components represent successive

radiations from the ends of the antenna as each of the four

current

voltage

antenna

by both

pulses placed on the antenna by the two impulse

sources bounce back and forth from one end of the

to the other. This type of behavior has been verified..

measurement and calculation, using much more accurate

theories.
2,3

.
The radiation field, when a monochromatic voltage source

is applied to the center of a symmetric multiply-loaded

antenna, may be obtained by superpositior~.

{
GT(UJ)= -—L ‘jkOr [1 - 1 j

*re: COS koh

COS k d.
i-2 ‘~1 Ai [1 - Cos kohl]} .

i=l o
(>.48)

Ai has besn defined (3.~0). Equation (3.48) can also

be written in the form

. .

.-. -
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*-jmh/c -,,=--ju)~h/c
.—— — .-.”......&—-

.l-~ /---,&,L\~~-.

i=l L 1

N-i -jo(h+di

N-1

E Ai
i=l

AFWL EMP 1-5

N-1 -ja(h-di)/c -jo(3h-di)/c

-2 ~ A: ~–--–-——=? ——
_ ~-ja4h/c

/c -jm(3h+di)/c

-2 ZA.S
-e——-.
-jm4h/c “ } .(3*49)

i=l 1 l-e..

In (3.49), the fractional terms

reflection from the ends of the

\
can be simplified.

In solving for the voltage

.

again represent successive

antenna. The form of (3.49)

across each resistor in a

finite antenna periodically loaded with (N-1) resistor pairs

it was convenient to consider the infinite structure loaded

with N resistor pairs, where the last resistor.was so large

that total reflection occurs. This same principle can be

applied here. If total reflection occurs at

~ and (3.49) becomes

~, no current

exists above 1

N
GT(UJ).= - & e-jwr/c -

{ }
1+2 ~Ai .
. i=l

I

The inverse Fourier transform of (3.50) is apparent. In
.

retarded time, when the antenna is driven by a unit impulse,

. . . .

. .
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1’
l“,
,,

*:
I

the radiated field is a collection of impulses. The first

occurs when the current pulse emerges from the driving source;

the second, of oppcsite polarity, occurs when the current
. .

pulse reaches the first r&sistor. Further pulses occur”as the

primary wave from the center of the anterinapasses each suc- ,, ,,:—
,,
I

I -..
,.

=<

i

cessive periodically spaced resistor.

gT(t) = - ~ {6(t)+2 ; ~ Aij6(t-(i+2(j-1)) $)}.
i=l j=l

(3.51)

.1

[

The radiated field which occurs when an arbitrary causal voltage

pulse is applied to the input terminals of the antenna-can

be obtained by use of the convolution theorem

t

S(ez(r,o) = V. t - T) gT(T)dT .
o

.

(3=52)

Substitution of (3.51) into (3.52) yields

ez(r,o) = -— {()$: ‘Ot —

.

(3=53)

.

With (3.53), the approximate radiated field at the point of

observation has been.completely evaluated.

-.
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3.4 Accuracy of the Simplified Theory

In Chapter 2, an antenna theory was developed which

would permit the prediction, with reasonable accuracy, of the

radiated electromagnetic pulse observed when.a transient

voltage is impressed across the input terminals of a dipole
.

antenna symmetrically loaded with resistors. In this chapter

accuracy of the antenna theory was sacrificed to obtain a

simple description of the current on the antenna and the radi-

ated electromagnetic pulse that can be applied to the

antennd synthesis problem. It was reasoned that the radiation .
.

of energy, neglected by the simplified theory, would become

less important as the energy dissipated within the antenna
.

is increased.
. .

“ In this section, the predicted response of three resis-

tively loaded antennas is computed, using both theories,

and the results are compared. -The voltage impresssd across
.

the input terminals of the antenna was the type of square

pulse that can be generated in the laboratory, previously

used by Schmitt and described in Section 2’.5,3

Vo(t) = VB[f(t)u(t) -f(t”-T)u(t-T)], (3*54)

where

.

f(t) = I -(l+t/tl) e-t/tl, “ (3.55)

.

. . . .

~---. – ------- -----
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and u(t) is the unit step function,

u(t) = o, t<o

u(t) = 1, t>o (3.5E)

- The time history of the input voltage is shown i.nFigure 2.4c.

For the calculation made in this section, VB = 1, and the pulse

duration related to T was made much larger than the time in-

terval o“fobservation. The waveform then approximates the

type of unit voltage step which can be generated in the labor-

atory.
.

Again, following Schmitt, all times were normalized to

one-way travsl time between the input at the center and

end of the ar~tenria.3 The parameter- tl, related to the

the

the

rise time of the pulse, was taken to be 0.05h/c,

Section 2.50

The three

in Figure 3.6.

h/a, was taken

antenna cop.figurations considered

as used in

are shown

Th”e length-to-diameter ratio of the antenna,

to bs 904, for which the “thickness parameter,”ll

2hfis21n~=15.O. (3.57)

The predicted electiromagnatic field pulses are shcwn in

Figure 3.7. The top curve for each antenra configuration

represents the radiated electromagnetic field predicted by

the traveling wave theory given in Chapter 2 and computed

by the procudre given in Chapter 1. Numerical integration

.,
. . . .

.
,—
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Vo (t) 2a
5oofl

c .lp’1~
,t-

- ~~

Vo (t)
3000 2000 2000 3oosl-

~ c=.=w~

.

Vo (t)
1350 I1OQ 950 85Q 75Q - ~ 75!2 85Q 95fJ 110!2 135fJ

For all antennas: 2h/a’= 904, ~ = 15.0

Figure 3.6. Impedance-Loaded Antennas
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.

