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Subject: EMP Theoretical Note VIII 15 April 1965

TO: Distribution List

1. Part of the following note was first distributed on 16 March 1964
as l.os Alamos Document J-13-459. For this note, minor errors in
J-13-459 have been corrected and 60 plots of fields generated in the
ground by delta-function and step function electric fields at the sur-
face have been added.

2. I am indebted to Lt William R. Grahsm of the Air Force Weapons
Laboratory for additional editing and correction of some errors in
the original note. 1In particular, equation (1-13) was copied in-
correctly directly from Wait's referenced work; it was rederived by
Lt Graham in his Theoretical Note I.

JOHN S. MALIK
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I. Plane Wave Incident lipon a Niggipative Half-Drive
There have been several 1nvestigatioﬁa of fields resulting fram pulsed

dipolee in a conducting homogeneous medium(l'j); the eimpler problem of the

fields resulting from an initially prescribed field description over a i;lane

is also of use in meny instances and is treated briefly by Weilt 1 and Stratton(s),
Taking the initial fields as being zero, the laplace transform with respect

to time of the Maxwell relations are (mks units):

curl E = - sB (1-1)

curl B « (U0 + €ps) B _ (1-2)
where the tilde denotes the Laplace transform of the corresponding field
quantity. For propagation parallel to 2 z-axis, the electric and magnetie

fields may be taken along the x- and y-axis respectively. The field will be
specified on the plane z = 0, The resulting transformed equations are:

~

7EI = BBy (1-))
fﬁy = (wo + eps) E_ (1-1)
vith y = (uos + 3“2)1/2 (1-5)

The resulting fields may then be obtained from the inverse transforms:

' sB .
g -L" {i.'" } - I.'J";---a‘il (1-6)
x x 7 |
-
el <17 xl .
5, - g} -t 5 -- e
If the electric ficld on the plane z = 0 is a B-function®* « Eob(t)
S Y 1y k/ele D)
E =L {Eoe } - B L Je e (1-8)
vhere k= /% z
b = U/C

* Defined by 8(x) = O for x # 0 and [ 8(x)ax = 1; u(t - k) = 0 for t <X;
= 1 for t > k.

5 (x) has dimension y

D=



Mpansforn pair 863.1 of Campbell and Foster (%) gives the result (it may be obtain-
ed from the transform for {e™% ale + E’]/[/sis +:D)}, given in most tables of
‘trensform pairs, by differentiation with respect to k (see Appendix A-3}):

E =2 e-(bt)/a

. o a(t-i)

bk e'(bt)/a

+ =5 m Il[g t" -k JE“(t"k) . (1-9)

vhore Il(x) 15 the modified Bessel function of the first order, 8(x) and u(x) are
the unit iwpulse and step functions respectively.

B = E L-I{JES + Cusa a” Juss + cp.sa' :}
Yy o -]

. E:_k L—l{_(__)_/as;b e” Je(s + b) k} (1-10)

b vk -(bk)/2
By'somj(§+_5—)e /

-2£e VAR
+Pikg2_fe-(bt)/2[lo gVt -k
' B {

g/t -k

]dtf u(t - x)

. e ) e _ -

+B /e e (bk)/2 5 _ x) (1-11)
Hn.l.tu) glves the corresponding reletions assuming a d-function B field. TFor
ready access, they are:

By(t) =B e~(Pt)/2 B(t - k)

bk -(bt)/2 Il(g-/tz . 1;2)

VAR

+ B

: (2-12)




E (t) « BL e=(bt)/2 st - k)
x e -

o e e N i

o t< - 2

'Io[g' t -k]}u(t-k) (1-13)

Responses for other driving functions £(t) may be obtained from the impulse
response g(t) using the Faltung integral:

F(t) f © g(r) £(t - 1) ar (1-14)
o]

In particular, the response to a astep function is given as
t
F,(t) .f g(T) ar : (1-15)
(-]

These are exact transforms but are rather involved. Since for many problems
the times of interest are for times >> & /o** the displacement current contribution
mey be neglected with great simplification of the equations. With neglect of

displacement currents, y = /08 and the fields are functions of a dimensionless

time variable T = t/opza.

