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ABSTRACT

A straightforward (pedestrian) approximation scheme is applied to a transient electromagnetic
field problem associated with a finite-length cylindrical cavity bounded by perfectly conducting walls.
The cavity is filled with a homogeneous lossy dielectric material. Analytic expressions for the
zeroth- and first-order terms of the perturbation solution for each of the relevant components of
the electric and magnetic fields generated by an axially propagating current pulse are presented,
Results obtained for various sample problems are examined and comparisons with the exact

solutions are highlighted. The adequacy and limitations of such an approximation scheme are
discussed.
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ON THE ADEQUACY OF A STRAIGHTFORWARD

PERTURBATION EXPANSION FOR ESTIMATING

THE ELECTROMAGNETIC RESPONSE WITHIN
A LOSSY DIELECTRIC CYLINDER
EXCITED BY A RADIATION PULSE

INTRODUCTION

In our last paper1 we discussed the reason for our interest in examining the electromagnetic
response of a cylindrical cavity excited by an axially driven current pulse. We presented exact
analytical solutions for the electric and magnetic fields for the simple model problem we investigated.
Numerical computations based on these solutions indicated that, for a wide class of problems of
interest, the temporal behavior of the eleciromagnetic response matches closely the time dependence
of the excitation pulse except for a relatively srﬁall-amplitude, higher {requency signal. This
observation, coupled with comments by Baum, 2 aroused our interest in the feasibility of obtaining
approximate solutions which would be less complex in mathematical structure than the exact

solutions, yet reasonably adequate for many engineering applications.

In this paper we employ a straightforward perturbation f:echnique3 to obtain such approximate
solutions, Comparisons with the exact response are presented for several sample problems. The

adequacy of this approximation scheme and its inherent limitations are examined.

The nature of the abproximate solutions is such that the time and spatial behavior are effectively
uncoupled. Reiegated to the appendix is a set of tables from which the spatial variation of the

electromagnetic responses for various cavity shapes can be assessed.

DESCRIPTION OF MODEL PROBLEM

The physical configuration which we examine is a finite-length cylindrical cavity having
perfectly conducting boundaries and filled with a rather arbitrary medium. We assume that the
radiation is incident on one of the end faces and resulis only in an axially driven current. We
assume no spatial variation of the induced current pulse in a plane perpendicular to the axis of
the cylinder, We take zero time to coincide with the instant that the radiation pulse impinges upon
the front face of the cavity, and we assume that the temporal behavior of the current pulse is
identical throughout the cavity except for a simple time lag resulting from the axial propagation
of the driving radiation pulse. We assume that the medium within the cavity is homogeneous and
can be characterized by a time-independent conductivity, permittivity, and permeability. The

geometry is shown in Fig. 1.



Fig. 1 Coordinate system for model.

MATHEMATICAL ANALYSIS

In this section we present the mathematical manipulations necessary to obtain a perturbation
approximation for the electromagnetic response of the above stated problem. We will consistently

employ the MKS system of units for which the appropriate forms of Maxwell's field equations are

v:D=p, (1)
v.B=0, (2)
—
—on_a—B-
v xE el (3)
and
D
VxH=j+%t-+nE, (4}

where 4 is the medium conductivity, J is the radiation-produced current density, and p is its
associated charge density. In addition, we have the constitutive equations which relate the
electric displacement D to the electric field E and the magnetic field B to the magnetic field

intensity H:

ol
n
)

(5)



and

—

B, ()

where ¢ and y are the medium permittivity and permeability, respectively.

We assume that the radiation-produced current density is of the form

?(z, t) = jm[(t - z.lc)':?t"z ) (7)

where I(t) has been normalized so that its peak value is unity and hence jm corresponds to the
maximum value attained by the current density, ¢ is the electromagnetic wave speed, and Ta’z isa

unif vector in the axial direction.

The first step in the analysis involves nondimensionalizing the governing equations. Axial
positions will be scaled with respect to the cylinder length L, radial positions with respect to the
cylinder radius R, and time with respect to a parameter  which is of the order of magnitude of
the duration of the driving pulse. For convenience, the reader can associate 5 with the time
required for the current density pulse to reach its maximum value, Denoting the nondimensionalized

quantities by *, we use Eqs. (5) and (6) and rewrite Eqgs. (1) through (4) and Eq. (7) as

v.B =5, (8)
v-® =0, (9
e o
: At
. y ol
% —F -5 3t il
vxH =] +g—+4D , (11)
at
and
T, Y =6 - ﬁz"’)i’z . (12)
where
= o ) =% = . o . ST * B
= De/(Lj ), B = HALj ), p" = pe/(Li ), 7 =315, t =t/r, 2" = z/L,
v = Lv, 8= L/(ct), and o= aL/(¢c). In the remainder of this paper, the * notation

will be omitted with the understanding that all quantities are nondimensionalized.