. .
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Traveling Wave Theory

,r,oo( ““
One Resistor Pair

. Traveling Wave Theory

* I 1 L~ 1 * J

L“ Simplif~ed Theory

~’
f-

. Traveling- Wave Theory -

1 I , 1 I 1 J

Simplified Theory

1~ 1 * 1

Two Resistor Pairs

‘1 = 2000

‘2= 3oofl

Five Resistor Pairs
R,= 75fl

‘2
= 85f2

‘3
= 950

R4 =lloCl

R5=135fi

J * t 1 1 1 I n I 1 1
0 1 2 3 4 5.

Normalized time et/h

Figure 3.7. Predicted Radiated Electric Field Transients

. .
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was used to compute the inverse Fourier transform. .The

voltage across each resistor was obtained by inverting the

matrix given by (1.3) at each of the frequencies used in the
.

integration+ It should be noted that the traveling wave

theory yielded current distributions which only approximately

satisfied the reciprocity condition,

Y(di,dj) = Y(dj,di) . (3.58)

Altihough the.differences were not great, the average value

of the two numbers was used in calculating the matrix co-

efficients required in solving (1.4).

The lower curve for each antenna configuration in Figure

3.7 is the’radiated electromag~etic field predicted by the

simplified theory. Equation (3.53) was used to obtain this

result. The characteristic antenna impedance, Za, used in

this calculation was 667 ohms, as d.stermi~ed from the.con- .

sidera,tions given in Appendix 3.
..

In each of the configurations considered, the values of

the resistors that loaded the anten~a were such that the

amplitude of the electric field pulse had become quite small

when th= current wave r~~ched the’end of the structure.

Reflection of the current wave from the end of the structure

is apparent in the negative swing of the pulse at t=h/c.
.’

As anticipated, the agreement between the two pre-

dicted field pulses becomss more acceptable as the resistive

I

.
. .

~. —. -----
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loading of the antenna becomes more significant. While the

agreement is never perfect, it is evident that the simplified

-theory will yield a good engineering approximation to the pulse

produced. The simplified theory can therefore be employed

in the desired synthesis procedure to yield at least an initial

selection of resistors.

An interesting point is that although the discrete

nature of the loading is apparent in the predicted electric

field transient when the antenna is loaded with either one
,

or two resistor pairs, loading the antenna with five resistor

pairs resulted in a smooth predicted electric field transient.

This results

smaller than

because the travel time between resistors is

the rise time of the pulse.

3.5 Synthesis of Radiated Electromagnetic Field Transients

In preceding sections of this chapter, .an approximate

formula has been developed for the electric field transient

radiated when an arbitrary voltage pulse is applied to the

input terminals of a dipole antenna symmetrically loaded

with resistors. It has also been shown that this simplified

approximation does

the radiated pulse

yield a good engineering approximation to

expected.

.From this point, the procedure may be inverted to obtain

a Selectian of resistors with which to load the antenna.to

approximate a prescribed electric field transient. A voltage

Step will be assumed to be the input voltage to the anter~na.

I

. .
.= . .

.
b

.
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The voltage step has been found to be a wavaform which can

be generated with high–voltage equipment and therefore is a

typical choice for a voltage input. This choice limits the

type of functions which can”be simulated to fast-rising

pulses that decay with time.

Another limitation on the type of pulse that can be

generated by the antenna “is not apparent in the formulas

given. This limitation is that the average value of

radiated- field must be zero. It is essential to the

nature of radiation that the signal be time-varying,.

the

physical

no

static (DC) fields can be radiated by a meaningful source of

finite dimensions. This does not limit the use of the im-

pedance loaded dipole however, since, presumably, any radiated

field pulse which one would desire to approximate would be

subject to the same requirement.

From (3.53), it is appare”nt that the rise time of the “

radiated field is equal to the rise time of the input volt-

age pulse, provided the spacing between resistors is co smaller

than

A =Cttil
rnin r’ (3.59)

where t is the rise time of the desired field pulse. If
r

the rise time of the high-voltage step is made equal to the

rise time of the desired electric field transient, and the

spacing between resistors is no smaller than A the rise
min 1
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,.

.

,

.
.
.

time of both the input voltage and the desired electric field

transient can be ignored in the process of selecting resistors

with which to load the antenna.

The development begins with tne normaltied radiated fisld

pulse observed when a voltage step is applied to the input

terminals of the antenna. From (3.53),

o Wzb-d =.. {()UtVB “

+2 E ,: Aij u[t-(i+2(j-1)) A/d]}, (3.60)
i=l j=l

where’V~ is the amplitude of the voltage step and u(t) is

the unit step function previously defined.

Consider the transient electric field

Figure 3.8a. In Figure 3.8b,.a normalized

The normalization is somewhat unusual; the

illustrated in

pulse is shown.

average of the

values of pulse at t=O and.at t=tl was selected as the nor-

malizing factor, where [tl,t2----] is a periodic time sequence

which will adequately describe the character of the pulse.

In Figure 3.8c, a step function approximation of the ~orma-

lized pulse is illustrated. If the time interval between.

steps is

antenna,

.

equated to the travel time between resistors on the

the step approximation to eN is written

es(t) = [u(t) + &Mku(t-kA/c)] ,

.-. .

(3.61)

;, —

) .’

I,:
(

.- -—I

—

,
i.

..=

—
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L
where decrements, h 1 have been selected to yield an average

fit to the normalized pulse,

qtpJ--~#~..l )
,1 =.

2--- ‘
k=l,2,----fa ● (3.62)

It is evident that the step size may be reduced by adding

more resistors to the antenna to increaae the accuracy of

the approximation within the limitation imposed by (3.59) .
. .

