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ABSTRACT

A number of investigations related to the development of a near-
surface EMP code were carried out. - Important considerations in the
development of a near-surface burst EMP.code include the choice of
coordinate system, the form of the electromagnetic field equations that
is chosen for solution, the differencing scheme used to represent the
field equations, and the choice of boundary conditions applied to the
problem to be solved. Such considerations are also affected by require-
ments that the conductivity and dielectric constant have spatial structure,
and that far-field predictions also be provided, either dlrectly or by
extrapolation techmques

In the investigations carried out, primary emphasis was put on
development of a differencing scheme, Several approaches were inves-
tigated in detail, with the algorithms considered programmed for actual
machine computation. The theoretical basis of each of the algorithms,
the differencing approach implemented in detail, and general descrip-
tions of the computational procedure, together Wlth some programmmg
details and computational results, are presented
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1. INTRODUCTION

In the course of the work to be described in this report, a number of
separate studies were undertaken. Because of the common aim of the
investigations, certain comments and explanations generally apply to all
of the studies. We will, therefore, attempt in this section to summarize

a number of such aspects of the problem being investigated.

1.1 Basic Considerations

The overall objective of the study was to investigate.a number of

algorithms that could be useful in EMP field computations for off-the-

ground bursts. The general problem of ground-burst EMP has been

(1,2,3,4,5) and will not be discussed

extensively discussed in many places
in great detail here. The basic problem of concern is sketched in

Figure 1.1, which simply indicates a number of the factors which must be
taken into account in computing the EMP environment olue to a ground or
near-ground burst, From an electromagnetic standpoint, one must simply
compute the electromagnetic fields created within a prescribed geom.et'ry
by a certain set of sources, The relevant geometry is, of course, the air-
over-ground geometry shown in Figure 1.1; the electrical properties of
both the air and the ground (¢, p, and o) are prescrlbed and are part. of

the problem. In EMP language the sources are cons1dered to be the

driven Compton currents and trans1ent conduct1v1ty created by nuclear ‘

radiation. Good phys1cal models for these sources are stlll

they generate are both phys1cally'nn !
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A number of ground-burst EMP codes have previously been devel‘oped.
Many such codes take advantage of various physical appfoximations and
important peculiarities of ground-bur_sf EMP to handle particular aspects
of the problem especially well, The G code, (1) oxpiNg, @ ana cLanc®
are exampies of such special codes. The ground burst codes LEMP(4) and
SC(5.) handle solutions to a more general, two-dimensional field problem,
but at some expense in other areas, For reasons that are not entirely
_clear (possible contributing factors are discussed later), neither the LEMP
nor the SC field algorithms work well for pbursts at a substantial height
above the surface of the ground., The field algorithms to be discussed
later were investigated for the pﬁrpose of providing a more general and
a,dequ:;Lte treatment of the off-the-ground EMP field problem. Substantial
burst heights are presently handled only by one-dimensional field models.
The validity of such models (as used in ONDINE or GLANC) is restricted

to the close-in region, Some g_eneral-considerations affecting the finite

burst height field problem will be discussed next.




1.2 Major Problem Areas

1,2.1 Choice of Coordinate System

The problem gketched in Figure 1.1 is basmally a two-
dimensional one: a burst at some finite height, a, above a ground plane,
creates currents and conduct1v1ty that are axially symmetric about an axis
through the burst and perpendicular to the ground. Ground electrical prop-
erties (e, j, and ¢) may be stratified and affected by nuclear radiation,

but are also assumed to be axially symmetric about the z-axis.

The coordinate system chosen to describe the problem
geometry is 1mportant because of the convenience that follows from a
natural correspondence between coordinate surfaces and physmal fea,tures
_of the problem, For example, the LEMP and SC ground-burst geometries
use spher1ca1 coordinates above the plane containing. the burst and cylindri-
cal coordinates below (see Figure 1,2). For a burst directly at ground
level, the choice is convement since both the sources and the radiated
EMP signal are centered at the origin. For bursts above the ground,
however, the propagating EMP wavefront (crudely described as originating .
at the below-ground image-point of the burst) travels obliquely through the

comp051te grid, and is more difficult to conveniently describe.

One very convement choice of coordmate system for the
finite burst-height geometry was found to be the prolate—sphero1da1 (PS)
coordinate system. Many important details of the PS coordinate system
have been developed in detail elsewhere,( ) and will not be re-derived

here. Some basic features will, however, be summarized.

The coordinate system is shown in Figure 1.3. Two points
on the z-axis, at z ='+a, are identified; they correspond to the burst point
_ and its image below the z = 0 ground-plane, Defining the vectors from

burst and image points to some given point P by r and r', respectlvely, the
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‘PS coordinates of P are given by ¢, £, and ¢. o is the usual azimuthal

angle, and
_r-r
€= "
(1.2.1)
r+r
£= 2+

The surfaces defined by constant values of ¢ are a set of
confocal ellipsoids with foci at z = +a; surfaces of constant ¢ are an

orthogonal set of confocal hyperboloids,

. The PS coordinate syste.m is convenient for the following
reasons:
| 1, The burst point (a,t z ='a) and the ground surface
| (at ¢ = 0) appear naturally in a single coordinate.

system,

"2, Spheres centered about the foci are important
auxiliary surfaces, and are easily represented
as straight lines in (¢, ¢)-space, since

r=¢-a
‘ ¢ (1.2.2)
r'=¢ +at

" 3. The problem of handling the waves reflected from
the ground surface is also somewhat facilitated by
PS coordinates. This will be discussed below,

_. 1.2.2 Presence of Reflected Wave

-, The radiated EM signal is created, in a sense, at the air-

-,-ground tintef'.face. It resembles a spherical wave centered on the image



_.point of the burst, Another spherical wave (non-propagating, if the atmos-
phere is homogeneous) is centered about the burst itself, since excitation
from the source expands in a wave moving with the velocity of light.
Depending upon Whetherlone chooses to do computations in real time t, or
retarded time, 1 (t=(t - r/c)), and whether. the burst is at zero height or
at a finite height, the problem of computing near outgoing wavefronts can
be more or less complicated, At zero burst height, both outgoing wave-
fronts coincide, and computations using v as a time variable may begin
everywhere at once. In real time, computations at At only need extend to
some range Rmax = cAt, Because large spatial dérivatives of the EMP‘
fie}ds occur near Rmax’ spatial regridding may be required there, For
bursts at a finite height, burst and burst-image wavefronts do not coincide,
and real-time computations must track both., Computations in burst-point
retarded time, 7 =t - (r/c), may still need to track and regrid at the

image-point wavefront. An additional attraction of PS coordinates in this

regard is that surfacés of constant burst-image-point retarded time,
' =t - (r'/c), lie (at fixed 7) along hyperboloids £E=¢, in the PS hyper-
boloidal coordinate surfaces, since (r' - r) =2a¢,

£y = clr, - 71)/(2a) - (L2.3)

1.2.3 Space-Structured ¢ and ¢

" In addition to drivers in the air, an important feature of the" -
problem description is the presence of a finitely-conducting ground. A

depth-dependent cqnduétivity, the possible presence of subsurface currents,

hl

and radiation-enhanced conductivity, together with stratified dielectric

f

properties, would be extremely important to include in an adequate treat-
ment of the problem, Computations involving imaged sources may be con-
templated as a partial solution, but are not strictly adequate in all regimes.

J




1,2.4 Outer Boundary Conditions

Fields beyond the boundaries of the immediate sources are
an 1mp0rtant part of the problem Ideally, fields at extreme ranges are
des1red either direct computations or extrapolations based on matching
appropriate free-field solutions at the source region boundary are needed.
In any event, conditibns on the fields at the boundary of the imluine' of space
considered must adequately account for outside fields without serious
"mismatch". The kinds of boundary conditions that are adequate depend to
some extent on the time duration of interest. For short times, siniple

1/r extrapolations of fields have been shown to be adequate; at later times.

“the source is in a 'mear-field" region, and more complex extrapolation

schemes, such as Babb and Granzow's time-domain treatment of multi-
M
poles, * ' are needed.

1,2.5 Choice of Difference Scheme

Iﬁ the present investigations, numerical field solutions,
based on finite difference repi'esentations of the Maxwell field equations,
are sought., The foregoing physical considerations were found to have
considerable impact on the kinds of differencing schemes that were studied.

Mathematical questions of accuracy and stability were also extremely

important, Detailed aspects of these questions are discussed in the next

section,



2. FIELD ALGORITHMS INVESTIGATED

2.1 Algorithm "A" | .
The field algorithm described in this section employs the first order .
exponential differencing method and evaluates spatial derivatives analo- 7 I

- 8
gously to the scheme used in HAPS,. The prolate spheroidal geometryand
the transverse magnetic field equations are derived in appendix one, The

final form of the field equations is

BEC Zoo' 1 aH@ 3H
st B il et e 2.1.1)
JE Z o | dH oH
£, 9 g Y[, ,_0_ ¢
St T Eg " z0]6 + = %173 | | (2.1,2)
oK 3E, - 3H 3E o3E
g £ _. © _ £ -
QG o G157 "*m3r -G - Gate s (2.1.3)
wh'ere . | 7
T=ct-r1 (2.1, 4)
2 1 1. 9
Gy =5 Gy = 55 - (2.1.5)
¢ ¢ -
The fieldé have been tranéformed as follows
E_\ ‘ E!
2 2,2 € | :
= JE =N -1) . ' N (2.1.6)
I iy _

J@& - - ¢
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S am E uw AE aE
\]

o 2 2
H¢ =Z0J(;-1)(1-g) H:p

(2.1.8)

in which the primed quantities are in mks units, The functions 3§, and by

-in equations (2. 1.1) through (2. 1.3) are chosen to provide the desired

spatial regridding in the code.
Equation (2. 1 1) is of the form |

JE

i

T C=‘P1

where

Y

) O "
\Plz;{_zo]C+Q-r 5t TPy

The finite difference approximation of the differential equation is

K k1 x . 1-e%
E..=E_,.e "+
gi,j L] q’lt X
where
Zz AT .
P k~-1/2
‘x—'yA'rA— % %13

and where

@1:._

z AT Q
oA e/y, Drgh el )
©L,] ol ]

X ]Ci’j o ]

+ Hk."l. - Hk.'l.' )
o, ol j+1

-11-

At gk -
2n Av lpz( (Pi’j']- H::{Pi’j

(2.1,9)

(2.1.10)

(2.1,11) .
(2.1,12)

(2. 1. 1-3)1\

(2.1, 14)



-Equation (2. 1.2) is of the form

i
d
1

oE ‘ .
m which y is the same as before and | I
[ dH oH \ -
Y @ o) '
Yo = ('2035 * 37 ¥ (2.1.16) '
The finite difference equation is - E ' l
X =ENleXig, Lo e (2.1.17) I
€1, ] £i, ] 2 X
where , I
Z AT : o,
. ___0 k-1/2 l( _ -1)_ AT 1( _ q
| @2 - K ]Ei’j * x\ ol I{:{Pi;j 2z Au z'bl H:}{Pi, j H‘.L;i"l’j A :

| 1 kel |
N Hl(;m,]_ _ Hii,j)‘ (2.1.18).

Exponential differencing is not appropriate for equation (2.1.3). We simply l

write ) . .

K k-1 K k-1 1
G(E..-E..) (E..-E..)- (Hk..—Hk..) - -
QUG \Bri, i ™ Eri i)t C1\Fet,i ™ B, i) T m\ i, 5 7 P, | 1
AT [k K k-1 k-l)
- 58 #1%1(Tg1, 1 - Beict, 1 Beie, 1 ~ B, 1
AT 'k K k-1 k-1 ) P
" 2AV 4’2G2(Eci,j-1 “Epi it Bri,y B, o1 2.1. 192'

X,
|
5




Equations (2.1, 12), (2.1.17) and ‘(2. 1,19) form a set of explicit difference

_ equations that can be solved simultaneously fo obtain fields at the point

(i,i,k). The boundary conditions are provided by the azimuthal symmetry
at the z~axis, the continuity of EC and H across the air-ground interiace, '
the vanishing of the fields at sufficient depth in the ground, and the radia-
tion condition on the fields at the maximum zeta grid. Presently the latter
condltlon is implemented by simply extrapolating the fields as 1/r. At the'
air-ground interface, a dlfflculty arises in obtaining derivatives normal to

the surface (i.e., and ——) These derivatives are evaluated at two

ov

‘points above (or below) the mterfa,ce and then linearly extrapolated to the

interface.

. -13-



2.2 Algorithm "B"

The second algorithm is set up in analogy to the differencing scheme
used in the one-dimensional code, ONDINE, A number of variations on the
basic approach were implemented, and will be described in this section,
'Either explicit or implicit versions are possible; a peculiarity of ‘the
>imp1icit scheme requires that the time increment over which the fields are
advanced be larger than the grid spacing. For this reasoh, one may be-
forced (with the basic approach) to perform early-time computations by an
explicit method, and switch to its implicit counterpai't at late times, when
large time steps are desirable. An attractive feature of the basic scheme
includes the possibility of handling a flexible and almost arbitrary strat1f1—
cation of ¢ and ¢ in the differencing grid without affecting the basm method
of advancing the fields,

2.2.1 = Theoretical Outline of Algorithm "B"

f

The '"B" algorithm is based on Maxwell's equations as
written for PS coordinates (described in Section 1) and retarded time of the
burSt point, We summarize for completeness the precise form used here-
after, standard RMKS notation is used unless otherwise specified, (For

details, see nghi:(6 8) .)