For a 8-function E-field, E(o,t) = E_ 8(t); iix - r.oe‘”

E 2 E
g o ool (o )- o 1.-3/2 -1/(km) (1-16)
X 2 /at exl’( kt szz /; . )
. o - NoE - _O -L -1/2 -l/(u'f) -
e () A .

These are plotted in Figures 1 and 2%%,

For a 8-function B-field:
2

B_ Juog 2 B -
B

10

* ¢/cm2 x 10 sec for sea water, ~ 10'8 sec for Nevada Test Site soil

##% The graphs do not have high accuracy being slide rule calculations in some cases.
Values of the functiona were usually obtained from Dwight, Tables of Functions ’
Dover Publications.



B 2 2
o wozt | | uoe |
s - 7ol (5 - em |  5E

B
=3/2 1 1 -
S / [2—11] 1/(b)

2B 0 2

For a step function electric field at z = O3

-lse-‘r’

s ELT )5
-y2
p cprtire |

N B A

E  erfc Loaaded = E erfc 1
x 1 2 /T ° 2/7

o ol ] 7 [ ]

E ucz\_@_/;e-l/(h'f)_erfc[ 1](
1" & 2 /7]

=
A

These are plotted in Figures 5 and 4,
For & step function magaetic field at ¢ = O:

2 4.
B =B erfc[&?-z_] = B erfc[ 1 ]
o 1 2/t ° 2 /7

B _ 2 B
E «L 1 oo [.ui:-]_ o .-1/2 e"P[‘F-]r;]'
X Jw /xt noe /o
S 2 x -2
Note: erf x = ~ feydy
x Yo

erfec X = 1 - erf x

dferf x) = 2 -
/x

2
x

(1-19)

(1-20)

(1-21)

(1-22)

(1-23)



For a square pulse of length T at 2z « O:

B(o,t) -El 0<t<T o
E(0,t) = 0 t>7
l -7Ts
-1 4 ]
= E_ erfe 1 0<T<«&
. 2 /7T
= !:l [erfc 1l _ertc 1 ] T>Q (1-.2L)
2 /T 2/7 - a
2 2
vith T = t/(ope )_;Q.T/(ouz)
B -E Mzs 2 Te-l/(lﬂ)-erfc E <1<
y |/ 2 /7 )

ﬂ

-[erfc 1 | erte — ] ( T>a (1-25)
- 2 /7 2/7 -« ||
These are also plotted in Figures % and 4 for @ = 2 and 20,

Similarly, the response to a square wave magnetic fleld at ¢ = O way be obtain-
ed from the corresponding step function response relations.

The Frenchman Flat aree of the Nevada Test Site (NT8) has a medium which
may be rouglily described as having & relstive dielectric constant of 16* with an
average conductivity to a depth of 6 meters of 0.02 mho,émetezj and to e depth of
30 metera of 0.03 mho/m. Sca water, at low latitudes, is described approximately
by a relative dielectric constant of 80 and a conductivity of 4 mho/meter. With
t:hu information Table 1 gives velues of times associated with the values of T,

TA—.-@LE_]; t(pBGC)
z(m) NTS K WATER
<316 0025 T 57
.6 009 T 2. T
1. 025 T 5. T
2.4 15 T 30. T
30.5 35. T 500. T

*Pti{s dielectric "constant” may rise to mucl: larmer values at low f{reauencies

but indications are that o is still>?> We

6=



The values of @ of Figures 3 and L4 are chosen to correspond to a pulse

length of T = 10 psec with o = 20 for z = 0.316 mf,rA.nndG' =2 for ¢ = 1 m in sea

water.

Other values of time are readily obtained from the relation t = cu.zz'r.
To 1llustrete the error introduced through neglect of the displacement
current, two sample problems were calculated ueing values vhich were of some

practical value.
the figures indicated.

TABLE 2

¢, mho/m

ap, sec/m
c/co

Depth 2, m

k = /ép 2, sec
v = o/e, sec™t

pde , sec

The perameters and depths for Figures 5, 6, and 9 are of use for NTB

Table 2 gives values of the parameters employed for plotting

Figures 5, 6 Figures 7, 8 Figure 9 Figure 10
- 02 - L4.3 .02 2.0x10™
2.5x10'8 5.lm.1.o'6 2.5;10'8 2.5x10"1°
25 81 16 81
1.2 0.1l 0.6 100
2.0x10~° 3,0x20"7 8.0x10°7 3.0x10™°
0.9x10° 6.0x10° 1.hx10° 2.8x10°
3.6x00™0 5. x10™C 9.0x10™7 2.5x10~8

situations, those of Figures 7 and 8 for ocean water and those of Mgure 10 for

fresh water (they are the same as used by Stratton(

) in hie example).