An equation implicitly

resistor9 on the antenna is

sides of (3.60) and (3.61),

JM

involving the selection of

obtained by equating the right
.

which yields

‘~ = 2 j~l %-2(j-l)tj ksNt - (3.63)

where k s (N-1) and JM=(k-i-1)/2if k is odd., and JM=k/2 if

k is even. ‘k,l is the voItage step developed across the kth

resistor by the primary wave of current traveling away from

the driving terminals toward the end of the antenna, while

the other terms in the summation are terms due to second and

higher order bounces between the previously chosen resistors.

Each resistor may be chosen to yield the desired decrement

in the electric field at the time that the primary wave reaches

that resistor. The following equation for Ak,l result5: ,

%fl = %/2 - ~; %-+(j+’,j “=
(3.64)

. .
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An apparent limitation on the type of waveform that can

generated is that the quantity Ab ,, determined by (3.64),
-t~

must be negative. “If the desired waveform is a smooth de- ‘

caying function, the indicated summation is normally positive

and the requirement is easily satisfied. Having determined

the required value of Ak ~, the needed value of ~ canbe
I

obtained from (3.34).

Using the procedure given above, all the resistor values

have been

antenna.

chosen when the primary wave reaches the end of the

The waveform after t = h/c is outside the control of

the designer. Accordingly, the length of the antenna should

be chosen so that the significant part of the desired transient

will be obtained when the wave reaches the end of the antenna.

As an example of the effect of truncating the antenna on the

radiated waveshape, the pulse

e(t) = 2e
-1.386 t/t -e-oo6g3t/tc c (3.65)

was considered. This pulse has a maximum value cf one at

t=O, the signal passes through zero at t=tc, and the average

value of the pulse is zero.

.Since the transient

as a good example of the
.

on the pulse shape. The

to be

has no clearly defined end, it serves

effect of truncating the ar~ter.na

spacing between resistors was chosen

-.

I
I

-1
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A = ctc/20.

70-85

(3.66)

The values of the resistors required to approximate the pulse.

were determined by use of (>.64) and (3.34). In Figure 3.9,

the normalized field transient eN(t) is compared to the step

function

antennas

interest

approximation of the pulses generated by four

ranging in length from 0.75c tc to 1.50c tc. Of

here is the deviation of the approximation from the

desired function after the wave reaches the end of the antenna,

t=h/c . This is the portion of the approximation over which

the designer has no control. For shorter antennas, the de-

viation is quite severe, but as the length of the antenna is

increased, more of the waveform has been accurately described

and less current approaches the end of the structure. This

reduces the amplitude of the reflection from the.end of the -

antenna and results in an overall improvement of the quality

of the approximation.

. .

-.
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CHAPTER 4

.

;—

SUMMARY
1>
I
!,
;“

b The primary use of dipole antennas multiply-loaded with
c

—

resistors has been as an electromagnetic pulse genekator. In. ,—

this report, two important problems associated with this ap-

plication have been considered. !l.

In Chapter 2, an approximate solution for the current
..

distribution on an arbitrarily driven cylindrical antenna r

.

.

was obtained. The problem of determining the current dis-
.

tribution on a cylindrical antenna has been treated many

times in the past. However, no solution was available which

could be employed to calculate the electromagnetic field
,.

transient radiated when an arbitrary voltage source is,

applied to the input terminals of a long impedance loaded

dipole antenna.

The success of the theory developed in Chapter “2 ~e-

sults frotiexpressing the current distribution as the sum-

mation of attenuated traveling waves emanating” from the

driving point and from the ends of the antenna. This for-

mulation overcomes several of the disadvantages found in

previous solutions.

form of the solution

arbitrarily driven.

First, there is no difference in the
..

when the antenna is center driven or

Second, there is no fundamental limitation

on the electrical length of the antenna which may be consid-

ered . Third, the accuracy of the solution may be increased

. . . .

—
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by adding self-evident additional terms to the attenuation

function. And fourth, the simplicity of the solution makes

it ideal for those problems where a large number of”calc”u- - -

lations must be made.

In Chapter 3, using a simplified antenna theory, a

synthesis procedure was evolved that would yield the selection

of resistors with which to load a dipole antenna so that the

radiated electric field transient approximates some prescribed

waveshape. A voltage step was assumed to be impressed across

the antenna terminals, limiting the type of wave form which

can be simulated

decay with time.

was investigated

to fast-rising transients which generally

The accuracy of this synthesis procedure

by comparing’the pulses predicted by this

simplified theory with the more accurate predictions obtained

by employing the traveling wave theory developed in Chapter 2.

These results indicate that, for resistively loaded antennas,

the simplified antenna theory will yield a reasonably good

approximation to the radiated pulse. The synthssis procedure

can therefore be used to obtain a good initial selection of

resistors with which to load the antenr.a.

.

‘.; ;,
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COMPUTATICN OF SURFACE

APPENDIX 1

FIELDS DUE

70-89

wave thecry, the axial.sledtric i~el.dalozg t.hssurfacs c!f

the antenna prcduced by each current component m’~stbe eval-

uated. Throughout this appsr.dix a~d Appsr.dix 2, exter~si\7e

us= is made of the fact that although tksse~are six components

of current assumed orttb.eantenrla, tklereare or.1.ytwo fcrms:

-jkolz-jl ,
U=e
A

and

-jkolz-~l
v = kolz-~le
A

o

.

The calculation cf the el.~ctric field is made.by first de-

termir:ing the magnetic vectoc potential alorg ths aritenna;

!,

,—

~’
\
1!

*

i’

I
I

i

i

I

1,

1’
):

t

then the val-~eof the surfacs electric field is determined

from {2.11)

a2A7(a;q)
E =

{
-j~—

k2
+ k~Az(a,z)

s az2 }
o

(Ale3)

The magn~tic vector potential evaluated at ths antsma sur-

face is given by

. .