The "true" field components of interest (because of azimuthal

symmetry) are the ¢~ and t-components of D and E, and the ¢ -components
of B and H. We define the permittivity and permeability constants by:

D= seoE

and - - (2.2.1)

B-= y,p,oH

- where, as usual, ¢ = ‘(eb . uo)'l'/ 2 and Zo = (po/g 0)1/ 2, The following field

-14-
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transformations are introdiced for convenience (primes now refer to old

coordinates):
E e
3 £
| - Ju2Ra- .s) )
e ) | : L
| = fc )(1; a?) . § (2.2.2)
Ye U
L '2'2-",2':
B =Z'0'\/(?:--a)(’1‘—,£_)..‘ &,

and the burst-point retarded time is defined by

pectorx @29

With these transformatlons, _and with the further definition of

the often used geometncal factors yé_; and 72;

_a%1- %)
Garrn giaﬁ“‘z)_
N o (2.2.4)
¢ - Bty

'  715;~.



we find the final form of the field equations to be differenced:

dE Zij, Z dH dH
S Joe ToTL 1% 1%
T € € £ € o € JT
oE Zi. Z oH oH

g 2o _Zo7 L (1.1% 1%, (2.2.6) i
dT € € C € a3 e or )

,

oH dE JE dE 3E ‘
T utla B¢ T ) u LL 3L oT ,

-2,2,2 Differencing Scheme for Algorithm "B"

The differencing procedure for 'equations (2.2.5) through
(2.2,7) is based on the grid and fields defined in the sketch of Figure 2.1,
The (i,j) gr1d structure is constructed so that the grid lines fall at
g=a+ § -—)AC and £ =1 - (i - )Ag The fields are defined and -

mdexed at various spat1a1 posutlons as shown:

1

qu]_] = H¢(§i’ t]’ 71)
ECIJ = Ec(&_'i_]_/zy ‘:j,,-‘r]‘.) | . (2 2. 8)

1 ' .

7 The "1" éuperscripts refer the fields to their values at the
"old" time,. Ty; new values at the time Tg =Ty + AT are denoted by

2-superscripts,

. =16~
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i and j, together with values for the Compton current drivers, J, and J

the conductivity ¢, and the dielectric constant ¢. The detailed procedure

followed in diff

explained by reference to Figure 2.2. ‘We will first consider equation

(2.2.7) (the H-

(i,j)-th cells in the mesh, Figure 2.2 (a) shows the fields involved in thé

differenced for

Straightforward algebraic manipulation leads to an expression for

Hizj of the form
a2 '
‘Hij = HC
where
and
1
HC = H i

respectively) are differenced by putting them into the form:

The spatial cell in which Hij is centered is also indexed by

c ’
erencing equations (2,2, 5) through (2,2, 7) is perhaps best

equation), which is differenced identically for each of the

m of the H-equation, which is centered at (gi, Ej’ Ty + %AT).

2 2 2 2 :
+ AOEci,j + AIECHI,i + BOEgi,j + BlEgi,j+1 (2.2.9)
Y
I/
AO 2 (1 aA.g)
Y
=-£(1 .41
A1 2 ,(1 -aAg) I
' (2.2.10) l
Y .
S T L5
By = 5 (1 +_Ac
Y
=L .L1
By=-51-%)
_A El ol B El : 1

1Feis ~ AoFeir1, i~ BaBei,; - BoFey, o1

The E £ and E c-equations (equations (2,2.5) and (2. 2. 6),

- -18-
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2 4 K(1)E = S(r) | (2.2.11)
The solution of equation (2.2, 11) above (for k() and-S(r) approximated by
constants evaluated at mid-timestep) is used to advance the E's:

2 1 kAT

E°=E"e + (1 - e'kAT).E- (2.2.12)

The E g-equation and Ec-equation are.handled in exactly
analogous fashions; we will give the details for the E, -equation. First,
equation (2,2, 5) is put into the form of equation (2.2, 11). We use equation
(2.2, 12) to advance (EEIJ +E i, ]+1)/2 from Ty to Toe Source terms are
centered at mid-time in the (i, j)-th cell, as is the evaluation of 3H/3r.

The spatial derivative of H is handled as indicated in Figure 2. 2. (),

explfcitly, we use:

2 1, 1 2 .2
[ﬁ ) _e_,g] Wy - Hy) oy [(Hl o1 " Hy ) (Hy- Hi,j—l)]

3T of AT 3 + (2.2.13)

ACu ArL
At the z-axis boundary (i.e., j = 1 for the E -equation or i = 1 for the
E —equatlon), one may wish to use a form of equation (2.2.13) for which

H(‘o =0 along the z-axis. In that case (see Figure 2,2, (c)):

2 1 1 1 2
[ﬁ 'ﬁ] A% 1) BB g = (2.2.14)
ar  f AT 2 Atu (_A_C) , T
: P

Using either of the above forms for the H-field derivative terms in equa-

tion (2,2.5), we can mampulate equatmn (2.2.12) (as applied to the advanced
2,
E N 's) mto the form:

. =19-

e



Efi,j-t-l
—f— .
E 4 &
Citi,] - , ,Egij'
' ® Hij It
o— .p—f
E
(a) &ij
S
2
GE)th+I 7 ° th
.1
- - }FE
C. Hij e Hl,l
)
]
'
1. 1 1
— " ]'g l . 7

1 3
1+§ (b) 1__2_

Figure 2,2, Specific Fields Involved in Typical Differencing
_ for Equations 2,2.5 and 2,2,7,

-20-
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2 2 _ . 2 2
Bei,i * Bei, j+1 = Bee ¥ Can iy + Ten M i1

(2.2.15)

As before, the constants are functions of the old fields and known param-

eters, In particular, let us define

' -k
P=-2—-——(1'e 27)
ZOO'AT
Then
[ AT o s
I B
C1L — AT
P (1 - __), i£§=1
L AT :
o A.‘T'
Ciu= P (1’2Az:u)
[ AT ep s
r (zacL)’ >t
I’cL= - ;
0 y ifj=1
L
_ | AT
Tea™ P (ZAcu)
I aar (™) gl gl
¢C tij £i,§+1/ " o Je " Teu i, i+l lu™ij
-21-
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Exactly analogous results are obtained for the Ei,'s, so that
we must consider a set of equations which, for a typical ceil, has the

following appearance:

2 2 2 2

S S -

Hij = Hc + AOECi_j + A1E§i+1;,j + BOEgij + BlEgi, j+1 (2.2, 18) I
2 2 ~ 2 2 -

Ecij +‘Elji+1,j = ECc + DILH + rgLH1-1 ] (2.2.19) I
2 2 2 2

Egi,,j €1]+1 Eg + C1 H +ri;L 1 - (2.2.20) I

2.2.3 Summary of Computational Procedure

The above equations can be used in an explicit manner, if
<2 2 2
H. i,§-17 Hi 1,5 E‘\:i ., and E&_1
through (2.2,20) then become three equations in the three unknown fields
H2 2 and E2
i, 5 2;’1+1 j £i, j+1°
along the z-axis and proceeds to some outer boundary, where outermost

are known, since equations (2, 2, 18)
The process is started from values of E and H

values of either E or H are assumed known from some boundary condition,

' A variation can be made implicit in either direction (we wﬂl
choose the ¢-direction), We disregard equation (2 2.19) and H‘2 1,

i=1 (rather tharnvusmg a form of (2,2.19) with H1 /2, set at zero, as it is
for the explicit method), and obtain a tridiagonal set of simultaneous equa-
tions for the E_'s. One can readily obtain such a set by using equation
(2.2.18) (for Hy; and H_, ,) and (2.2,20) (for 2 .y and Ezﬂ_i’”l) in
equation (2,2, 19), ehmmatmg unknown E 's and H 's to obtain a relation
involving E c's at i-1, i, end i+1, The computational procedure thus
involves stepping from one j-value to another; at each value of j, one
sweeps through a range of ito fmd the new fields at points along a given

elhpsmdal coordinate surface

-929-
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2.2.4 TImplementation of Algorithm "B"

Algorithm "B" was implemented by adaptation of another two-
dimensional code, ARIADNE, ARIADNE was originally constructed to solve
the prolate—sphefoidal Maxwell's equations for a high-altitude burst situa-
tion, The new auxiliary machinery (necessary to set up problem geometry
parameters, initialize source and field computations, furnish peripheral
functions necessary to supply ﬁpdated sources to the field algorithm, and
output :esults) was readily programrﬁed for the ground-burst situation by
minor changes in ARIADNE, so that the field algorithm subroutine was the

most significant aspect of the programming problems.

“The algorithm was checked by the device of providing

"invented'" sources that corresponded to known fields. The procedure

involved an initially assumed anal'ytical form for EC(E’ ¢, T)and

E (¢, £, 7). Equation (2.2.7) may be used to find H(¢, ¢ 1), and equa-
tions (2.2.5) and (2. 2. 6) then solved (together with assumptions for '

o (£, €, 7) to give explicit expressions for the sources J . and J c Using
such invented sources, the algorithm should then numerically produce
fields that closely correspond to the analytical form initially assumed.
Results of such check comparisons for moderately-realistic geometry,
sources, and time variation of the fields showed agreement to within about
'5% over approximately 5 orders of magnitude of field variation. Detailed

results will be discussed in Section 2, 2.5,

Consistent with experience with ground-burst codes now in
use, it was found that poor computational results were obtained unless

source representation's were smoothly varying in space and time. For this

" reason, analytic representations of current and conductivity were used as

a convenient means to drive the field algorithm. Results for a sample
problem show fields that vary with space and time in a physically reasonable

way. - Detailed results will be presented in the following section,
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_ The details of the algorithm, as progra_tﬁmed, are given in .,
Appendix B, which contains a FORTRAN listing of the field subroutine .
MARCH, together with a brief explanation of the subroutine structure and

the variables used.

2,2,5 Some Sample Computational Results

Some computations were carried out for a rather simple,
"toy' problem; a burst at HOB = 40 meters (near I =1, J = 1) was con-
sidered, with purely radial Compton currents (and associated conductivity)
given by a simple analytic form. Sources were considered to be zero
beyond the surface ¢ = 640 méters; the ground was assumed to have con-
stant conductivity (. 01 mho/m) and dielectric constant ¢ = 5. The
computation grid in (gI, CJ)-space is sketched in Figure 2.3 , where the
positions of points at which output was requested are indicated, The source
region is restricted to the gridpoints (I, J) for which 1< I< 40 and
1< J=< 30, The ground lies in the interval 40 < I< 45 for all J in the grid.
Field 'intensit'ies and sources are tabulated, as a function of time, in
Figures 2.4 through 2,8, the poSitions are indicated in the grid. The
point labelled "9" is far up in the source region, and only a purely radial
E-field is found there. Closer to the ground, the image-point wavefrc;nt '
"can be seen moving upward perpendicular td the I-surfaces, as retarded

time progresses.
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9.3 Real-time Fields Algorithm in Cylindrical Coordinates for an
Infinitely Conducting Ground: Algorithm "C"

2.3.1 Theoretical Considerations

The Maxwell curl equations in MKS units are

o
os]}

@.3.1)

vxE=-Sp
vx§=pj+poﬁ+p€%]§-' (2.3.2)

with the implied constituent relations
B = pH | D=¢E

for u, ¢ constant.

Figure 2.9 shows the coordinate system which is to be

considered.
z
o P , -
Inner Boundary ~ Outer Boundary|
p=p, P=Pax

N

Figure 2.9, Coordinate Grid for Algorithm "'C"
| -31-



The near surface burst problem is b.zimuthally symmetric
if the source is, In this case none of the variables are a function of ¢ and

the curl equation becomes

_3E J3E aEz) ; pE) 3B 3B 3B,
5z P\ Bz "3/t T TRt PRt 9Tt f (2.3.3)

oz Z P ap
: E BEZ o
+ uJ(p + uUE(p + pe—-‘-eat 1o + p.Jz + po-Ez + pe—sg | 2 (2.3.4)

It is to be noted that due to azimuthal symmetry the equation
| may be separated into two sets which are coupled only by the dependence of

the air chemistry parameter on the total electric field.

The TM equations are

J

-..p_c - 9 -
- 2 -2 Ep vy (2.3.5-)
3E J 3(pB )
- z__%z_op __1 A (2.3.6)
at € € 'z pdpue op
2B, aE; 3 :
£ =2 - 53 | .(2.3.7)
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The TE equations are

BBp E ' ,
—& = BZQ - (2.3.8)
2B

z__12
aE(p J(p o 1 BBD aBZ

B, BZ and E(,o are initially zero and J(p is zero for all time, then these

components of the fields will remain zero, Onlythe TM set of equations

needs to be solved,

Let

Make the substitution z = - n in the TM equation

d3E Jp o 1 °B

_——Q = e — - — . 01

at € € E.0+;7p,e 3n _ (2_ 3.11)
B

2% 12 og , 1 2eBy) (2.3.12)

ot € e 'z pJue op *Ur

3B 3E, 3F
=% * I 7 (2.3.13)

%)
-E' J =-T
P o
E' J =

Z A
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Then we obtain

_pP__. P _ 9 _ 1 "o

at € € p Aue 3dn (2.3.14)
3E}, I 4 3(pB) 3
__at =—-€— +m ap (2.3.15)

aB' QJE! JE!
(s}

_ 7z _ T |
ot op an ‘ (2.3.16)

The boundary condition on E'p is the same as that on Ep ,
namely
E" - 0 as —
0 p

The field EIo’ ,E'z, B("D produced by the source J"o J'Z at the point p,n,t is
identical to the field Ep, E, Bqo produced by the source Jp J atr,zt,

To obtain fields above the earth due to a perfectly conducf-
ing earth, add the two sets of fields calculated subject to the condition that
J=0forz < 0and J' = 0 for z > 0. Then at the plane z = 0, the p com-
ponent of the electric field is zero, which is precisely the required

boundary condition, subject to the condition
50,28 = 4 (p, -2,1)
<'(p,2,t) = ¢elp, -2,t)
o'(p,2,t) = 0 (p, -2,t) | : ’
7 For ease in later imﬁlernenting a varying grid size, make
the following transformati_&ns ' .

x=f(p) - p=F&)
y=yz) .. Z=Glu)

| =34-
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so that the corresponding partial derivatives transform according to

o _3f »
dp 3p ¥X
S 2893
2 Z 3y

3E I 6 cp °B |
_aat ='?'€Ep ‘JE'—(Qay (2.3.17)
aEz JZ o 1 3B -]-3_(2

3B aEz d3E .