The times

used in plotting the figures are for t = 0 at the plane £ = O, For the practicel
caces, the figures show that neglect of displacement currents have only & smmall

effect upon pulse shapes for medis of moderate and high conductivity.

Thus

Figures 1 through 4 may be used for description of the fields with initial 7
given by the propagation time from the plane £ = O to the distance desired.
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II. E‘L_ect;;c_ww

Impedance boundary condltions may often be used in place of the exact
boundary conditions to relate the tangential component of the fields (or alter-
nately their normal components and normal derivatives) at the surface of & medium
which has & high refractive index. These boundary conditions are usually attrib-
uted to M. A. Leontovich and are valid for surfaces vhose radii of curvature are
larpge compared to the penetration depth and also for inhomogeneous materials
whose properties vary slowly comparéd to the penetration depth. They are accurate
to flrst order in the reciprocal of the index of refraction. The proof. of these
conditions has been given by T. B. A, Senior(l) who collected the proofe by
Leontovich and Fock and made them more readily accessible.

In terms of the parameter 3 defined by 1 = u/poN vhere N is the index of
refraction, or

L fre [3— + ] (2-1)

] ‘o hbco

the conditions on the fields E and H are:

aEn
T:-ileEn (2’2)
n
oR
—Bﬂg-'i_kﬁﬂn (2-3)
n
F-@xBE=-+WaxH _ (2-4)
_ i _ X
where kK =/¢6 b o
oo
7 =/;2
]

and n is a coordinate normal to the surface directed cutward from the medium.
The derivation uses the fact that the tangential gredients of the fields are of
order N smaller than the normal gredient and are neglected. The restriction on
the smallest radius of curvature is

Y kp >> 1
[} o]

T

|‘F
%Q

-19-



The inhomogeneity restriction is:

»

i.,l‘vn «<1

Taking the tangential electric field along the x-axis of a rectangular ceerdinate
systen with the z-axis directed upward then the tangential condition may be
written as

B, - - T2, o (2-3)

Por. the treatment of transient fields it is convenient to use the methods
of the laplace transform, and the Leontovich boundary conditions go over formally

to the Iaplace transforms with respect to time if im 1s replaced by the transform
variable s. Teking 7 = /quz 4+ 4Os, the tangential magnetic field By in the
medium is given by

s X

vhere ths tilde indicates um transform wvith respect to time. Thus
B, - ./an'l{@i.__.t_sf i’x} (2-7)

vhere b = 0/s

Ir 'x is given by a dalta function = EOG (t)

E - ' (2-8)
«1f /s(s + D
By"'“Eo,L.{ — 8 }

-V {b(t) +§[1 -f e~ (0t)/2 I—lﬁd dt]} (2-9)

(Thesc.arec Just. equaﬂ:inns 1-10 Bna 1211 for z = 0, with propagation toward -4 hence
-:EHP sifin change)

Ie lx 1s given by a step funstion, 'x « Rk u(t)

*
(Which is equation 1-10 with 2 = 0)

i--'l/. b (a'm’
By--ﬁ'i!l L']‘{ﬂ%m}
_ £ . IL(C)
--ﬁF!L[J.-&%-ﬁE?eC -l::—-dﬁd‘] (2-11)

-20-



These are given in Figure ll.
For the important oase of high sonductivity @/s >> s thase simplify consider-

ebly.
s-function electric field
B w0 /& (vhich is eqn. 1-1T with & = 0) (2-12)
Yy o .
Step function electric field
B -~ / E:i (which is eqn. 1-21 with & = 0) (2-13)
REFERENCES

1. T. B. A. Senior, Appli. Sci. Res., B 8, h18 (1960)
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APPENDIX

The Laplace transform pairs required to inveri: the transforms involved are
not easily available and in some cases seem incomplete; consequently it seems
desirable to present a formal derivation of the transform pairs used. Starting
from the well-known transform pair*:

-X ./als +'b$
-l1fe . e-(\:t-,)/a b /2 2]
L { —— } 10[2. /e - x [ u(t - k) (A-1)

vhe re Io(x) 18 the modified Bessel function of ord.er zero and u(x) is the unit

step function defined by
u(x) =0 x<0O
=1 x>0
Integrating with respect to k from O to k

k/AET }

v a(s +b) 8(s + D)

e-(bt)/aj: I [% e - ka] ak t>k (A-2)

Differentiating the original pair after k and using I% Io(x) = Il(x)

L'l{ -k ﬁT-‘TSS} bk -(bt)/2

s g Ly (A-3)

Il(x) is the modifieq_Bessel,function_ of order one.