. .
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I
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I
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1
1!1

‘,

A=

.

AFWL EMP

No .J
a,z) =

% J.h
I(Z’)K(Z,Z:) dz .

1-5

(A1.4)

It will be assumed that the antenna is thin encugh, k-a s 0.1,
u

that the kernel is well approximated by

-jkoR

K(z,z’) = e ~

where .

(A105)

(31.6)

;$

,,
‘1

.

.
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I

toTangential Axial Field due Current Component.—

-jknlz-jl

.

Evaluate

antenna ~

u

‘A=e \

magnetic vector potential the surface of the

-jko(R + Iz’-AI)
IJohe

Az(a,z) = ~1 s R
dz’ , (?il.7)

-h

where

,=-. (A1.8)

Removing the absolute value notation requires separating the
.

integral into two parts.

Az(a,z) =
% { }

11 + 12 “,
. .

11 and 12 are given by

he -jko(R + (z’-I))

s*1= ~ R
dz’,

(A1.9)

,! I

,,
1.

,.
,.

(A1.1O)

and

-jko(R - (z’-1))
A

1‘e
..

12 = _~
dz’.

R
(Al;11)

With the substitution, ~ = z-z’,

. . .

—
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and

AFWL EMP 1-5

-jko(RU-U)
-jko(z-l) z-~ ~

= e
$ R

da,
Z-h u

+jko(z-~)

12=e

z+h

s
-jko(Ru+u)
e

z-L ‘—---—- da 0R
u

(A1.12)

(Ai.13)

f

:1
t

,,,

;,1
:,;
l:!

I,,;
,,,
‘1

,,1!
1’”,,

1,
,,

I

j;

The differentiation required to determine Es(z) can be car-

ried out quite easily, using Leibnizls rule:

- jkoI1.+

-jkoRIA e‘jko(R1h+(b2))
e.——. - —- (Al.14)

R r
14 5 ‘lh

-jkoR14 ‘jko(R2h+(h+~))
a12

= + jko12 - ~-———— +e —
~

(Ale15)
’14 ‘2h

l?,,= J-”

,;,

‘!
1

(Al.16)

(Al.t7)

(Al.18)

.-.

.-. .
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!

Accordingly,

~211 2 -jkoRIJ. jkO ~

[

jko(z-~)
----- = -koIl - e ---- - + _k-.$).]

2
az2 ’11

‘1A ’14

70-93

.

b21*=—..-
az2

. .

j ko(z-h~ + Lz:_).]-jko(R1h+(h- ~)) ~, + ______
+e

[‘lh
2 3’

‘lh ‘lh

- k:12 -

+

-jkoR1l jko
e

[–‘1A

●

jko(z+h!-jko(R2h+(h+A)) ~ _ * -, -
e

[‘2h ‘2h

(Al.19)

(z~h)13’
‘2h

(A1.20)

E ,the surfacs field due to current component US,v A’
may be

dete~mined from (Al .3) ~

.

. . . .

1“

f’

!..,;,,
, ,,,.

Ii
p,,
,’
>.,,
1,

i

1’

i

—



i,
I

70-94

‘1
(,
‘1

1,,,
,

i!
II
If,

1

bZAz(a,z)
E

{= -j ~ ——— + k~Az(a,z)}
S,u

A o
bzz

Z.
E
S,u {‘-j@-

J?l

-jkoR1j

j2ko ~—
‘1A

AFwL E}IP 1-5

(A1..21)

..

.

‘jko(R2h+(h+4)) jko

[

jko(z+h) (Z+tl)-l>
+e —- —%----

“R2h
3d”JJ “

‘2h ‘2h

(A1.22)

.
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Tangential Axial Field due to Current Component

-jkolz-~l
v~=kolz-lle

. .

Evaluate the magnetic vector potential at the surface of the

antennal

and

I-@.
Az(a,z) = ~y {13-14} ;

where

h (z, -jko(R:(z’-i))

IS
s

1) e
3j- R

dz’,

.

II z,

-jkO(R-(z’-l))

S(
-j)e

.14 = -h
-—~ dz . ,
.R

(A1:23)

(Aloi~)

With the substitution, ~ = z-z’, I and 14 are written
3

.

. .

I
{
I
I

I

I

1,

1’
!’
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,1
I

,:

~’
1

I
!!

I

,,
.i
‘1,,

,,,,

1

zi-h -jko(Ru+u)

-s e-
R }

da .
Z-A’ u

Derivatives are obtained, using Leibniz’s rule,

c (A1.2?)

-jko(R1h+(h-A))
- (h-j)e -— r

‘lh

. . . “,”

(Al,26 )

(A1.28)

.-
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.

.

-jko(Ru+u) .a214 +jko(z-~) z+h e
— ..=- k~14 + j2koe

s R
da

“~z2 “ Z-A ~.. -

I

-jkoR14 -jko(R2h+(h+~) )
e_ ———. + ~–-

‘lA ‘2h

-jko(R2h+(h+l)) j~o
[

jko(z+h)
- (h+l) e

(z%)..—-. - —-— -

‘2h ‘2h
2 13’

‘*h

(A1.31)

and E the tangential component “of surface field due to
S,v. :

A

current component Vflis given by

.

xl

E.=-j-~
S,v

A k2
o

(A1.3),

Z.

{–

a2.

}{ }‘-%az2+k: 13-14”
(A1.32)

. . .

.

I
,,

.-
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+jko(z-~) ‘z+h ~-jko(RU%) . . . . . .