—‘Qt = FP?}'{— - GP _BBY (2. 3. 19)

\The above equations are the ones to be finite differenced as

described in the next section,

'+ 2,3,2  Finite Difference Methods

The following notation will be used on all the
diagrams,  The values of Ep used at'the i, step are denoted by ¢ , -
values of EZ by A and; values of B(p by . It is to be noted that Ez and
B‘p are defined at the grid ppints, E‘0 midway between the grid points, The
superscripts 1 refer to time (t) and superscripts 2 refer to time (t+At),

-35-



)

-1

Figure 2,10, Differencing for Equation 2. 3. 17

Equation (2. 3,17)

3F
_p,
ot

J 3B
E =--P_ GP "¢
P € VE 3y
' W111 be differenced centered at @i, j- 1/2 t+At/2). Both equations (2.3, 17) '
and (2.3.18) are of the form - :

m|q

[
I
JN Y
nY
ot
Pt
-+
jay

dF : ‘
qrt AF =B (2.3.20)

¥

This equation has an exact solution given by
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A

.{’l
4 fo A(«L")d{-"
e

- foL A(nde - IOLA("’J' )d‘tf B(4')ds!

F(JL):FOe +e
)

A first order approximation to solution valid for variations in A and Bis

-A(L/21 (1 } e-A(&/Z){,) B(¢/2)

F(-f,) = F(O) e m

Equation (2. 3, 17) differenced in this form is

_-9 ] 1/2
E2 1= Eli‘-l e (1-e 1)[—1]
p1) p1 71 1]_1/2
where
61 = ‘ylAt
71 = 0/€ | .
t=t+At/2
1/2 |
1% Wt | N NS TS U S
V1= "¢ "2 by |Poii T Peii-1* Totj T Cpij-1
Define the following constant
-8
1 7 2/ue AY
-6 ’91) J GP
S 1+(1-e _“pij-1 _ ij 1
1 pij-1 ' 71: € 2Jue Ay

- -37-
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sl -Bl.
oij ¢11-1)]

(2.3.21)



Equation (2. 3.21) can be written

OB

.AE

2 2 2

- (2.3.22)

Boij-1* 8185 = A1 B41 = C4
A j+1
A
WA ”A)
- 1 ° t
e i

i+1 /

M

S
>

Figure 2.11. Differencing for Equation 2.3, 18

Equation (2, 3, 18)

will be centered differenced at_(i-l/z, j, t+At/2). The finite difference

+2E =—J—Z-FP BB‘p L B
€ 2 € Jue X  Fue o

form of equation (2. 3.'18)‘ is

-38=-
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rﬁ

| | t+At/2
E EZi-l'* ii' (E;i-l'J'E;i') -9 [ %2 ot
- 3 - ?2 Ve, (1-e"") = (2.3.23)
| Y 2i-1/2j
l ' where
B B9 = 1At
Il 72=:0/E
1/2
o Taity PRy orgr o1 g2 g2 ]
l 4’,2 h € 2./pe AX o 1ij pi-1j oij pi-1j
I 1 2 1 2 1 ]
- .+B . . +B° . +B .
4F; 1 /95 He [B¢1-11+ 0i-1j © Coil T Teij

Define the following constants

2/peAx ZFi_le/;Tc—

(s - e'ez) .2( PPy 1 ):|

| : -9
S (E1 . gl )e'ez . 2(1 ) [‘Jzi-u PPy
2~ Tzi-1j zi-1j zij Yo € 2./ue AX

>
Do
I
— 1
\e
DD

1 1 2 1 2 1 1
= - - < as g+ B
Bty ~ Byict) ~ Bpicty) ~ 2R i (Pt " Pty qn])]

.
-

Equation (2. 3. 23) becomes

2. 2 ' -
B+ ApB 5 = Cy o (2.3.24)
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\ j+1

.—1 ] : .
70T i irl /

X rd

Figure 2,12, Differencing for Equation 2,3.19

&
&
)
d
i
[

Equation (2. 3. 19)

2B aEZA dE
B =P - GPy

will be differenced, centered at G, i, t+At/2). The finite difference form
of equation (2.3.19) is '
2 1.
B..-B .. FP.. :
ij = Telj _ ij [EZ -E2 + 1 -El e
At 2Ax zij i-1j zi+lj T zij

gp [.1 1 2 2
" 24y [Epij “Epg-1? Bpij ~ Epii-I] (2.3.25) -

d
b
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Define the following constants

FP_. At .
Ay = ——
3 2AX
NS GPij At
4 2Ay
C, = B it P S R ] il P S
3 pij 2AX zi+1j ij zi-1j 2Ay pij pij-1
With these definitions equation (2, 3,25) becomes
2 2 2 ) |
B 55+ A3 gy * A4 Fpy ~ 845551 s (2.3.26)

Substitute the expression for Egij from equation (2. 3.24) into (2.3. 26) and

collect the terms

2 2 A

2 ’ : —
B4 (1 - Aghg) + A EC . - AEY L 4= Cq 5C (2.3.27)

2

Now substitute the expression for Ei ij-1 from equation (2.3.22) into
(2.3.27) and collect

2 ., 2 2
+ A1A4)B + A4E-yij - A1A4B<pij-1 =Cq - A3C2 + A4C1

(1- A3A oii

2
(2.3.28)

Rewrite equation (2. 3. 22) to center the equation at (i, j+1/2, t+At/2)

2 2 2 '
_Epij - ay B(pij+1-+ a, B(pij =Cq , | (2.3..29)
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Substitute equation (2. 3.29) into (2. 3. 28) and collect like terms

| 2 9 9
(1-Aghy+ AgAy-aj BB 4 - A AYB 17 842185501

=C3 - A3C2 + A401 - A‘q‘c1

Define the following constants

B1 = + A4a.1
B2 = 1-A3A2+A1A4-31A4
B3 = 'A1A4
2 2 2
ByBoij+1 + BaByij + BaByij-1

Assume that the B(é can be calculated recursively, that is

9 2

B, =E.B“. FF,

oi TiTeil T Ty
or _ c
o 2 _E .B%2 +FF

B, : : .
ei-1  Tj-179j j-1

then

2 | 2
ByB i1t (B, + By Ej_l)ls‘pij =B, - ByFF, |

We define the Ej's and FEj's. as
E. = °1
j By + B3E._‘

2 ji-1-
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_By-BgFF
i "B, v By

FF

A p0551b1e ‘set of boundary conditions for the recursive relation is

B(‘o =0atj=1 and j= ]max' This implies E1 = F]i‘1 0.

2.3.3 Calculational Procedure

The computer code is composed of a main routine, which is
responsible for supervising activity of a number of subroutines. The main
routine IG2D reads input data, defines calculational grids and some con-
stants, IG2D then calls SETPT which defines the constants for the simple
analytica} gources. RDS is then called by IG2D to print a summary of the

input data and constants for this run,

The calculation is stepped in time a At, SIGMA is called
to caleulate the conductivity and CURRENT is called to calculate the current
densities. The calculation is then stepped in range and the fields are
calculated over all altitudes explicitly as deseribed in the section on finite
differencing. At the end of the time loop, the fields are extrapolated in
range to the last range grid point, OVTPVT is called for all output functions,
PROFILE is called by OVTPVT to graph the sources and fields at a constant
time and range as a functmn of aititude., RANGER is called to graph the

source and field at a constant time and altitude as a function of range.

2.3.4 General Considerations

Since this algorlthm is a real time algorithm, the grid
spacing must be kept rather small to resolve the fast rise of the probe as it
propagates through the grid. To make a real time code run to very late
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times, it would be necessary to incorporate into the code some form of
regridding. 7 A

The particular implicit scheme used to advance the calcu-
lation over altitude has been used with good success in several retarded
time codes, such as SCX and ONDINE, The scheme seen to be very stable
as long as the Courant condition is used to select the rate of the sizes of
the gi-id steps. |

Since the algorithm assumed an infinite conductivity for the
ground, the results can be expected to agree well with other calculations
when the air conduci:ivity is much less than the ground conductivity, For
clbse'—in, early time regions, however, the code can not be expected to
perform as well as other codes which assume a finite conductivity, Since
the pulse which is obéerved far from the sources is produced on the outer
edge of the source region where the air conductivity is low, the code éhould

be able to predict the radiated signal fairly accurately, |

2.3.5  Conclusion

Representative data is given for two _-gx_'ound ranges,
500 meters and 1000 meters with a source height of 50 meters, The sources
“are not for a particular weapon but were chosen as values which migﬁt typi-
cally be encountered, The time axeson the plots are in retarded time of the
burst point. The two observers plotted are located just above the infinitely
condﬁcting ground, It is to be noted that the jitter in the vertical electric
field is due to the lack of transverse currentsr and can be expected to go

away if the transverse is instalied.

-44-

—



SI019I 00G J¢ USAIND [EIPRY 'g['Z oInBg

. (o98) aum],
0T 01 _o1 _or1
w....-r. i N......rp-. L ,m»-..-.. [l 'l @ O.H
[ w
. n m.
e B
lc.ﬁ .
Z Q
E
L " ,
I m. o
- F - I
g 5
© 8,
w,
woﬂ




.

8I219 00§ ¥8 Ajraryonpuo) °pY °g oIndrg

" {(098) auut
0.0 o1, (99s8) s,

bl e A 2 4 i 1 L bn----.-n i A

wlnouﬂ. Lt 3 i | A mloﬁ
M'

01

207

ﬁuoﬂ

(w/soyur) £j1AT3ONPUOY




SJ919JN 00§ 7B PIOLI OII09[H [edNI2A *G] °Z 2anStg

(o9s) auag,

o e 6O
70"
.moﬁ -
i N

)

[ e
X @
, ~
E B
.¢cﬁ ]
:
- g0T



o T R e e Tl

sI012]] 00 I€ PIotd o1Pudey °91 °g @andtd

(008) eumLy, - . ,,
olcﬂ . ! N_IO.H wl.o..ﬂ- P B W T | i A o mlo.ﬂ
Wir i % 2 i 1 i1 2 2 1 1 [ L A ’ \ oﬂ
F .01
T
g
" 5-01 m. 3
. g ]
o ~
! =
L l\z
"m-oﬁ
I
)

™
A |




e

SJI9J9IA Q00T I& juaxan) [erpey °Al g 2ansig

(09s8) aumy, - _ _
m-oﬁ . p..oﬁ : . w-oﬁ m..oﬁ
ada s & . '} . A l ."
) B
L Q
- (]
K -
]
b (']
- 2
C .mz nw :
3 : ~
Nc.n AWu ,_ )
1]
) I a
2]
I‘ . (z
E
moa

’



SI8)9IN 0001 1© £)1A1I0MpPUO) ‘BT °Z .o.n_m_.m.

(09s) surg,
wlmdh bhn d o d el A blm.-ﬂl - ' ' ' w'O-m- -,b s A 'l mlOﬁ
MI
s
- > nl-
:
<
Nl

0T

ot

(w/soyuw) A)1A130NpUO)



S10)9IN 0001 Y€ PIOLJ S1II09IE TEDTIIOA “61 ¢ oIn5ld

(o9s) auu ],
01 -, 01 g-07 6-01
.@-.-- N 2 h_---- Y 2 2 a2 s A 8 8 . " o.ﬂ
\ .Noﬁ

- a .
I N
C ) 1
F = =
.moa m L
)

.¢oa
3
. moﬁ

B e ——— S _,.I. s .l_ l‘l-l-



H

9

o1

[ WEr e

qﬂ-r T~ b~ el .

(o@s) WILL

1

nm

(zm. /aoqam)

1
[
n

't



TTeTmTEEEEEREEEEEEEE”T

2.4 “Algorithm "D"

An approach that was briefly investigated near the end of the effort
covered by this report involved the development of an algorithm requiring
integration of the field equations along characteristics. Unfortunately,
there was insufficient time to program an algorithm for machine computa-~
tion, but the approach nevertheless appeared to be quite promising; a
brief desci'iption of the general scheme was therefore felt to be justified.