The equations above permit the definition of a scalar potential ¢ and a vector potential

—
A, such that

Tl
n
<
x
3

(13)




and

D=-go - B:T‘ (14)

We choose to employ the Coulomb pauge, thereby restricting Ato have zero divergence.

Therelore, I'rom Egs. (8) and (11),

Vo= -n (15)
and
2—0
2 3 2 x3TA A
VE -8 -8 Sy T (82 . (16)

The appropriate charge conservation equation can be oblained by taking the divergence of

IZq. (11) and employing Eq. (8):
V'T"'(Ba_*'ﬂ)l?:o (17
at :

We note that, physically, the parameter g represents the ratio of one transit time across
the length of the cavity to the characteristic time associated with the driving current. The class
of problems which we will investigate in this paper is such that g<< 1. (For example, if one con-
siders a cavity having a length of 0, 1 meter and takes ¢ as 3 X 108 m/sec, then, assuming
characteristic radiation times of 5 10_8 sec and 5 y 10_9 sec as representative of the present
capability of pulsed x-ray and pulsed electron beam machines, one can compute g values of
approximately 0.007 and 0.07, respectively.) Since the parameter g is small, it appears
desirable to obtain an expansion of f(t -~ g2) in powers of 8. Assuming that f(t - gz) is sufficiently
well behaved, we can obtain the desired expansion as a Taylor series. Therefore, limited by the

restriction that t > 8z, we write

e (18}

2
(e (-ga)°
£t - Bz} = f(t) - Rz :t() ! g‘) ;

The next logical step is to acquire a similar expansion lor the charge density n. To achieve
this end, we employ the charge continuily equation, (17). At this stage it becomes necessary to
specify the relative order of magnitude of the conductivity ~in relation to the parameter 8. We

further restrict ourselves to the class of problems for which « is of order 8, or smaller. With

these assumptions,

n=n0+Rpl+... . (19)




where
t o
_ Af (1) s P
. _fo o exp[(g/ﬁ)(t t)] gt , (20)
and
p,= -% ft azfm exp[(glﬁ)(f - t)] dt + Sexp(-at/p) (21
1 () af2
where
af
§ == . (22}
3t |t=0

Given the above expansions for p and f and the assumption on ¢, one can deduce from

Maxwell's equations that the appropriate form for ¢, K, B, and H are

2
(p=(po+Bﬁo1+ﬁ(p2+"' . {(23)
- - — 2—
A=K +pE +gR,+-r , (24)
- — — 2=
D—D0+,3D1+BD2+ , (25)
and
d-H +gd +408,+ (26)
= \ BH, + BHy +oee -
To obtain approximations for D and H valid to order 8, we note irom Eqs. (13) and (14) that
H~H +p8 =yx B +pA), (27
[o] 1 1
and
.=
BD~D +§8D, =-vip + )-aA" (28)
~ Dyt 8D = ~vip, T Bo Bat ’
where
2
V Q=P (29)
2
v @ =Py s (30)
VB = -£(1)7 (31)
o} 4,




and

22 F(t) _,
v Al =z :t( ) az + (:_t + (nlﬂ))voo . (32)

We assume cylindrical symmetry, realize that the only nonzero components of the electric
and magnetic {ields are Dz’ Dr' and Hﬂ(see Ref. 1), and employ the boundary conditions that
the tangential components of the electric fields vanish at the walls of the conducting boundary.

The resulting field expressions, valid for t > 8, are:

® J (a7
on
t) = 2|f(t) - - h - I 1 -
D_(r, z, 3 1) [(t) Il(t)] n§=; ST e T (cosh o3z = cosh o (1 - 2))

@ J (e r) cosh g )2
di(t) _ Z o n n
A z[at (af AEC) Il(t))] = (ynJl(an)o'nA sinh o \

i J (o r)
+2 ((n'/B) [f(t) - Il(t)] L , (33)

2
n=1 oszl(%)(anl)

o© J (o 1} .
1n . . .
. - - h 1- - h
Dr(r, z, )\, 8= Z[f(t) Il(t)] nz=1 "nJl( n)“'n)\ e > (sinh oz + 51In an)\( z) - sin orn)\)

J (o _r}{sinh ¢ 2z - z sinh g })
n n n ) (34)