-j2ko e s —-.—
Ru *

z-’J

-jkoRIA

+“2e
%

‘jko (R~h+(h-J) ) ~-jko (R2h+”(h+”~) )
e - .——

‘lh ‘2h

‘jko(R1h+(h-A)) jko jko(z-h) ~-h
+ (h-~) e

[
—— -1-.
‘lh -%A2+’

‘lh ‘lh

‘jk~(R~h+(b+A) ) jko
+ (h+~) e [

- (z+h)—-
._ ‘2h ]}-“3 0

‘2h ‘2h

(Al .33).

Equak.ions (A1.22) and. (A1.33) are used in Appendix 2 to compute

the reactions required to determine the current coefficients

of the traveling wave antenna theory.

!’
f’
1

,,

!,

.,

. .

i

.
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I ,

-jko(R2h+(M.t))
- (h+-j)~ ..— :

‘2h

where

I

-,
-jko(Ra-’a)

a21~ = - ~21. - -jkc(z-Z) Z-L ~
—— - j2koe
az2 03 s R “ du

z-h - u

‘jko(~lh+(h-l)) jko + jkO(Z-h)”
+ (h-j) e’

E
+ 4.34. ,

‘lh 2-R3 1
‘lh . lh

>
. . . .

,.
,!

.

.

4.
. .

I

(A1.29)

I

1’
i:.

. .

-
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APPENDIX 2

COMPUTATION OF REACTIONS

Although there are six currenc components employed in

expanding the current distribution on the antenna, cnly two

forms ars assumed:

and

-jkolz-ll
v=

.4
kolz-.tle o

s

Having only two assumed forms greatly reduces the com-

putational effcrt required to ccmpute the coefficients in the

reaction matr-ix; three algebraic eq~~atiorisare sufficier,t to

define all 36 elements of the matrix.

In this app.:cdix, three equations for ths reactions,

(UL#Um>, (Uj,vm), and (VA,Vm) are determined,” NG aikiitional

approximations are ir.troduced at this poir.t. hhe reactions

are computed exactly, within the limitation imposed by the

use of the electric field, which is computed ucdsr ths assump-

tion.that the antenna is thin, koac<l..

.3

-.
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I
Evaluation of (U4,Um}
————

h
(ul,?Jm)=

s
E~2; Um dz .

-h/2

Substitution of (A1.22) into (A2.1) y~elds

(upm) ‘0 p[bd + e-’k0(h-’)J2(d= ‘j Tn

(A2.1) -

.

e

_Jko(h+4)J2(-m)},

.

h -jkolz-m~ e-jkoR12

J1(~,m) = -2j
s

e
{ }

dz ,
-h ‘1A

(A2.2)

(A2.3)

.h -jko!z-ml -jkoR1h
J2(m) =+

)
e

.-
0 -he

(A2.5)

(A206)

. . .

f



!, , 70-102 AFML EIIP 1-5

Each of the integrals will be ‘evaluated separately;

,,
,.I he -tjko(R14+(z-m)) .

J1(Jlm) = -2j {$
— dz

.m ’14

m -jko(RIA- (z-m))

+.s
e

dz} o (A207)
-h ’11

. .

With the substitution, S = ko(z-~) and T = ko(l-z)~

Jl(l~m) is written as “
●

-j(RS+S)

{
J1(L,M) = -Zj e

-j (L-M) -H-L e
1

dS
M-L ‘s

-j (~+T)
+-e+j(L-M) ~H+Le

~~-M ‘T

where L = kol, H = koh, A = koa, etc,

and

rA2+S2 ,RS=.

Define the commonly occurring integral,.

-j (RS+S)
Xe

F(X) s so ‘s
dS .

(A2.8)

(A2.9)

..
.

.-. .

L -.
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Then,

1“
1’

,

f

.

J1(L,M) ‘=
{

-2j e-j(L-fil)[F(H-L)-F(M-L)]

+ ~+j (L-
}

lfi~[F()@-F(L-M)] .

1“

i. . i“

So, J1(L,M) has been completely determined. “The function F(X)

occurs in all the reactions, and will be further discussed

in the last section of this appendix.

J2(M) remains to be evaluated.

h -jko(R1h+(z-m))
J2(M) = &

{s
e

qm

.

[

j k.
—+ jko(z-h) + Al dz.

‘lh
2 3

‘lh ‘lh

i

1-

/““
.I”
I

I
i

i
f’

I

‘jko(R1h-(Z-m)) “
+f”e

. .

.[

j k. ~ jko(z-h)
. “—

‘lh 2 + ~] dz} 0 (A2.11)

‘lh -

Substitute S = ko(z-h) and T = ko(h-z),

I



J2 can be evaluated as:

-j(RS+s)
~-j(H-M) eJ2(M)= e

‘s

1

AFWL EMP 1-5

I
:: I

J2 (M)
{

\ ~M-H
- e-j(H-Mi\ -j (RS+S)

[
~ +~s-..+&... ds

30 e ‘S RS2 RS31

+ e+j(H-M) *Hs -j(~+T)rL .T

e
H-M L - 5“

‘T RT
- :3] dT] .(A*.12)

T

The integrand of the first integral is a perfect differential,

The second integral may be integrated by parts.

Taking

-j2T -j(~-T) j jT
U=e and dV = e

[
.— -—. 1~ .%2 ~3 dT,

I
M-H

o

2H

H-M

.
. .
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.

j= ~j(.-.+li)~-j(H+M+ A +4H )
J2 (M) = ——--

N .---A
. .

.

‘j(H-M)[F(2@-F(H-M.)1 oi-2je

Substituting (A2.1O) and (A2.I.4)into (A2.2) yields

z e-j(2H+A)c0s (L+M) -j (2H+p)COs(L-M).

(UL,Um) = “~~ {j A -je. p

)!