The use of characteristics methods has been extensively described

(9, 10, 11)

in the literature, and will not be presented in detail here,

Brieflhy, characteristics for systems of hyperbolic pai'tial differential

-equations are curves or surfaces associated with the propagation of wave-

fronts. The process of "integrating along characteristics' is attractive

. from a physical standpoint because it is connected with notions of causality,

and attractive from a numerical standpoint because the original partial
differential eciuations take on the form of very convenient relations (called
"characteristic cond1t10ns") for the variations of fields along the directions
of characteristics. Peebles( 2) has presented a solution technique using
characteristics for an EMP problem with two independent variables: one
space dimension, r, and time, t. In that case, the characteristics were
families of straight lines (r + ct = constant, and r = constant), and the
characteristic conditions "had the form of ordinary differential equations.
An analogous result appears for the three-independent-variable EMP'prob-
lem, except that the characteristics then become surfaces, and the charac-
teristic conditions involve derivatives in two directions along the
charactei'istic surfaces, We can summarize the detailed results of a
characteristics analysis _pf Maxwell's equations, as written in ‘pr,olate-

spheroidal coordinates and retarded time, as follows:
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We may rewrite equations (2,2.5) through (2.2.7) in the following form:

dE dH 3H | | , '
‘%%*[Tf“?ée]“"g | 2.4.1)
BE.C [aHtp 1_3_1_{_@]
€57 Yl Ta ot T Jc (2f4°2)
_£__ ¢ [ g l C] © _
Vc[ar ac]*”g st ta s )t er 0 (2.4.3)

For ¢ = 1 (as an example) we can identify three ‘convenient characteristic

surfaces:

T = cons't

T - 2a¢ = cons't

o |® |»

¢ = cons't

The characteristic conditions associated with each of the above surfaces .
are differential relations amongst the field variables within the surfaces
A., B,, and C,

For A.,

7¢D.E, - H ) - v, Dp(E, - B )= - ?’ch v dy 2.4.4)
For B.,

7D, By - B) -7, DpEy + By == e dy + 7 EENCLL




(gi’TZ’Q) 4—@

Figure 2.21, Integration in Characteristic Surfaces for Algorithm "D"
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-and for C.,

+H)==1J (2.4.86)

_DH +DA(E
*qo+C(£-<P 3

The D-operators in equations (2. 4.4) through (2. 4, 6) are readily defined:

-9
D, =37 \ (2.4,7)
_1a
D -12 ;22 (2.4.9)
B asE  “or e
D =2 . (2.4.10)
C or e
D,, Dg, and DC simply represent derivatives taken parallel to the

directions of the A, B, and C-characteristics in the (¢, T)-plane,

The three characteristic conditions (2.4.4) through (2. 4., 6) thus can
replace the original set of field equations, and can be used, as suggested
to find fields along the line through g, and T, once the

fields along the lines 1", 2",
equations obtained from this procedure can be solved by standard methods,
'and are likely to be more satisfactory, because of the causality considera-
‘t1ons unp11c1t in their development, than equatmns generated by more
stralghtforward difference representations of the original field equations.

It is felt that this approach is attractive enough to warrant more detailed

in Figure 2.21 |

and "3" are known. The sets of implicit

consu:leratlon
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- 3. SUMMARY

Several finite difference algorithms for the calculation of low altitude
EMP environments were inves’cigatéd. These algorithms were programmed
and run on a CDC 6600 computer, The results were checked for two test
problems, The first test was to input a radial current and then to deter-
mine how nearly radial the resultant fields were, The second test problem
employed the Maxv&ell equations to calculate currents for an assumed set
of fields, then these currents were put into the ches and the resulting
fields were compared with the assumed ones, A third test problem was

developed. This consisted of a real-time air burst code and an image cal-

- culation to incorporate the effects of a perfectly conducting earth, This

code is complete and is running, However, comparison of it and the low

altitude environment codes has not yet been made,

Comparison of the algorithms studied with the test problems indicated
that the two explicit algorithms described in Sections 2.1 and 2, 2 above
worked considerably better than any of the several implicit methods studied.

Details of a few of the implicit calculations are. given in Appéndix D.

A new approach to the problem using the method of characteristics is
discussed in Section 2, 4. Although this method appears very promising, it
was developed near the end of the contract and has not yet been programmed

for the computer,
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APPENDIX A

I, FIELD EQUATIONS ' -

Define modified MKS units by redefining B and B according to

B =cB MKs, H - pcH MKS )

Maxwell's equations become

v.D=p (2)
v.-B=0 ‘ (3)
_ 13B
v X,E = = -E-—a— (4)
it - 3B,
vx H= o(]+'at) (5) q
where the definition
[Ps | | 1
%o €. T Ho® (8)
(8] .
has been used. The constitutive equations become I :
ﬁ=eﬁ,"]§°=xr¥lﬁ, € = ne , p=xmud : (1 I :
Then, define \ I
A
= [
2= [om 4 o P
We transform to retarded time defined by 1
T=Ct-r=ct"‘a(t -e) (9) J
.58~ !




- . ||'-'.‘ !lll - . Ill- - e lI". L] Illl. - . . lflll l o ‘i'll -

‘The transformations of derivatives are

)
5 =3y - (10

o a3 |
=V, f = (11)

where Vs and v, are the gradient operators at constant t and constant r.

Maxwell's equations become

P 2Yy.E=-P '

(v'r ra'r) E ne (12)

o

WT-fg})-ﬁ=O . (13)
A D 2 H

(VT-rﬁ)XE=-xm%—T (14)
- b -2 ﬁ

(VT-r%)xH=ZO]+naa—T : (15)

The divergence equations are initial conditions for the problem. The

fields are thus determined by the curl equations, Now:
r= a.llt + Ot21£ N (16)

The coordinates are cyclic in the order (¢, £, ), thus:

. 3E 3E oF SE
A BE - !2 : !E“ § - C)A
Pxr oy 5r &m0y a'r_gf'(“lla'r 09157 )@ (17

A similar equation holds for the magnetic field, For an azimuthally sym-

metric problem, Maxwell's equations become
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dE >E ' . 1, ( . .2-2, )
@157 * %15 =‘xfo+a(cz_€z)[gf J(t -E9E" - D E,
d 2 2 2
: +5—E(J(c - - ¢ )Es)] (18)
dH - 3H 4 5 ( | 5 3 )
@11737 %2175 =a(cz 2) [ag ~/(C -£)T - 1) K,

dE

—@

Y1757

. oE (
€ -0!11—(231_ £+

~

g

- 'a—'(J('cz S 1)1 - HE )
av(e® - e*)e? - 1) 28 | o/

- €

3. 2 2 2
,+a—£(/(c - - ¢ )Hg)] (19)

dE BEC)
®11 57 Bt} BFY

3

~

o - %

- mBT(Htg-'- Hgg + H(p(p)

-~

. £ .
J(E* - £2(1 - £%)

B
of

B 2o
T\ /1. 2 ¢

(J(«:z - 1)(1 - ez)lf:(p) + 9

Ji? - 0 - )
a(e? - £%)

(20)
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ry .

aH(p": o ) dH oH, 5 e .
091757 & “—‘P‘E* o157 "1 ar ) ® T rgr Bl E L+ E 0
=-z (1, +3,8+7 )+ s .i(ﬂcz-l)(l-gz)H)
0Nt e e Je® - et - %t °
- ; -9—( (cz-l)a-ez)n)
2 - gD - £ °° / ¢
mfz-n(l-.g) o [2-& )_i 2l e
a(c? - £%) EAV T AW T

In component form, these separate into two sets of equations, the TM and

TE field equations,

TM Equations

JE 3H
d 2 2
e tea T T 2ol 7‘7 I a—( (t '1)‘1'5)%)
- (22)
d3E oH
' . . 1 <) 2 2
T A T —gz;—c(ﬂt 71)(1-'£‘>H¢,)
| (23)
oF 3E ‘
g c J(c-l)(l-e) a
i |
i ag 7 1 (24)
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TE Equations

o

(J(cz-l)(l-gz)E(p) (25) -

3E oH, 1 .
a —-ﬁ—n — - —
21 _a'r m 37 a 7():2 _ &2)(C2 _ 1) dE
3B dH
) £ _ j_(J 2
o + K (C 1)(1
R r‘,
3H, . 3H 3E
¢ 2%, «/(c-l)(l-a)
o - o + % =-2j
1181_- 21 37 dT ocp a(C _g)

aa(/—sz )T

2
-£ )E(p) (26)

ot 3

For the low altitude burst problem j is zero.
excited and we confine our investigation to the TM fields.

elements in equation (16) are

e
=

:3"|p

|m

Coq = h

The TM equatibns become

VR W (S
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Thus the TE mode is not

The .matrix

(28) |

(29)

3&-([-1)(1-5)11)

(30)

J
A

»

*
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/ 1 B 1o 2E fz-l)(l-e.)
g2 t _52 a'l'l m BT a(c _g)
[2 2 2 2
CH % o [E_-¢&
ac( 1-¢ EE) ag( & -1 EC)

The field equations are simplified by the following transformation of

dependent variables

E [ &
(.c) =ﬁz_£z)@2_1) (c)
Ve e

E ‘ E'
(_ ’9’) =@ - da - (E)
e/ e

B =@ -na- om

©

where the primed variables are those used ﬁreviously. We obtain

SE.  3H >H
—t @ gl 0
dT 3T OC a o¢f

-63-

dE [ 2 oH ' .
| T cz_gz 3T / 2'6 )(I"E ) Al ®

(31)

(32)

(33)

(34)

(35)
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aEE 3H 1 °2H ' |
TR T L e T | (57)
AE QE ?H G, 3E, G, 3E
£ _£ _l_ & 2 ¢
Gyo7 *C137 "*mSr & ot a of (38)
where
2 2
Gf“%-lz:% (39)
¢ -¢ hy
2 2 .
G -L1-& _2 : (40)
2 2 2 2 . :
C -¢& hz .
To facilitate regridding in the three coordinate directions, (t,£,T) we
introduce the following transformations
13 _ ., 3
a3t 4"1 du (41)
13 = d |
ase Yawv (42)

We assume that the conduction current can be described by a scalar con-
ductivity, thén
- 3=>7 +oE (43)

A derivatibn similar i:o the one above can be done in which the retarded time
of the image point is uséd, The resulting differential equations differ only
by sign changes on some terms, Let Qﬁ' = -1 signify retarded time of the

‘image point, then the final form of the field equations is

-64-

.-




- .
s’ i NG )

x__‘; -Q 2

3E._ 3H oH

R @
T rar | ot ZOUEC+¢2 v

oH

) O
__£ g_'pl—gl—i(e

oH
5t " ar o Zolg T ZEOF

3

SE JE d3H CII o

© _ _& _
m 3T Gl'bl Ju Gzlngg

-85-

(44)

(45)

(46)



IL. GEOMETRY

Define:

'C_EZLa(r'+r); £E~21—a(r'-r) _ (1)

then
rt = a(f + &); r=a(t -¢) (2) |

Choose the prolate spheroidal coordinates to be cyclic in the order
(¢,t,0). Note that:

. cosf = %:% (3)
2 2 ‘ '

sing = ’f(t c'_lg(l - &) | (@)

R = aA/(Z‘:z - 1)1 - gz) (5)
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The transformations to Cartesian coordinates are

X = Rsing = aJ(cz - 1)1 - gz) sin ¢ | (6)
y = Rooso = a(¢? - 1)(1 - £2) cosg (M)
z=agl ' - (8)

The inverse transformations are:

C=“2}§ »\/x2+y2'+(a+2)2+\/x?+yz+(a-z)2 ©)
€=2la' \ X2+y2-+(a+2)2-~/xzr+ y2+(a—z)2‘ (10)
-1 .x - |

The radicals in equations (9) and (10) are just:

r=Jx2+y2+(a-z)2 (12)

r'=/x2+y2+(a+z)2 . (13)
the transformation to the spherical polar system in Figure 1 is given by

r-alt-£) | - (14)

6 = cos™ ! (15—'_‘25—5) ' (15)
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'The inverse transformations are

1] J 2 | |

E=gz|r+Nr +4a(a - rcosg) (16)

1 J 2 |
=gz |-r+yT +4a(a - rcosg) : (17)

where ,

r' =Jr2+4a(a-rcose) (18)

We now wish to determine scale factors hC’ h £ h such that

2 2 .2 2 2 2 .2

ds  =h_d h + h d _ 19
%t Ped ¢ (19)

To obtain these, differentiate equations (14) and (15) and substitute into

ds2 = dr? + rzde2 + 2 sinze d(p2 (20)
We find
ds ;az-—g—dc +az—-————§—dg +a (C -1)(1-5 )d(p - (21)
C -1 é' :

The following relations were used

26 _ -1 1-¢ » : A

DN el (22)
. '2'

20 __1 Jr -1

26 TT-E [y 2 @3)
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- Finally,

ho-a tz;ﬁ_ | (24)

2 .
h =q /8 —& : : - (25)

= a2 - (1 - &) e

Some useful vector operators are defined by:

=h

E 9_ L1 /l-g .3_ ,a_(?) 27
22 3L ac—g 28t a;(tz-l)(l- °® |

=1
a

v P — [92 (V&C -t 2e? - 11 ) ( (c” - - & Xl-e )£ )

a(c® - £
2
2 £ - ¢ f , (28)
aw(Jm -10-5) ¢ﬂ
S N TR T Y Y Y )
V7 a\/(cz_gz)(cz_l)_ YACAT TERETIR 1-£2 "
O 'a(cz-ng‘)
+ —r—— -
aJiZ- - 2o\ & -1 3% (V&C - (1 - g1 )
'+(P'\/(C '1)(1 £ ) 2'§2 £ _9 Cz"ng (29)
a(e® - ¢%) i) 1-¢% & 6\ -1 ¢
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We now consider the transforimation of vectors. In the following,