Af(t) = “1
-8 2[— - (ol A(ECD) - Il(t)i'z:

At n=1 ”nJl(o'n)”n)\ sinh ”n)‘

and
i Jl(n/nl‘)
H (r, z, », t} = 2(t) _
a £ ranl(ryn)(ynl
@ J (g 1)
¥ 3{2 ;f(At) 1n 7 [cosh ”n)‘z - cosh (ynA(l -z) - oAz sinh ;yni’ R
n=1 nanI(rvn)((ynA) sinh LAY 55
35
where
4
L = (al6) [ (@) exp [(a/A)E - 0] at, (36)
(o}
y= L/R, (37)
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and [rvn: n=1, 2, 3 .. ] is defined as the ordered set of ascending positive roots of the equalion

J(x=0, (1]
o}

where Jn(x) is the ordinary Bessel function of the first kind and n-th order.

A few observations about the basic analytic structure of the resultant approximations are
appropriate, In all of the expressions, time dependence is separated from space dependence, and
the effects caused by inclusion of conductivity appear only in the time-dependent term. None of
the approximations exhibits the oscillatory behavior found in the exact analytical solutions. 1 it
should be noted, however, that examination of the exact analytical solutions1 indicated that a
reduction in the value of g resulted in a reduction in the amplitude of the oscillatory behavior of
the temporal dependence of the electromagnetic response. To zeroth-order, DZ and Dr have an
identical time dependence. Also, to this order conductivity only affects the conservative part of
the electric field with a quite characteristic degradation of the charge density buildup. Conductivity
does not appear in the expression for the magnetic field HB and the zeroth-order term corresponds to

the often used approximation, v x H = f(t)ﬁz.

DISCUSSION OF SAMPLE PROBLEM RESULTS

The equations obtained in the previous section were programmed for the CDC 6600 computer.
Our initial calculations have been resiricted to an examination of a cylinder having a length-to-radius
ratio of 0.4. The time behavior of the nondimensionalized radiation-produced current density pulse

is taken to be
f(t) = t exp(l - t), (39)

and the reader is reminded that t has been nondimensionalized to t/r, where 7is the time required
for the current density to reach its maximum value. Figure 2 is a plot of the driving current density

pulse.

In the remaining figures, we depict the approximations to the electromagnetic response at a
specific point in the cavity for two values of 8, 0.04 and 0.004, and two corresponding values of
nondimensionalized conductivity a, 0.05 and 0.005. First, we examine plots of the total approxi-
mations to order 8, and indicate the magnitude of the first-order corrections. We then compare
the total approximations to the exact analytical solutions. The results are presented in non-

dimensionalized parameters.

11
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Fig. 2 Normalized plot of the driving current
density temporal behavior,

Approximate Solutions

The time behavior of the approximate electromagnetic responses at a specific point within
the cavity for g equal to 0.04 and zero conductivity is displayed in Figs. 3 through 5. These
curves show the total approximation to order g as well as the first-order term. For a conductivity
of 0.05, the electric fields, as shown in Figs. 6 and 7, are reduced as expected. 1 For g equal to
0.004 and conductivity values of zero and 0.005, the approximate responses are shown in Figs. 8
through 12,

Comparison to Exact Analytical Solutions

In the remaining plots, Figs. 13 through 24, the temporal behaviors of the approximate
electromagnetic responses are compared to the exact analytic solutions at a specific point within
the cavity. As g is reduced, the approximations agree more closely to the exact solutions, as
expected from the perturbation technique employed. It is observed that the total approximations

are tending to produce functions which thread in an averaging sense the oscillatory behavior.
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Fig. 6 Approximate temporal behavior of Ez for g = 0.04

and L/ ¢c = 0,05,
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SUMMARY

We have examined a perturbation technique applicable to obtaining approximations for the
electromagnetic response [or a simple model problem. The expansion is based on a nondimunsion-
alized parameter R, equivalent to the ratio of one transit time across the cavity to the time required
for the driving pulse to reach its maximum value. We presented the response expressions valid
lo order g8 and compared the approximation scheme results to the exact analytical results. The
smaller the expansion parameter g, the more closely the approximation agrees with the exact

response.

As previously mentioned, our resultant approximations appear to be providing "averages" of
the results obtained from the exact analytical solutions. We note that the oscillatory behavior is
completely lost and that there is no hope of recovery of this behavior from higher order terms.
This shortcoming of the straightforward (pedestrian) expansion is the result of scaling time with
respect to the radiation pulse, which has the effect of ignoring transient behavior occurring on a
smaller time scale. In order to recover this oscillatory behavior it is apparently necessary to
apply one of the more sophisticated methods of modern perturbation theox‘y3 such as the method of

multiple scales.