,/

●

+ e+j(L-M)[F(2H)-F(H-M)-F(HtL)+F(L-M)]

+ ~-j (L-M)[F(2H)-F(H+MYF( H-L)+F(M-L)I} , (A2.15).

where

.Evaluation of (U@,Vm)

.
H

s(U1,Vm) = -hE~,UAOVm dz. (A2.15)

Substituting (A1.22) into (A2.16) yialds

. . . . ,._—
~
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:,
I

(Uj,vm)

+

AFWL EMP 1-5

-jko(h-j).
e K2(m)

-jko(h+j)
e K2(-m)} , (A2.17)

where

Kl(~,m) = -2j“ .f;olz-ml:jko’z-mi{~’y”} ‘Z, (A2=’8~

-jko(Rlh+l=ml )
~ f;ol+ .K2(m) ‘=:

.-

jko
.
{

jko(z-h) +m}dz,—+——
‘lh

2 3
‘lh %h

and

Rlh= -,

(A2.19)

.

(A2.20)

(A2.21)

Each of che integrals will be evaluated separately;

.

.

.,

. .
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-jkO(R12~(Z-m) ).,h e
K1(~,m) = -2j{ \ ko(z-m)— —-—- dz

m ‘1A
2

,

#

With the substitutions , .s = ko(z-i) andT =ko(&z), (A2.22)

is written

K1(L,M) e
{

-j(L-M) _2j=

H-.L
-j(RS+S).

s “se . dS
M-L ‘s

- 2j

-j(RS+S)
e

‘s

H-LsM-L dS
}(L-M)

H+LI

i “=
F-.,
-—.

e-j (~+T)
dT

‘T “{s+e+j(L-M) -Zj T

L-M

H+L -j(RT+T)

s“

e. dT
L-M

}“RT . -’
(A2.23)

—

where :;

L= ko~, H = koh, A = koa, etc.
iiA
-?
c:.Define the commonly occurring function G{X)’by.

x
-j(Rs+sj -

i)G(X) =Zj S e dS .
‘s

.,

‘ (A2.24) T
i‘a

.

,%
;

..-



The properties of G(X) are discussed in the last section of

this appendix,

In terms of the defined auxiliary functions, K1(L,M) iS

Kl(L,M) = e‘j (L-M){G(M-L)-G(H-L)-2j (L-M)[F(H-L)-F(M-L)j}

+e
{

+j (L-M) G(L-M)-G(H-t.L)-2j(M-L) [F(H+L)-F(L-M)]} =

(A2.25)

K2(m) remains to be evaluated.

.0{ ~ ko(+-’ko“h+(Z-m))K2(m) = ~

+ jko(z-h)”+ M] d.
2 3

‘lh ‘lh
[

j k.
.—

‘Rlh

-jko(R1h-(z-m) )‘mko(z-m) e
-J -h

.
+

jko(z-h)

2
‘lh

+ klh.q
3

‘lh “

dz
}

. (A2.26)

With the substi~utions, S = ko(z-h) and T = ko(h-z),

K2(m) becomes

.
-.
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.

.

.

,

-j(R~+s)L -l-E- .f–s––- (H-M) fM-He
[‘S RS2 RS3

+ e+j(H-M) *HT e
{s

-j (RT+I’J?)~ jT

[
_ —- ..

H-M
RT

%2A

1

T7dT
—jJ
‘T

dT} . (A2.27)
.=
;,

.
=

The second and fourth integrals were encountered in determining ~

J2(M). (A2.12).

The first and third integrals are e-valuatedby parts,
,=
i

with

-j(Rs+s) ~ + “s

‘1 ‘“s
,dVl = -e

[RS ~ +2] ds,

—
~=

-j(RT-.T)~~ -j+ T dT.

‘2 =
Te-j2T,dv = e

2
-—

LRT
%3

1
‘T

..-

--

. .
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KO(M) is given
L

M-H .-

-j(R~+S)

{
~-j (H-M) s’e _

‘s

dS

“-j (RS-I-S)
e

o

M-H

r.K2 (M)

2H
--j (RT+T)

‘“ RT— I
H-M

-j (RS+S)

(H-M) ~R;—
,1 }

.0

i+ ~+j (H-M) T
{

dT - (H-M) I
2H

H-M

2H
-j (~+T)

$(H M l-j2T)”e Rm

-j (RT+T)
e—.

L

-j (RT+T)

s2H e”” .

H-M %-

A

(A2.28)j2(H-M)
,

In terms of ~he auxiliary functions,

k’ A

{
‘-M) [l+j2(H-M)] [F(2H)-F(H-M)]-G( 2H)+G(ti-M)},

(A2.29)

where ...

. . .

-.
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Evaluation of (V ,Vm)
..

.

Substituting the equations for the electric

the current component into (A2.30) yields

70-111

- (A2.30)

(Al .33 ) and

-jko(h-~) -jko(h+l)

(vA#vm) =-;:+ Kl(h,m)+e Kl(h,-m)

+

+

+

-jko(h-l)
2jko(h-~)e . K2(m)

-jko(h+l)
2jko(h+j)e K2(-m)

All the factors have been defined evaluated

(A2.31) “ ‘-

except

>’

L,

h -jko]z-m -jko(z-~) ‘-z-e
-jko(Ru+u)

$1 k. z-m e
,{

e
-h 1j-z R

u

+ dz. (A2.32)

. .

.

. .

.
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#

‘1
‘i

With the change of variables, Z = koz, etc,

(A2.32) is written as

fl Iz-14 e-j IZ-MI“e-j (Z-L)[F(H-Z)-F(L-Z)IL(L,M) = 4
-H {

+ e+j (z-L~[F(H+z )-F(z-L)]} ~.