- the unprimed variables are in the prolate spheroidal system and the primed l
ones are in another orthogonal system. Definé a transformation matrix g
(C! 1]) by. . l
8. =Taqa, 8 30
i jo‘u i (30) I
'The inverse transformation is l
8 = Ta.. 6 S B
| ?a” j | (31) g
The orthogonality relations associated with the transformation are l
c o
For any vector, f , we have l
f.=Ta,f! 34
i~ ¥ %5t | (34) l
f=%a.f - (35 |
(= Doy, (@)
To determine the matrix elements (aij), we note that I
¥ = h \v) £ = h v . 36
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Now, for an azimuthally symmetric problem

_ s 13,
vc—arffr 366
or,
I 4 a
va;-hz.r+h£hc9
¢ .
A a a a -
C=h—r+h—9
4 £
Similarly,
_d% s 12
vE arr+r69é
or,
-ah a -~
vg=—2r+hh 2]
hg ¢
2 _2 2,8 3
£= h r+h 0
3 ¢

(387)

(38)

(39)

(40)

(41)

(42)

Comparing equations (30), (39), and (42) yields the desired matrix elements

B

(o) = 2

(43)



The transformation is orthogonal, Its inverse is:

1l _1
1 hc _hE
(ai-)- =a (44) .
] 1 1 )
Pe Ry

The equations inverse to equations (39) and (42) are:

(45)

o o e o o

~ a 2 a a
r=yC - &
g 3
B=p-CT+i-ti (46)
3 L
. Note that

1 1

Sy 47)

h h a

I3 4

The transformation of vectors to the spherical polar system centered at
the image point of the weapon is given by
a -2
h h
£ £
) o= | 48

(o 1]) . . (48)

h_ h,
3 ¢
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The inverse transformation is:

a

o
(a;])-l ) a a

hg hC

The equations analogous to equations (45) and (46) are:

Ay _a 5.2 %
r—h,);+h £

g £

a ¢ a =
B'=-7—¢ +:— ¢

hg hC

' - =T3-

(49)

(50)

(51)



APPENDIX B: PROGRAMMING DETAILS OF ALGORITHM "B"

B.1 Genera.l.Description'

A good deal of machinery is required to operate prior to the exer-
cising of Subroutine MARCH, as it is used to implement Algorithm "B'",
As noted in Section 2.2, 4, the overall computational procedure is organ-
~ ized much as in ARTADNE, (13)

funection of advancing the fields by one timestep. ‘The total procedure, in

with MARCH performing the specific

brief, 'may be assumed to consist of repeated cycles (one for each field-
timestep) in Which current and conductivity’ sources are updated and
supplied to MARCH via a set of labelled COMMON data blocks. MARCH
_is called to compIete a timestep cycle by advancing the fields to their

""new'" values, using the sources supplied from elsewhere in the procedure, .

éectiqn B. 2 contains a summary of important physical variables in MARCH,

together with their FORTRAN equiira'lents, and references to the appro-
priate equations in Section 2.2. Section B, 3 contains a FORTRAN listing

of the MARCH subroutine itself. Details of the MARCH internal computa- |

tional procedure are felt to be best explained by the fairly complete
commentary that is supplied as part of the FORTRAN listing,
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B.2 Important Variables In MARCH

B.2.1 Input/Output Data

Data is exchanged with MARCH via the five labelled COMMON
blocks /PHYS1/, /PHYS2/, /PHYS3/, /DRIVR3/, and /DRIVR4/. Vital
elements of these data are listed and briefly explained in the table below.

Table B. 1
COMMUNICATION WII:H MARCH

Analytic .
Variable Equivalent = Description
- TAUED1 Ty Value of time at timestep beginning
TAUED2 Ty Value of time at timestep end
AAA a PS coordinate system parameter,
-equation (1,2)
DXI 3 P
DZETA At. -

|
NXIS, NZETAS, IM, IM1, JM, JMI, etc. are indexing limits on subscripts

XI £ _—
X2A2 £2a2 o
XNUM 20-¢ --
SRXNUM - xnum/?
ZETA BT —

zZ2 );2 : .
ZNUM (e - a%) -
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Table B, 1 (Cont'd.)

B SE

Analytic
Variable Equivalent Description
SRZNUM - zNum/? N
EPS € (See 2.2.1) I ‘
EXI Eg A
: TM Components of the EM field. l
EZETA E); g (See equation (2.2.2)) 7
BPHI H '
¢ 'TJ , I
XJXI J " ;
] R Compton current sources, (See l
XJZETA Jc equation (2.2,2))
SIGMA o l
XBJX J 1
€. ¢ Sources along z-axis, at £ =a q
XBSIG ' o '
ZBJZ Jc | Sources along z-axis, at £ =1 l
ZBSIG o | ' I
B.2.2 Internal Variables . I
Geometrical parameters, source input data, and field output
data are listed in the table above. Most of the remainder of the variables l :
are internally-defined in an obvious way. Important exceptions are the
basic coefficients mentioned in Section 2.2 and the variables used-in the l
A

implicit variation of the field solution mentioned in Section 2.2.3.

>
| |
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l Analytic

| Variable Equivalent

I A0 A.0 7

. Al , A1

I = B, |

l | B1 By |
CiL Cy1, )

l ‘C1U Ciy

l §ZL | Ter,

I" RZU ch. j
D1L DIL A

I D1U - Dyy

l | RXY, rgL

_ RXU rEU )

l - HPA ——

l , EXA | -——
‘EZA, N

' : EU E

I FU F

- g

Table B. 2

INTERNAL MARCH VARIABLES

Description

See equai:ions (2.2,10)

See equations (2.2, 17)

Analogues of equations (2,2, 17) for

See equations (2.2.9) and (2.2, 10)
See equations (2.2.17) and (2, 2.20)
Analogous to EXA, See equation (2.2, 19)

Recursion coefficients used in implicit
~ solution of difference equations for EC
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Table B. 2 (Cont'd. )

Analytic : -
Variable Equivalent Description
Q ——— h ’ -
— ' A variety of variables are used as
EXAS L | intermediate storage of constants
'  needed to obtain remaining fields
C1s --- from EC

4
- .

X

Al
L)

d
L
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B.3 FORTRAN Listing of MARCH

1 -
b ;
I' |

(I:‘_"f_“"' - T - ) ) TTTrmrmmmTm
(g . e SUROUTING.MARGH __ - T T T .1 DI Y S
llé__. e . o Y Yo" A 7%
W c. CMARCH IS THZ ZLSCTRODYMAMIZ ALGORITHM, IT SOLVES THZ C.M.FeSe. . ACH. ____350.
T .. C .. FROM THZ SOQOURCZS THAT. HAVE BEEN PREPARE?D AND INSERTED INTO . .. .. ACH. __ . __ 351 _
i e G— . . COMMON ./IRIVRE/ . . . . oo e .. ACH..__._._ 352 _
(l SN S e L . _ ACH.._____353____
R [ R - . mm e e .. MRCH R 4 -
T st _comMON /PHYSis _  TAUZDi, TAUZDZ, TSRC3, TSRCL. TSRG2 . " T UmrReR_. 8
( o a:sabi_._ .. . COMMON /ZPHYS2/. . 8AA, DXI(2)3), DZITAL233), NXIS, NZZTAS, . ACH______ 35&4
. IMe IM1y, IM2, IM3y JMe JiHl, JM2y JN3y ' ___MRCH 11
l__. e 2 e XIARu0)s X2A2(231), XNUH(2(D), SRXNUM{203)y __ . MOCH 1t
- v,H,LW.,.. B . . 2TTA(L7))y Z2(131)s ZNUMI182), SRZNUMCL0Q) . CPRCH . _ 12
s — o WEPS82122)5SIGR200) __ _ _ i . .__ ACH 255
A - S e L BIGGY._ . . ___ 2 o
T e T IHIs SZCTION CONTAINS THI SOURGE _AND FIELD ARRBYS. . THE . _ _ ACH__ __ 4 __
T IT T 2.l spuUR3IS ARE _UPDATED IN SAPSRC AND USZD IN MARCH TO UPODATE. _ACH__ 2
—er . C__. _THZ FIZLDS...ZCS STORAGEZ 02 LARGE STORAGZ MAY BE USED FOR = __ ACH 3
(o —— =B e VARIAALIS HIRI, _3ICAUSI OF THE LARGE ARRAY SIZE. . .. ._.... . ._.AcH 4
o . G e e e e . e CACH S
l BN JTE: P § __COMMON /PRYS3/ ____ EXI(58+5e)s. EZETA(32,53)y EPHIC 54 S)y .. _ACH &
( A .. 8XIl 54 319 BZETAL 5, 5}, 8PHI(50,1902)_ . _ACH 17
_. G .2 . . BXI{. 5+ 3)4_BZETAL 5, 5), BPHI(50,59) __ . .__ACH 8
N « B e e ....ACH 9
Ga330L. . ... __COMMON_/DRIV33IZ._ . XJIXI(50,50)s XJZZTA(53,58), XJPHIL S, 5),. ____ACH 10
e e e ___ . SIGMAtE3+53) _.. ACH 11
C10G61— . .. _COMMON /DRIVR4/Z._. XBJX(52). XBSIG(51)s.28J2(5)), 2BSIG(SL). . ___ACH 12
SR -3 . S e 9IGGY_ __ ... .4
R N ACH___ 356
T dua3l T DIFEINSION  AXPA230)eAXM{230).AZP (200),AZML235) 46XNL2I0),62ZN(203) ACH 337
( ---133301 .. DIEINSION.. ZIX23(203),5223(213).HP23(202), SIGRC (250) +0S0€299),  ACH _ 358
. i - 1- _,qua:a).osz(zaa).su«z:s).Futzum,c_1,§tzaa_:,_._5xn3tz,om._n‘cn 359
- TDiS{235),EZ8S(203)9CIXIS345G)43CI2(58,50). . _ACH_ 3560
I u,unuL_.ﬂ_ﬁJm_NsmN . _IXU E.s_SG)eZZt S0y 50),.HPC 50y 50) e e .. . .._._ACH 354 .
L B21D3L_  _DIMSNSION DTOOXU(253)AXMUC237),DTODZUL253),AZHU(200) _ 7 acH 352
- G — e, ) __ACH, 363
£39361 .. .ZQuUIVALE N,E_._(sxu.xuuw).(Gzn,zuum.(r-'z,rz.-_Tm,(Ex.Exn (HP ,3PHI) __ ACH 354
l T adaa6i . . EQUINALENGE _(GJXsXJXI) s (CJZsXJZETA) _ I _acH 365
Y - . ACH _ 266
C €. _FUNDAYENTAL CONSTANTS.___.__ . — o ACH 357
SO+ S e e _ACH. 398
——CGuddd4 - DATA CL./2.997925E+28/... . —._ ACH 3489
e 0330Jh—— .. DATA.Z)./376.7354/ v . . _ACH 370
—idioile . _DATA.KIMP/=1/ __ ___ - ACH 371
e EG30RL. . DATA KOXBeKOZ3l e =1l o e e L ACH 372
—ad3d00_ . _IFE(TAYED2.6T45.2-8) KIMP=1 : e . — ._ACH 373
e G o e o . ACH: 37y
l —_— _C_ e 2 _ACH 375
- G T A FEW FAGTORS USZFUL THROUGHOUT THIS. TIHEST:P. ——.. .hCH 376
( c T . ACH 377
004605 ____QTAU= cunnu 02-TAUEDLL ... ___ . o ACH__ ___ 378
~— 230067 o Z23DTAU .= Z3¥DTAU. _____ e - mecamenn . L ACH 379
ijaa12 __sxcazz./zwnu R . . ___ASH 330
oo . s e _ — ACH_ 384
G - I-DSPENDENT FAGTORSe—..o.ome .. — e ACH __ 382
c {z pSILou_Ls_PLS_MTL_LSTRAI.IEI:.D ONLY IN 1 ) —ACH 383
c _.28%
389
632022 _ DTOOX_= _DTAUI(AAA_D)(I(IJ . - AL 386
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w324 ..o AXPUI) = (1 + DTOODX). . i m mem e . ..ACH %87 -
tudi23 . _ . AXM(I) = (1. - DTODX) ) T L ACH._ ... ___3388
303327 DTOJx-MI)—uTAUI(anuwxx(1)+ax1(1+11n ... AMCH..__.__ 3%
26332 AXAULT) =(1.-0TODXULIN) Y Y c12 TN {- L AN |
L33333 . STERICE) = ZodTAUZEPSOI Moo oo o o o e .. ACHO 398
ad334 . 49 BONTINUZ oo oo o o e e e e e S ACH 392
R e e e B . ACH 393
T TTE T TITDEAINDIHT FACTORS. . o o e e e m e e ACHL L 39%
T S, L ACHML.__.__:_395_
2448336 DO 29.J = .1‘11 R _ S U _ﬂb"!.._.__,_figﬁ,,_____
. C35d4b.. .. .DTODZ.= anwuz._mu). L . L _._...ACH 197
______ La0347._ .. _AZP(JS) = (1. +.9T7002) .. —— e i ..___.ACH_,.,,.,,,.._.39,5,___1
. Ld935u. CAZMOP = {i. -.0TO9ZY ____ VR .1 1. B 399
LS S DTOOZU(J)-DTAU/(')Z Ta(O T0ZETA I+ Y T T T T A e

roueS3._ ZMU (I} = (1. =0TODZULDN D o ACH 401
TTeudes3___ . 29 CONTINU",,..,..____. L T Y -1 N Y ¥ I