Some of the motivation for this work stems from our desire to assess, by at least a semirigorous
treatment, the implications of the often employed approximation v x H = j, where herej is simply
the radiation-produced transport current. Examination of our results reveals that, within the
restriction we have placed on the order of magnitude of the conductivity, the above approximation
is equivalent to our zeroth-order magnetic field solution. By placing this approximation on a more

rigorous foundation, corresponding expressions for the relevant electric field components are achieved,

We noted that the approximate scheme allowed for the "separation' of time and space and that
to first-order the inclusion of conductivity results only in a modification of the time-dependent terms,
We feel the usefulness of this paper is enhanced by presenting tables for the geometrically dependent

terms. We rewrite Eqgs. (33) through (35) as:

f(t
b (r, z, x 0 =20 - L ]G, 2, 0 - zg[%t—‘l- Iz(t)] Gy(r, 2, N-20L (G, (r, N,  (40)

f(t
Dir, 7, a 0~ -0 - 1,w]G,(x, z, ¥ - za[gt# - Iz(t)]Gs(r. 2 0, (41)
and

f(t
He(r, Z, N t)r«Zf(t)GG(r, N+ 28 gt—()G.?(r, 2, (42)
where
L® = /i - 1] (43)
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and where the definitions of the [unctions Gl through G7 can be deduced by comparing the above
cquations with Eqs. (33) through (35). Presented in Appendix A are tables of these spatially
dependent functions for various ratios of 3 = /R. These tables enable an individual to readily
estimate the values ol G1 through G7 which, when coupled with the time dependence of Zgs. (40)

through (43}, will provide an approximation for the [lields in a specific cavity of interest.

In general, lor electromagnetic cavity response problems in which the oscillatory behavior is
ol little interest and the average response allows separation of spatial and time dependence, the
problem is greatly simplified. Basically, one must but solve, either numerically or analytically,
several spatial boundary value problems for a specilied cavity shape. The desired response is
then simply obtained by weighting the solution to the above spatial boundary value problems by the
appropriate time-dependent factors. To examnine the response {rom various driving-current

time-dependent pulse shapes becomes, therefore, a rather simple exercise.

We feel that the paramount value of this work is that it provides a foundation for more
extensive investigations of a broader class of cavity response problems. Some of the problem
areas of specific interest for which we anticipate an extension of this work include (a) the removal
of the restriction on the order of magnitude of the conductivity, (b) the treatment of time -dependent
radiation-induced conductivity, (c) the implementation of the method of multiple scales, and (d)

the feasibility of applying these ideas to nonhomogeneous cavity problems.
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Appendix A

FUNCTION TABLES

Presented in this Appendix are tables of the seven functions Gl ithrough G7 for values of
A = L/R ranging from 0.2 to 2.0 in steps of 0.2. In using these tables, the reader is cautioned

that nondimensionalized parameters are used. The seven functions are defined as

Jo(anr) [cosh o \Z - cosh gnx(l - zi!

- i . A.
Gylr, 2, N HZ:I o 3 (o e X} sinh o % (. 1)
o J (o 1) cosh o \Z
Gylr, z, A =Z go((n RN, ‘.):h s (A.2)
n=1 an 1 0[n 0'nk st an)\
© J (o 1)
G3(r, ) = E o%n 5 (A.3)
n=1 %ﬁ“"n"”n"’
o J {o r) |sinh o 3z + sinh o _A{(1 - 2z) - sinh )
G,r, 2, ) =2, L [ . R PRVET : a"]— > (A9
n=1 10 % m 031)‘
o J,{o r) |sinh g 22 - z sinh )"
Gglr, 2, ) =2, ! "J[( )(%) — d“], (A.5)
n=1 %1% an)‘ sin "n)‘
@ J (0{ I")
Gulr, N =Y (A.6)

Jl(unr) cosh anxz - cosh an\(l -z) - anxz sinh otn)gl @

Golr, 2, W) = ) . .7
n=1 o J (e Ho 2) sinh o )
nl™nNn n n

The tables presented are computer printouts. In some instances, i‘c:omputed values of zero'"
are displayed. Specifically, one can consider the functions associated with Er’ which are G4 and
GS'
identically zero at z/L = 1.0 because of the numerical computational scheme; however, they are

Er vanishes at the end walls, or at z/L = 0 and z/1. = 1.0. The values of G4 and G5 are not

several orders of magnitude smaller than the values of G4 and 05 for z/L # 1.0.
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