(A2.33)

Define

H
-” lz-}fle-j(Z-L)F(N-Z) dzj (A2.34)

LP(L,M,N) ~ 4 \-Hl~-’+ ‘ -

i

Then,in terms of Lp, L is written

L(L,M) = LP(E;M,H)-LP(L,M,L) + LP(-L,-M,H)-LP(-L,-M,-L).

(A2.35;

%

Lp can be evaluated:

LP(L,M,N) =
Ae+j (M+L) CH

JM (z-~)e-j2z@@ =

~e-j (M-L), =M
.. J H(Z-’4)F(N-Z) == “

.-.

Integrate both integrals by parts with

(A2.35)

.!
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v.= I?(N-Z), dUl = (Z-M)e-j2z dZ, dU2 = (2-!4)dZ.

Then, “ -.

jH

LP(L,M,N) =
{w

4e+j (M+L) (1 + j ~)e-j2zF(N-Z) I
H

A + j (z-lf4e-j2Z e
S(

F-=”-.jA.+(N-Z) + (N-Z))dZ
+

M4 2
J=2

M

~e-j (M-L)
{(:: -14Z) F{N-Z)

M
S( Z2 ~-j (Ji2+(N-z )2 +-“(?f~Z j )

+ — -Mu)

-H 2 ~Ji-
dz}= (A2.37)

With the substitution, S = Z-N; in “th&tfkst integral

and T = N-Z in “the second integral,

Lp is written

I!’
i’
;),.

!

I

.-=

i—:!.
(

—
,—

—_

.
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LP(L,M,N) = e
-j(2H-M-L) (l+j2(H-ll))F(N-H)

Define

. -’j(M-L)(1-2M2 )F(N-M)
- e=

+ e-j (M-L)(2H2+4M)F(N+H) “:

+ e-j (2N-ii-L~ [ l+j2 (N-M)]

{

H-N

s
-j(RS+S)

e dS
M-N ‘s

H-N -j(RS+S)

+ 2js se dS“i

M-N ‘s J

N-M
. ~“e-j(M-L){(ZN2-4& ~H+N

-j(RT+T]
e

%
dT

N-ii -j(Rm+T)
e’ dT+ 4(M-N) ~H+N T

‘T

N-M -j(RT+T)

+2 s
T2 e

%
dT]- e

H+N

x -j(RS+S)

s(x) =
T
~S2e dS .

“o ‘s

.
. .

(A2.38)

. (A2.39)

. .
.-

-?
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Then,

LP(L,M,N) = e-j (2H-M-L)(l+j2(H-hi)) F(N-H)

.

t .G(H-N) - G(M-N)]

~ ~-j (M-L)
/ (2M2+2N2-4]SN-l)F(N-M)

(2H2-2N2+4MH+4MN)F (H+N) I
,,

,..

,’,,

2j (M-N) [G<N-M)

2[S(N-M)
.

+ S(H+N)J~.

define

s(x) .

.
termsEquations (2.40),(2.>~ and(2.31) completely (Vj, vm)~ p.

of the auxiliary functions F(X), G(X),and

@-uxiliary Functions F, G, and S

The function F is defined by -

x -j(RS+s)

sF(X)”= e dS ,

0 ‘s

“(A2.41)

.
. .

—
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I

I
!’

!

I
1

.i

I

where

R.=K2.

With the substitution, Y = RS+S,

so that

dY=g;
Y

‘s

F(X) is written

s
Q~-jY

F(X) = — dY.
~Y

Here,

Q =x+-. ,

F(X) is a combination of sine and cosine integrals

.
F(X) = Ci (Q) - Ci (A)

- j {Si (Q) - Si (A)} o

The function G is defined by

x
-j(RS+S)

s“G(X) =2jSe m o

0 ‘s

With the substitution, Y = RS+S,

G(X) is written

(A2,43)

(A2.44)

. .

(A2.46) “

-.
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Q ~2 ~2

s
G(X) = j —~—– e-jy dY. . (A2.47) ~ I

AY I .

.

1 4

!,
.

F
G(X) = j’e~~:

+ A2 e-jy Qe-jY

Y
+ A2j s -— dY

AY }
A (A2.48) -

In terms of F(X), -. ,,

G is written !!

,i

G(X) = e‘j A[l-jA] /!
,!,

(
,!.

-“e-jQ[l-j$1

-A2F(X) .

The function S is.defined by

s(x). = x s2p-j (Rs+s) ~s
s .0 ‘RS ‘.“

{

(A2.50)

,
With the substitution, Y = RS+S,

S(X) is written ,,

Q

s
A4 2

s(x) = ($+~
‘jy dye- +Y) e (A2.51)

A

.
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‘1

-jY
S(X) = + (l+jY)e I

,A

A4 1“
+-&– {+-p-’y

r
A

Or, finally,

s(x) = -j*{e ~ 2+j 2Q+A4 (~ -“>)]

-e T‘j Z+j 2A-i-jA3-A2
1

.

- (A4+4A2 )F(x)} .

. .

(A2.52)

(A2053)

.