R U ——

- Co_. . _.THIS. IS THZ PRICEDURE ITSE ‘\F._  HERS, ROWS __ _ . ___ ... .. _.AcH 494
. 3 OF FIZLI VALUZS ALONG SUSSESSIVE . . I 1+, | __ 435
T TTTTZULIPSOIAS. (FIXZD VALUE OF *J¥) ARS . ... . _hkCH_ 486_+
. ¢ T UPDATZD VIA AN _EXPLICIT._OR IMPLICLT SCHEMZ. J.__ . ... .. .ACH___ 507
________a_ _IS_MARGHZD OUT.FROM J=1. (THE LOWER__.._ . .. oo cee—o .. - —..ACM 408
e ©.____Z=AXIS) TO JM2, THZ J-INDIX_ OF AN _____ [ ACH_ 319
[ T OUTER ZLLIPSOIOAL . SHILLs H=PHI=D AT . __ o e - L ACH_ _____sl0
c C_ALL_POINTS ALONG THZ 2-AXIS (I=1 OR J=1) . . .. ... .....ACH 411 !
c- AND_RAQIAL-FIZLD BOUNDARY. CONDITIONS e e ... __.hACH 412

G DETERYINE E-XL_AT_J=1 ANO S=ZETA .. . .. _._ACH 413 :
c AT . I=1. - .. ACH 414

c ' ) ACH 415

i G _*ME_DA'[‘_'_SOU"G.‘S, FOR THIS CYCLEs . ___ e e e 2o RCH __b1s
G ACH _ 417

_ . Gaplse._ .G ALL_SOURCE (142} O 1 1 418
c_ ACH 519
SRR » P T BIGIN. BY INITIALIZING ROW<BELOM. \h;CTORS OF_HP_AND_EX TO_Z=AXIS._ __AcH_____u._z_a_“

_ G o MALUES. - . — ACH__ 421

i R __ACH 422

— 023856131 D0 143 I=1.102 . ACH 423 . 1

ACH _ 426
__._AB56d HP28(I) = Q. - ACH 425
: G e e ACH 426

c EX_IS A RADIAL FIELD_AT THZ POINT_THAT EACH_HYPER3OLOIN _. ACH_ 427

c TNTERSEGTS_THI _LOWER Z-AXISa ACH 428 1

- - - ACH 429
T 3.306%L .. _.XKDT.= X3SIG(I)*SIGR2I(I) _. i i ] _ . ACH __ 439
003863 . _IFIXKIT WLZe:14E=7)_6GO_TO_ 107 _ _ —_ _ACH __ 431
L G30aBS_ . __EXKDT .= ZXPL(=XKDTL._ _._. - - . _ ...____.__,ﬁCH...____.!»_32_.__]

b

GJda7L EZXKODTP = fl..=_ZXKDT) ACH 433
34072 ... SRAS=IXKOTE/X3SIG(I)_ : e, _ ACH . 434
623075, . G0_TO_108. — ACH 435
63372 07 SPHACT=U1a~3a3*XKOT ) ACH 436 _
L G0atdL._ . ... . ZXKOTP=XK3IT*SPHACT _ R S _ ACH 437
. CJa102__ ... _EXKDT = (1. - IXKOTPY_ . . e . i ACH 438
o LJD183. . .. .SRA=~-SIGRJI(II*SPHACT ._ e — ACH 39 “
. 2d4idb 138 r.XZB(I)-cK(Iol)"X‘(D'HSRA’XBJKII) : e ACH 4%0
__...uum__ins _CONTINUE __ . : — ' ACH 441
. i . e _AGM___ 4b2
_____-c L NOM». PR0CEZED T0. MARGH “OUT IN_I_AT EACH or _THE . ACH 443 -
G .. APPROPRIATE_ J=VWALUES. . _.__ _ ACH G4Y
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e T o o o . agH “u45 N

033115 . .. .. BT O ¥ '

e oC..... .PRZPARE A FEW I-INDZPENDENT CONSTANTS USEFUL AT THIS J-VALUZ. . T acH T uas
S TR AZPY = AZPUJ). . . T T LT ac 45t
l_- Cadidl . AZMI = AZMAUN . i AGML 54

_.D33t22 .. _ZURISDTOOZYR - o T _ __ACH 352 _
G 053123 0 AZMUSEAZMUGS) L L L L ACH_ _ 4o3
34a125 ... IFUJ.ZQ.1) 60.T0 115 ‘ ACH. 454

l Lo £33130 . LZLRJ=ATOOZUCI-1) T T T T T T T T T T T T AGH, 1455

C34130 . AZMLJSRZAULI=L) . . el ... AhCH____ a38_ __
Gade33._.__. . ...GO TO. %16 . ____ . _ .. et et e e emimm o AGH, 437
oo Ceel3T o115 0 ILRI=D e o U e e o m A':H_,___..____ !1'55
e BO3L 3 AZMLU=AZML . e e e = ——— o __ACH_ 459
I_ S 034137 __.116_ _ GZNJ=GZN&JY_ e e _ e e ASH_ 459

Goilsld .. . __Z2Jd_=. zzu.) e e e e e . Y - . M 'Y ;¥ | _
N [ e R . e .. __.ACH 462
.__..___,-___B____INITIALIZ‘ CILL-TO-THI-RIGHT VALUSS OF. NZW .. ACH_ 463
—— e G _E=ZETA AND._H=PHI. BEFOR:E PROGIZDING. AT NEW Je. .~ 777 " 'acH L5
— L e e e e e e ... ACH___ 465
. Gagik2 ___ .. .__HEZR= J..__.__.__.__A., et e e e e e e ... __ACH 456

o 8 o ‘ . - , _.ACH, 467 _
e C_-___F7 AT THZ_TOP CENTZR OF EACH ZLLTASOTD IS FOUND FROM THZ RADIAL. __ ACH 468
£+FIZLD_BOUNDARY. GONDLTION ALONG THT _UPPER Z-AXISe _.._ . _. . __ . ._ __ACH 459

ACH a7l

- L _ - e o L AGHL

o D031%2__ ____ __XKDT. = Z3SI1G(J) *SIGRO(L) R e e e _.ACH 471
D334 __._._IF.lXKJT oLZ. 1,E-5)_6O FO_117 __ _ . e (ACH 472
Lbodlu7. ... EXKIT = EXO(-XKOT)____ . ... __ . et . . ACH_ 473

—Cddi53 o EXKDTP = (1. - SXKOT o . .. ACH 476 _

- addsa . SRA==IXKOTR/ZISIGAN). . .. . o . . . _ACH.__ - u7r5
.GGad160___ _ _ __GO_TO_118 .. . i e iiiiiee .. ..... .ACH 476

610161 117 SPHACT=(l.=3.5*XKOT)_ - e e L ACH_ 477

e 0331683 EXKDTP=XKOT*SPHACT _ _ s e e e _... ACH 478

—. 203164 __EXKDT_.= (L. = EXKOTP)__ _ . . _ e e oo ACH 479"

—£1)3165__ ____ .SRA==SIGR3J (4)¥SPHACT.._ .. _ ... _ T T ACH___ ___u80_

—_alidl6? 1158 EZ2R=ZZ81+J) *ZXKDT+SRA*ZBJIZ L)) et e .ACH a8l

. G JE e e e _...ACH w82

- c 3ZGINNING_HITH. I=1, FIND. NEW B . 1], . 543

- G____ . ©-FIZLDS.AT._OUTER ZOGES OF (I,J)-TH ___ ACH 484
C. CZULo AND_NEW.H-FIZLD WITHIN_ (I, J)=TH CELLa.______ ACH .85

: — c - : .— ACH 436
—.—033175 00 129.I=4.1I82 . ACH 487

D e T p— S ——

— G

c (REHAINING. FACTORS NEEOED AS. "BASIC COEFFICIENTS IN THE (I, 0 =TH _ ACH 4,89
G __RING)_. - - _ e ACH 49¢

c

I_D.u.]l?}-____ _AXFI .= AXE(I) . _ACH 492
—_Gui202___ h_._mml_- _AXHTI) : . ACH 493
— Quw203 . _ XURI=DTOOXULI) : ___ACH__ 494
L I28% __ _ ___ AXMUI=AXMULY) ___ — _.__ACH 495
£L1i206 _IE{I.2Q.1)_GO_TO 123 _ . ACH 496
——-da0218 _ XLRI=HTODXUAI=1) : i — - . _._ACH__ _u97
£23212 —AXMLI=AXMUII-1)__ . e ACH 498
Cusdld GO TO._124- - JACH 499
I‘——;C.';_JZIE-._._123..H.,XLRI s - —_ : —.ASH .20
< __ 041215 AXMLI=AXMI_ ACH 301
——F£G6d224 12> GOPHZ=1./l2.%(Z2])= sz_zuln — ACH 5n2
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TUTie227. D TGX = SOFH*GXMCY) T atm 0% ..
T £34230 . . . .6 = GOPH®GZNJ . . . . e e e o e e __ACH __ 504 _
L i MM 505
Ciae232 . XKDT = SIGMA(I+ D *SIGRICI) . o o e e ACM 306
. fGuaa233 . __ IF(XKOT «LZ. 1.2~3) GO. 7O 125 ORI . L4 597 __* .
35236 . . EXKDT = ZXPU=XKOT) L s e s e e e . _.hcW __ ' 538 .
L G3d265._ [ EXKDTP = _{1l. - IXKOT) __ —_— e e ACH__ 599
T ida2el. . SIGR=-IXKDTR/ZSIGMACISJL. ... _._ACH 510 I
. 03425 _._.GQ TO 12&6_.. __ . - e - _.ACH 511,
o282 ... A2y SPHACT= (le=ds3*XKDT)__ __ .. . e _._ ACH C 512
. DUA25% o __EXKOTP=XKDTI*SPHACT.. _ S o ACH 313 ,
. G3J253 - _EZXKOT = (1. = ZXKOTPL. : e e - AGH__ 514
o r_.i2%4.____ ... SIGR=-SIGRI(I}*SPHACT ____ - _ . L AnH 515 !
 ia3e27d .. .125 PHACTR=SIGI*SIGR R _ ACH 516
- [ U s o ACGH___ 517
o C_. BASIC. COZEFIGLENTS. e ACH 518
e c_ __— . - — U PO . 1 +1. 519 l
T tas27L . A3 = . GX®AXPLI ______ _. e .. ..-ACH 520
ddazrz Al = GX¥AXML __ IO | ¢ | 521
o B5327 % . — B30 =.GZ*AZR i ... ... __ACH 522
o fLL2te .. Bi = GZ*AZHJ.. : e ACGH 523 l
{33277 . CIL=PHAGTREAZMLJ Y Y 528
o o G5335L e . .—.01U=PAACTR®AZMUL i iAW 826
Y 83332 _RIL=PHACTR*ZLRJ e e ACH 5286
__L33306___ . ___ _RZU=FHASTR*ZURJ. __ — : S . 1 -, 327
. EBdi3as DiL=PHACTR*AXMLI ... ._ACH 528 l
. _G¥33067— DIU=PHACTR®AXMUI___ . e e ...._..ACH 529
o Ciu31a_ . PXL=PHACTREXLRI.__ : e - e .._. .. ACH .53 _
__L3e312  __ RXU=FHATTRTXURI e e - -ACH 538
c e . . .. ... _AcH __532
. pE0313__  HRA = HPUL.d) = A.t'c.zu.ah-AJ'Ezuu,JLa1*=x(1.n_____, v _..ACH 533
#-33F (SX(Le del) =EX23(10)__ . e . ..._.acH 3%
 D3i325 . _EXA = _(SXLL,Jti)+Z X(I.J))'EX(UT-»XZB(I)+2."SIGR*QJ‘K(I, Do .. ACw___ 535
_ #-CI1UHP (I 5 J),-ZUPHO (I, J+1) +RZL*HP2B(I). __ ... ACM_ . _ -53
i B] a—sv  EZA.=_{(EZAL+1s D +ZZLEs DI FEXKOT+ 2,55 IGR‘CJZ (I.J) “DIUSHP(Isd)___ _ _ACH_ 537
i #.RXU*HP (L+1e.J) - — ACH 538
2 ' _ : - ACH 539 :
_G IF 17%S TIMZ 70 .GO_IMPLICIT. IRAMSEER_TO_THAT ACH 54|
_GC__. BRANCH.OF THI PROCZOURZ.. . ACH 541
o c i ' ACH 542
— 0633352 o _IE(KIMF._ .GTe 0J) GO TO 127 . __ACH 543
G — ACH 544
— G THIS IS_THE_ZXPLICIT.S9RANCH,. _ . HEREs_ NWE ACH 545 E.
e UPDATE TZMPORARY. MIA-FIELD STORAGE ANO._ __ . — ACH 546
c RETALW AEEROFRIATZ. FIZLD_VALUES IN EIELD _ARRAY_ _ _ _..__ACH 547
¢ e . __ACH, 548
£41353 IE (T.GTal) HP(I-1sJ)=HP 2R ACH 549
 033364.— _ IFLT.3Z0.IM2.AND,KCX3.20.1). AL=0. . ACH 5%
633374 TF(Je 20622 AND s KCZ90EQe 1) 31204 _ _AGH 551
Giouls o _EZAR=ZZA#RXL¥HP2R . .. : . __ACH 552 -
 AidW0Z . HP2R = ((A)=AL)*ZZ2R+HPA+AL®EZARSBIZEXAY/ . - : __ACH 553
e E(1.=A1FDLL=3L%CILY S — : — ACH 5564 l
o 0ud423 o HE28{X)HF2R ___ . .. . _ ' ‘ ; _ ACH 355 -
o 05428 _EXATGJI=EX23MI). - e AGCH_.
_Bdla29 __EX2B4I) = SXA+CLL*HP2R : ACH
T G33%27 . IF(J.Z0.JH2.AND,KCZB.EQ.1) . EX28 (1) =0, ACH
G0+ . E24TsJd) = EZ2R o o ACH

—083%a8 ___ E7Z2R = EZAR+DI1L*HR 2R =EZ 2R i ACH_
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;{":'"

045483 - IF(I.Z0.IM2.AND.KCX8,EQ.1) EZ2R=8. - e
L. G)YsBd.. .. . GO TO 129 . . . [

. BJdi462 .__127 . EXAS(I)=IXA .._.__.
S _.053+B3. . ... . GAS{I)=CiL .. .
523465 — . __IF(J.20.J42,AND,KC23.E0.1) Bi1= c.ﬁmv,-,,,,_,,, .