S8ince

' ' b
L {e"(“)/a s(t - k)} . eX(s +3)
the above may be written as '

L-l{ x/a(s +b) _ k(s + E)

bk o-(bt)/2 _1_[ ] (A-4)

# pair 88 by R. V. Churchill frem the C.R.C. Standard Nath. Tables

2%=



(This is also the result of using pair 863.1 of Campbell and Foster(l))
Using the operation s

L‘l{f-gl)-}- f-r(-r)d'r

where £(s) = L {¥(t)}

L'l{ e-k fl-im i e-k(s + g—) }

/2 J
bk o-(bt)/2 1[ -
-] A / 72 t>k (A-5)
Differentiating this after k and using
g;j: £(x,7) a7 .f AT 41 - £(x,x)
b
=k
-1, Jlil-&b’ -k\/s(e +'b, (s + E)e (e + ) {
8
t b
__gf -(bt) /2 1[ v -k Lt
2 % A

(b 22
Jue [ )23 [\ -k )
2 E|TAE

b t>k
(bt)/2 1(5“ "‘) |
y o (A-6)
: t =k
W (b)) £ (bt) I(‘-’ ° xa)
k -(bk)/2 D -(bt)/2 "1\ 2 B
R -5‘48 ! Jto - x° a*
k2
+ 2K (A-T)

-24-



But 5 ,
L'li(l + 5%) k(s + 3) i. o~ (VB2 gy FE) 4 2- e (PE)/2 (¢ _ )

Hence

L-lzllh: D) ok Jo(s + bil_ e-(hk)/z 8(t - k)
I, ;-ftz -5

t

e (Pt)/2 at

[ R

N

L 2
+l_:_1%_f.-(bt)/2

(A-8)

or with k = O

t 1 bt
o | AEET - o) + §[3 - f O Ak wfue)

[«}
bt)/2 bx)/2
L-li_—r_“ (s + ) %- [1 + 2 j‘ ax j e 11;:;) dy] u(t) (A-10)
] [¢]

REFERENCFS

1, Camrpbell and Foster, Fourier Intearals for Practical Applications, Van
Nostrand Co., 1949

»_ C.R.C. Standard Mathematical Tablés, page 326, Lablace Trgﬂsfnrms, taken from™
*Modern Operational Mathematics in Engineering' bv R. V. Churchill



11I. Plots of the Electric and Magnetic Fields Generated by a Delta Function
and Step Function Electric Field, in Dimensionless Form.

The ordinates for the plots are:
Plot, ~Ordinate
§-Function Electric Field

E B 1/E, (see equation 1-9)

By Byz/Eo (see equation 1-11)

Step-Function Electric Field

E, E /E, (see equation 1-20)

(see equation 1-21)

B ByZITEl

Y

'Key to the variables in the following plots
E, is Impluse Field in volt.sec/meter

E1 is value of step field in volts/meter

b= o/e
k= e
T
a="bk = 7 - gz
2 2

t/k = at/t

5
]



jummary page for the graphs.

For &-function electric Tield at 2=0

ET
E-’E- a.e-a'/z §(x=1)

(o]

2 -ax/2
N e N V2u1 ) ulx1)

d x2 =1

B z
EL = “-3/2 §(x~1)
o

o vsshb——)

M1 G Jy?a )

a ay «a/2 , a0
+ §'(1+];')e -+ (5') -..dY.i.
For large w
Ex‘t 1 e—T/ht‘
) —— e s
Eo 2 (t./'].‘);:/2
?Lz_.' 1 -T/ht
- e )
B, vr (t/T)l/?

2T

3

A / 2
1 I(a vy©~1)

P01 (2

’.....-_.—.\

L2y

Ig- g 2

1)

3

+ ul{x-1)
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