.-
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APPENDIX 3

THE CHARACTERISTIC IMPEDANCE OF AN ANTENNA

The characteristic impedance of an antenna, Za, and

the expansion parameter, ~, related by (3.18), have been

used as parameters in the development of the antenna synthesis

procedure. In this appendix,- these quantities are related to

the physical dimensions of the antenna. .;
)

When a short voltage pul”seis impressed acrcss the input

terminals of an unloaded antenna, the initial response of the

antenna is that of an infinitely long antenna of the same I

radius. The approximate input current predicted by the

ends of

Schmitt

strated

simplified theory, (s.42), is a pulse of similar shape and of

‘B
amplitude ~ , followed by subsequent reflections from the

a
the structure. In an experimental study, King and

#

fcund this to be true, and moreover, they demon-

that a value of Zal “suitable for computing the re-

flect~on coefficient of the antsnna, could be expressed as

an average of the input impedance of the infinite antenna of

the same radius over the significant frequency range of the

pulse.38

(D
c

za=+-
Sco

Z(c!qdu. (A3.1)

Z(U) is the inp~t impedance of an infinite cylindrical antenna
. .

of the same radius. Z(a), as determined by Papas, is39

. .
.-. . ,
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z

2(0; = #“ [h? -k+ - 0.5772 -j $--], - (A3.2)
o

The afiter:namust be thin enough that koa is small, koa s 0.1,

at all frequencies.of interest. . .

The integration is easily performsd, yielding

(A3,3)

The reflection coefficient is computed from

Rc is the characteristic impedance

(A3.4)

of the feeding transmis-

sion line. The reflection coefficient computed by (A3.4)

is complex, but it was found ~hat the magnitude of this co-

efficient.agreed quite well with the real reflection coefficien-t “

’37measured in the laboratory.

For long square pulses, the

not satisfactory. The spectrum
,.

definition given by (A3.1) is

envelope cf the input volt-

age decreases ir~direct proportion to the frequency; there-

fore, the selechion of a highest significant frequency becom”es

arbitrary. Fcr these cases, King and Schmitt suggest a

weighted average of the input impedance where the weighting.

. function is the spectrum. function’of the input voltage pulse.37

The weighting procedure that ~eem~d most appropriate t,>

to the writer was to compute the input current pulse flowing

into an icfinite antenna when a voltage pulseis impressed

,.
. .
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.

then d~fitled

age pulse to

c!orLE?ic%?x

Chapter 2.

Vo(t) = [f(t)u(t) -f(t-T)u(t-l?)] ,

where

f(t) = 1- (l-+t/tl) e-t/tl .
(A3.6)

This pulse was chosen because the parameter, tl~ which is

related to the ris~ time of the pulse, can be selected to

assure that the requirement, koa s 0.1, for the highest

significant frequency, can be satisfied. Second, the type “

of sq~are pulse most often measured in the laboratory is well

approximated by this input. The Fourier transform of this

Lnput is

Vo(u)) =
1. e-@T

ju(l+juXl)2
. (A3.7)

“M

The t~me history of the current flowing into the antenna

terminals is given by

. .
●

✎ ✎ ✎

✎
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1,- ~-j~T
i(o) = -2—~—s“ [;-”---—–”--mJu(i+jmtl)23

. .

+ “at~J
[~ ‘-—– ‘-– ]dm. (A3.8)
4 (ln [;~l - .5772 -j ‘~-~;l–)
I-i

With the change of variables, p-a/c,

i(o) is written

●C2

i(o) =
s
‘[ l_e-jp a

+-ii _= Ct~ 2-I
jp(l+jp ~.)

e+jp &-

[+ ] dp. (A3.9)

.

“Since the parameter, T, accounts for the delay in the ter-

minating step, the instantaneous current at a time, t c T,

is determined by only one parameter, ctl/a. The function

given by (A3.9).can be integrated with the aid of a digital
..

computer to yield a set of universal antenna current curvesi

dependent upon only one parameter, ctl/a. In Figure A3.1,
A

this set of curves is presented. There is sufficient data

presented to describe

into the antenna when

accurately the pulse of current flowing

the length cf the input voltage pulset



AFWL EIIP 1-5

2.0

. .

44

0
<
m
E
.

u
c
alL
L
3
v

1.8
.

1.6

1.4

1.2

..

1.(

0.[

0.(

o.

0.

ct l/a

k+.”

et,/a

. et,/a

K~ct”a... .
_ct, /a

“7-0-123

20

60

80
100

1
29

a

.
1

00
* t * I I *

10CIO 2000 .

et/a

Figure

,_

1,

I

A3.1. Infinite Antenna Response
Laboratory Square Pulse

to a

,

.
. . .



70-124 AFNL EIIP 1-5

,T, is less than 2,000 a/c. The input current pulse-is not

exactly square. Current rapidly rushes onto the antenna to

charge up the capacity in tb.e immediate vicinity of the driving . “

point . This results in a sharp peak on the front of the currsnt

pulse that is particularly evident for thicker antennas.

Sir,cethe current pulse is not exactly square, a value must

be chosen for the characteristic impedance. For the examples

given in Chapter 3, ctl/a = 45.2, the peak value of the current : “-
.

was used to determine the characteristic impedance yielding

Za = 667 ohms. The expansion parameter ~ was obtained from

(3.18). As a consequence of this selection, the peak fields

obtained by the simplified theory and the traveling wave

theory agree more closely than the average values do, as in-
1

dicated iiiFigure 3.6. Use of the average value of

ic the time interval, O c t < h/c, to determine the

impedance would result in a little better agreement

the current

characteristic

between

av~rag~ values,but this difference is not significant.

In passing, we may note that the gradual decay of the

field, before the current reaches the first resistor on the

art.enna, follcws quite closely the decay of the input cur-

rect observsd on the ar.tenna as indicated by (A3.l)o It is

a simple.matter to substantiate this relationship. From the

simplified theory, (3.53), the electric.field during this

time interval is -

. .

~.–-— –
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(A3c10)ez(r,o) = - —
; r ‘o(t)’

current:

Substitution yields

(A3 .12 )

This approximate expression is more accurate than (A3.10)

because, with the substitutions, cancellation of the approxi-

mation, Za, is obtained.

‘1
,–
,.
,I

.=..—. .
!

,-
,-

.

. .-
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