. USRI - -

cle: 08— . _ . _QDZN=1. ,(11 °31’ClLl . e e e
NPRERE
-._..CuJ5GJ’+H‘_.—. c . BUL=QIZN*¥AL ——— e e

e o DUG=ADENMAD L e e e

. ACH

.. ACH

1
AGH __

501.
562 _ __
563

- ACH_

e 90
ACH _______ 365 ____.
JACH

- 266___ .
_%67

.AGH _
.. ACH

568_

—259

Ldwdd05. . .__.QU2=_QDEN'_.(HEAt_Bi‘EXA) _-

— — €. e e i

acH

ASH -

o u..u:il___.._-.,. _QSitI)= A o e e e e e

. asisi2..__.._._asi(Dr=Qui_ _

_ACH

C

LbudSta . o _QS2(ILY=QU2 L L e e

I!J.] 546 ... __._1IF LI. GT.l)__GO_TO_ 1281_ S

. Ba)s2i__ __ _FUt1)=EZ2R ___ e
T g.3523_- _____GO_To_1282 o _ T
G . _RZGULAR RECURSIQON COEEFICIENTS_ __ _ . .. _.. . ._
G

GC... -
_,.A..-_.....—D - _._<_80'[]'_O1-J‘ID;T_R_CURS.ION CDEFFIuILNTS-._ — e e e

o Lads2l_ . __EUtL)=3. - LT

- '—"-‘1 -’“ﬁ‘ el
; ,', . ; .

 Lis523__ 1231 QPLS={1.~D1L*QU1) : o
—_.— 305225 -
_834532________DMIN=-RXL¥QLO. ___ e

~

e BZRO=A1.-01L¥OUR-RXLEGLLY T

~

1

613533 PUR-EZA+J1L*QUZHRXL*QLZ. o

e 30J563 — IFLT. N_-IdZ.,OQ. SXBeNZ, 1) 6O _TO 1283 _ . .. _
G.

C —

T Nad550___ . aPLS=RXUL*AUL__- . i
535551 o QZR0=(1.=0JUL*QL1+RXUL*QUA) o L acH_ 5
—.DGU558 _____ ___ _QMIN=1.=-D3U*QL3 e

! ACH _ 573

. _ACH._ 574

e __ACH 515

L AGH __ 576

e e e o ACH 577
—ACYH 578

e - .. . .ACH 579
_AGH — 580

— ___ACH 5814

——— _ACH 582

. R _ __ ACH 583

——— - _. ACH 584

o ___acH 585

. __ACH 586

- ... ACH 587

e - __ .ACH 588

.. . AcH 589

SR 1 1. | 594

— e . ACH 591

592

593

_ﬂAJSGE___EUR—_(EZALtDQUL *0L2-RXYL*QU2)

__mw]__;zaa T ODEN=L1./(QZ0+QHINE U(1=10)

L _oF |

C

S 003572_ —EJLI) --QPLS"QD:N____. [

31157 FULI) = (PUR=OQMIN*FU(I-1)) *QDEN

c .
—— Ceud77___ 1252 _QLE=QUS

g BN |

___Gudedl__ . QL1=QU1 . __ACH 645
_—..333i602— .. 0L2=QU2 ACH 696
£agac3 , TE(L.NE+ L340 K3XBaNE L) Go_r_o_129 ACH 597

' c — ACH 5908

— caaaia_m__nJUL=PHAcIR_.u._tqun_.__

G06621 EZAL=(ZZ(T+1sJ)#52(T 4 J)) *IXKAT+2 , #SIGR¥CIZ (15 J)~DIVUZHE(T,J)

_#4RXL*HF (Ix14.0)

0633632 __RXUL=RXU
_— I : —

—063436 34—-—12 9——0 ONTINUE

C

 __IF _SCHEMS. 1S. ZXPLICIT,. WE. JUST FINISH _

c
N _THE QUTER LOGATIINS,
o ,
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. 061637 _ . . IFC(AIMPGLZ.3). GO TO 48 _ _ . __.__ . . I .
SC. _ - TACH
o c _THIS IS THI RTHAINDIR OF THE IMPLICIT RRANCH. WE . . . . . ACH
o . .C..... START WITH OUTZR 30UNDARY CONOITIONS AND WORK BACK .. . _ . _ _ __ ACH
. ) -DOWN THRU.I*3 4ITH RESURSION FORMULAS, ETC. e . ___AhCH
U A .. __ACH
e T C._ _OUTER BuCa FOR NOW.IS A _MISS eedeem oo o —AGH,
I - e T acH
5025431 .. . . IF(KCX8.ZQ.4) 60.TO.1292 . . T .TT¢ - _ . ACH_
o LE3551 . 1231 _ DIU=FHACTR® (L, +XURI) L acH
L Lud®53— ... EZAL={EZiI+1s D) +3Z28T4J)) *EXKOT+24*SIGR*CJZ(I4J) » DQU'HP(I,JL*__....__JCH '
e e L YERXLEHP (ISl I o o ) ACH
001664 . . CURLY={(DiU*0L3-1.) . _ACH__
005666 . . . . EZ(IML,J)=(IZAL+FULIM2) *CURLY+0CU*OL2) /7 (1, -EU(TM2) *CURLY-0U*QL1)__ACH _ 81
c ACH :
UJJE7Q._ e ... B0 T0 1293 e —— ACH _
L e e e ... ACH
 G0:577._ . 1292 EZ(IMLeJ)=0a e e __ACH 636 I
—— . _._& . - - e e e e e e - T _ACH 637 -
63a703__ 1293 00 139 IC=1,1I42 i e _ . .. ._ACH 638
3731 ... 1=IM2-IC+1 e e ___AGH 6539
e L33733_ - IA=I+1. ) - : — ST 1 1, | 630
e e B . S e _._ACH 641
YY" T T3 S PHITE S 5 Z(IA.J) FFUCTY I e hOH 642 :
953743 _IF(J.6T,1) HF(I,J-1)=HP28C(TI) T acH 543
R FTY N THP23(I)=QS3(I)*ZZ (1, ) +QSLIEIREZ(IA, ) +AS2(T) - TTTACH: A l
T o3aT52_ _  EXUIed¥=EX23(I)_ o ACH 645
633758 ZX2BAI)=EXAS(I)+C1S(I)*HP2B8(I) B “ACH 546 .
e et c_.__ e . B ACH 547
T II7eN  IFJ.EQ. JH2ZLANO e KEZ34EQe 1) EX2B504. L T . acH 648
__,a..aze: 139 _CONTINUE - e . i - —._ACH ___5649
c — —— . e ... ACH 650
c EIX_UF_LAST HE=VALUE. _ i ACH 651 '
o : - T acH 652
034767 HP(IM1ed)=0 o ACH 653 l
— c e , . ACH 651
032713 GO_TO 143 ACH. 655
c - ACH 656
C__.._AT_THZ_END OF AN.I=ROW, WE. STORE ACH 657 l
T TIHE LAST_£723 AND. APPLY BOUNDARY ACH 658
L CONDITIONS_TO GET BELOW=GROUND. HPAIM1,J) _ ACH 559
c . . AGH 650
 G81300_ 138 ___FEZCIMLi.J)_= _EZ2R ACH 561 I
. G01332__ . _HPLIM2.J4)_=_HP2R ACH. 862
t . ~ AGCH 653
: __mi:.us__ﬁ_m:.um..n:n. e ACH 564
o ACH 655
T 93148k 489 __GONTINUE_ .. oo T T _ﬁCH_&BJ:-_I
C . i . ACH 657
C— __AFTER_THE IM2-TH.I-ROW, STORE ACH. YY)
e _THE.LAST .SX2B8<VALUZS AND APPLY._ ACH 663 .
G QUTER-ZLLIPSOID_3OUNDARY CONDITIONS. , TACH sr_::4
G .. .TO_HiPeH1) o - ._ACH 674
N [ . . ACH. K72 o :
011207 DO_193_I=1.IH2 ACH 673 :
¢ o . _ _ACH: 67%
I BOABRe EXUI.dH1L = EX2B0L0.. . .. ACH 675__
011326 ~IF(KINP.GT.I). HP LI, JM2)=HP2B(I). __ACH 676
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1281 = __(dud2h 1282

- ——— —_ - - - r———— e e
Zf:".'- VORI (- OVOURY 4 JU
3J103J, - . -HP (I, JH1). HP(I.JH3 1]-3.“HP{I.JH3)+3.‘HP(I.J|‘Z) e e e, ACH ___ 678
G = e G e e e - - B _ ACH S79
~».331333...199 CONTINUE_.-._....._ e ic e i o e e SO —.-.-ACH 681
—— v U OSSP U PNPNUREVIPUIPIY .| 1, ISR - 3. 5 N
e 103: [T R TURN - e e e e S —e - ACHL .582
cBdaade ENDL L e e MRGH 213
— 'SU3FROGRAH. [Ericru::‘“_" T I I T T
uli*hu —_— o tm e e e iy - ——————— At A A M4 A AGMARLSMA LA A = A A s asmm st e .
L RUNCTION-ASSTGNMENTS o L
CSTATEMENT ASSIGNMENTS T
101, = 0GOIBT 107 = . G320772 . 1028 . __= 030137 .. 115. 0co13s

— 315 = 0uJ137 117 - 0521681 .. 118 _=_ (30179 123 . acnzis. . ..

— 124 __=_.333224.....425 _ . . -.._439252 _..126._ - _ 300262 . 127 . .-  0COu62

~—-129 .= JLLB3I5_-_._ 139 .__ = 223764 . __14B.__ = J3I774 . 149 . - 0013205 .
= _B235da.... 1283M..,,.,LJ1|..0366 1291___:._ AC0eL3 . .

1292 = GuG7TED 1293 02270% . .. e e e

___BLOGK_NA.M..S. AND_L‘NGTHS__________.__ e

T PHYSL_ = fouind puvsz__-_naxzas_..__PHfsz_._,__o’:su . DRIVR3. -~ _ 016545 _ _

_ DRIVRS = )Lu31Q - . e —
( UARIABLE_ASSIGMJ!]’S T
AA___ = QsGSLOCG2 AXM = 331430 AXMI__ = 011323 . _AXMLI - _ 011333 .
e AXMU_ = 510260 AXMUI__= 11326 __ AXF____= 0341120, . AXFI___ = 041323
 AZM = )G2258_ __ __ATMJ _ _= __ 911312 AZMLY -~ 011316  AZMU__ = 018760 .
o AZMUJ__=_ G313k AZP - G3A746_. __AZPJ__ .= 01131t . AC_ __ - 011236 _ _
AL = .J11337 BPHI___ - (11723033 8XI_ ____uuszoicas 8ZETA _- 1911672602
Bl = 44345 0 81 = 311341 . CJIX__ — G50032Cak CJIZ_ - 004704C0%
— DL .x=_J41274. _ JURLY . - G11375 Qi e 61132 ____GiS. = 046170
: ciu. = 511343 OTAU_ _~-._011275.. _ 0TODX_=_ 011731_ _DTOOXU ~_ - 067633__
— DTO0Z_._=__ 4131363 _DOTODZU. = (10450 ___. ou_~n_-i.0 501602 DZETA - _ 009311C02
D3V __=_ 311373 __ 93UL___=_ 11372 . DO1L - 011346 __ 04S__ _ = __0G7012
—-DiU.. _=_ §11347.____IPHL -~ 511613083 EPS . __=__GJI3L13TI2 EY - 005350
EX .. = 3.;GC3IC33 EXA_ - 211353 __ EXAS._ = 036520 EXI___ = _ 0C0£Q0GRI.
: '._-._..EXKDT_-_allzis.__EXKDIL-_.,_J113&5__.EXZB-....?.-.-O.‘JZSBQ_._EZ. - 06L703CE3
_.._EZA = 011354 ZZAL .= G11374 .. SZAR___=_ Q11355 =7BS__ -_ 007320 :
',_._.i-:z ETA = J5aTheDi3 =229 - 23370 . EZ2R = _ 011322 Fy - _AL5660
L GDPH __=_ a11331_  GX__ _..G11332 GXN - _ 031453C02 62 - 011333
. GIN, .__j..zcc.,;cnz,_szu.J__ - 211317 . HP = 341723C23 HPA____ - 011352
o HP2B. _=_ (.3+LCd HP2R _011321 e 311238 TA = 11377 .
o ___Ic.. - 411376 IHL___. _JdgB2uS02 _ mz o goae25302 IM3 - 0C3626C02
) - 011362 ... JML __ = $3353JC02.JM2___ = :330631CH2_JM3___ - _0C0532C02

_KCX8. = 511773 Kezd = 2112Ts. KIMP 311272 _PHACTR =~ _ 011335

PUR. = ﬂ113l':?__DD..N_.-,_ J11356__ QLY __ _=_ 11366 aLe - 011364
— M2 - 01137d L‘I_QHIH__ 011365 QFLS. - 011362 QSO -

- 963220 :
e DSY. = Q34530 __QS2 - 93533543 _Qug D11357 Qui 9113260
QU2 = 311361 QZ%0 = {§11363____ RXL _ ._= _011353__ ny____-__ 011354
- RXUL — = 311371 -RZi . 011344 _ _RZU. . __=_ 111335 _ _SIG.___ - . 0C3u23C02
| . SIGMA _= 311641004 SIGR = G[11334_ __ SIGRE__=_ 333719 SIGE = 011277
..... SPHACT.= 3113146, ... .SRA .= 311387 __ _saxnuu,.e,. _031763C82 SRZNUM = __0C2747CD2.
'.___..IA-U"'DJ-_ﬂLﬂ._I:ﬁCELTlUED_L' ~0J3334C31: XBJIX _039904C05_X8SIG_ - 3C0062Ca5

X

__.xL____.uummz_x JPHI = _ (11610C3% XJXI -.__,,_ililaﬂ 00CA% XJZETA = 004704C00
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APPENDIX C

P

PROGRAM TIG2D (INPUT»OUTPUTsTAPETSFILMPLyTAPES=INPUT»TAPE6=0UTPUT)

Y

##e A TWO DIMENSTIONAL NEAR SURFACE EMP CODE OVFR AN INFINITELY - .
#2# CONDUCTING GROUND
#ed WRITTEN 27 JUNF 1973 BIt L PINF

»

REAL My

INTEGER PRR+PLRsWVFLG(100)

LOGICAL REFLECT

REAL JReJZ ,

COMMON FR1(20+20) EZ21(20420) RP1(20520)

COMMON FR21{20+20) EZ2(20420) AP2(20+20)

COMMON  JR(20+20) J7(20+20) « STG(20,20)

COMMON  R(20420) CON(20+20) s X{20) Y(20)
COMMON/TGRID/TN4DTaNT oK

COMMON/SGRID/YMAXsDYsNY s e X0eNX9sNXs TsNG
COMMON/WOUT /AL sREsTPsCY9sCXsYLDsFFFeERBHOR

COMMON/PRNTS/PRR o NWX s MHY.VOX,MOY.INX(IO)-IWY(IO).IOX(IO)yIOYtIO)
COMMON/PLTS/PLR¢NPXsNPY s IPX (1015 IPY(10)

DIMENS TON Al(20),A2(20)9Cl(20),C2(20)oE(ZO),FF(EO)qFP(ZO)qGP(ZO)
DIMENSTION F(20)+6(20)

DIMENSTON KOMENT (8)

DATA CA+CBsCCsCD/17174000000000000000B+17155252525252525253R,
$17135252525252525253R+171142106210421042108/

FS(X)=X#(CA+X# (-CB+X#{CC=X#CD) )

A}

I"’ Il N = .llll [

#u#x DATA INPUT SECTION u###

READ(S45) KOMENT

FORMAT (RA10)

READ(54,10) pLRoPPR9N0X9NOY9NNX NWY s NPXyNPY
FORMAT (RI10)

READ(5410) (IOX(I)sI=1sNOX)
READ(5410) (IOY (J) 9 J=1¢NOY)

READ(S¢10) (IWX(T)YsI=1eNWX)

READ(5410) (IWY (J)eJd=19sNWY)

READ(S+10) (IPX(1)sI=1+NPX)

READ(SL10) (IPY(J)eJ=1eNPY)

READ(S5420) HOBsDNToNT '

FORMAT (2E10,09110)

‘READ(5420) ZMAX4DZeNZ

"READ(5420) RO+DR¢NR

READ(5421) YLDeFFFoALSBE+TPLEGR

FORMAT (8E10.0)

IFC(((NZ2/2)#2=N7) +EQ.0) NZ=NZ=- -

T

s#d DEFINE THE GRID ###

CA=1.0
CR=0.5
CC=1.0/640
CD=1.0/24.0
NX=NR
DX=DR , .
_ NY=NZ . i -86=




-¢ -

<

DOO

e

- C

3n

4n

SN

én

DY=0Z
YMAX=ZMAX
X0=R0O :
JOGND=NY/2 + )
DO 30 T1=14NX

X(IY=R0 + FLOAT(I-1)%DR

DY=2,08YMAX/FLOAT (NY=1)
K=NY

N0 40 J=1sNY
Y{KY=YYAX~FLOAT (J=1)#DY
K=K~-1

DO S0 I=)¢NX

FOIy=X(I)

FP(I)=1.0

DO 60 . J=1eNY

G({J) =Y (J)

GP(J)=1.0

w#e DEFINE THE CONSTANTS ###

C=2.998F+8
P1=3,14159265
EPS=8.,R54E-12

MU=4 ,0E=T#P1I
EMU=1.0/SQRT(EPS*MU)
NXM1=NX=-1

NXM2=NX~-2

NYM1=NY=-1

NYM2=NYy=2

NG=NY/2 + 1
EPI=1.0/(2.0%EPS)
CALL SETP
TS=R{14NYM1)/C + 0.5%#DZ/C + DT
IF(TO0.LT.TS) T0=TS

#8s# SUMMARY OF RUN DATA PRINTED

CALL DATE(DAY)
CALL TIME(HMS)
CALL RDS(XKOMENT DAY HMS)

sus ADVANCE THE FIELNS IN TIME #s
DO 100 K=1sNT

T=T0 + FLOAT(K)#DT

TMP=T-0,5#DT

RWF=C#TMP

CALL SIGMA(TMP)

CALL CURENT(TMP)

DO 110 T=19NX

DO 110 J=1,NY .

ER1(IsJ)=ER2(T1sJ)
BP1(I+J)=BP2(1.J)
EZ1(1eJ)=EZ2(1eJ)

110 CONTINUE ,
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§ wae STEP THE FIFLDS IN RANGF ###
¢

DO 200 T=PeNXMI

IM1=1~]

IP1=1+1]

AAP=FMIH (FP(TM]1)/NX+0,5/F(I-1))

AA3==F2(1)#NT/ (P, 0%0NX)
DO 201  JJ=JGNDWNY
J=NY~=JJ+JGND
S JIM=NY=-J +1

TF(RWF ,GT.R(TsJIM)) GO TO 202

201 CONTINUE
PFFLECT=.FALSE.
NO 203  J=UGNDeNY

_ IF(RWF.GT.R(TsJ)) 6O TO 204

207 CONTINUF
GO TO 511

204 JIDMN=J
J1DMX=NY
GO TO 7205

202 JINMN=)+] -
J1NMX=NY=1] . R
J2DMX = ;
J2DMN=NY=J+1
REFLECT=.TRUF,
IF((J2DMX=J2OMN) LF.0.,0) RFFLFCT=4FALSE.

‘20= CONTINUF _ :

¢ :
r #su# ADVANCF THF FTIFLDS OVFR ALTITINE TO GET IMPLICIT COFFFIFICF

=) -

-

F(J2NYN=1}=0,
FF (J2DYN-1)=0,
BP2(1+J2DMX+1) =0,
PO 250 J=J1DMN,J1DMX
FRB4=SART(FRI(T 1282 ¢ EZ1(Ts.0)%42)
CJR=~ SORT(JR(T«J)®E2+U7(IeJ)®e2)
ARG=+STG( I+ J)#DT/FPS
IF(ARG.FO.0.0) GO TN 250
FARG=EXP (=ARG)
OFEARG=1.0~-FARG
IF (ARG LT ) .NE=5) OFARG=FS(ARG)
ERN=FRB4HFARG=CJR®=OFARG/SIG(Ty 1)
ER? (I+J)=FRN#X(T)/R(TsJ)
FZ2(14J)==FERN# (HOR=Y (J)}/R(Te
250 CONTINUE
1F (NOT.REFLFCT) GO TO 200
DO 300  J=J2DMN4J2DM4X
JIM=NY=JWF+1
JM1=J=)
JP1=J+1
GAMI=(STG(T+J)+SIG(TeJMI)ISEPIT
TH1=NT#GAM]
ET1=EXP (=TH1) ‘
IF(TH] .GT1.0E=4) GO TO 31n

[ lll. ll—.‘lll' [ .l‘IE

.

4
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32,

OFT1=FS (TH1)

GO:TO 320

OFT1=1.0=FT1

_GAM2-(QIG(1M1-J1+SIG(I.J))#FPI
YH2=GAMP%DT

"vET? =FXD (=TH2)

33n
340

35n
360

30n

40N

41n
20n

IF(TH2,GT.1.0E-4) GO TO 320
QET2=FS(TH2)

GO TO 240
0ET2=1,0-ET2
GAM3=(STG(T» J)*QIG(TvJPI))*FPI
THI=GAM3&NT
FT3=EXP (=TH3)

IF(TH3 ., 6Tl 0E-4) GO TO 350
OFT3=FS(TH3) -

60 TC 3A0

OET3=1.0-FT3

Al (J)=0FT126GP(JM1)®*FMU/ (2.0%#GAUI#DY)

A2 (J)=DET2%AA2/GAM2

A3=AA3

AG=GP (N EDT/(2.0%DY)

AS=1.,0-A3%AZ2(J) .

ALI=0ET3#GP (J)YH#EMU/ (2., 0#GAM3#DY)

CI{JI=FRI(TsJMIIHET] + OETI*("Q(IOJMI)/FDS*
$(GP (JM1)HFEMI/Z (2., 04DY) )1 # (BP1(1e N =BP1(I4JM1)))/GAM]

C2( ) ==FEZ2(IML1 o)+ (EZ1(IMLsJ)+FZY (T4 J))¥ET240ET2%#(=2,0%JZ (TM] 0 J)
$/EPS=(FP (IM]1) #FEMU/DX) #(BP1(I9J)=BPL(IMlsJ)=BP2(IMlyJ))~
S(EMU/ (2. O“F(Iﬂl))*(RP?(IMIOJ)*DPI(IMI!J’*BPI(I’J))))/GAME

C3= BPl(IoJ)*(DTQEQ{I)/(Z O“DX))*(EZI(IPIOJ)-EZI(IQJ)-EZ?(IMliJ))-
F(GP(JI DT/ (2. O*OY))*(ERI(IOJ)‘:QI(IOJMI)’v )

Ca=C3-A3%#C2(J)

CLI=ER1(T4JIH*ETI+OET3* (- JR(I’J)/FPQ-

F(GP(J)YHEMU/ (2, 0#DY) ) # (BP1{I+JP1)=RBP1(I+J)))/GAM3

Bl=A4¥AL]

R2=AG+Al (J) #A4=AL 1% A4
‘B3=Al1(J)*A4 :

R4=C4L+AG* (CY(J)=CLY)

E(J)==-B1/(82+B3#E(J=-1))

FF(J)=(R4=-RIA#FF (JM1) )/ (R2+RA*E (JM1))

CONT INUE

w#s NOW ADVANCE OVER ALTITUDE TO GET THE FIELDS ###
NO 400 JJ=J2DMNyJ2DMX

J=J2DMX=JJ+ J2DMN

JP1=J+1

RP2 (19 J)=E(J)#RP2(I+JP1)=FF (J)
FZ2(12J)=C2(J)=A2(J)¥BP2(14J)

CONTINUE

DO 410 J=J2DMN,J2DMX

IM1=J=1 :
ER2(1¢J)=C1(J)=A1 (L) #(BP2(I+J)=RP2(T4JM1))
CONT INUE

CONTINUE

ss% SET THE FIFLDS AT THE OUTER BOUNDRY ®&&#
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50n

511

10n

DO 500  J=1,NY
FRZ (NXyJ)=(3,0%FR2(NXM1eJ) = ER2(NxM2.J))/2 0
BP2 (NXyJ)=(3,0%RP2(NXM]1+J)=RP2(NXM24J))/2.0
FZ2(NXsJ)=(3.,0%FZ2(NXM1sJ)=EZ2(NXM24J))/72.0
CONTINUE o

was CALL OVTPVT TO NO THE PRINTS ANN PLOTS

CONTINUE

CALL 'OVTPVT(K.T) -
CONT INUE

STOP10

END
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1n
2n

" 3n

SUBROUTTNF CONST(EsRGsRESEE)
RG=50.8273+E# (74,5729+FE# (=7, 011?+E* 2939))

~IF(E.GT+146) GO TO 10

FE=F#(,N631+FE%(, 81084F“(-.59184E* 1609)))
GO TO 20
EE=E#(,38B71+E%(, 08945+E*(-.01017+F* N004419)))
JF(EaGTs241) <0 TO 30
RE= ;003476+E*(-.03067+E*(.80505E*.13992))
RETURN

RE==1,0847+£%(1, 46794E*(.04§84-F* 001688))
RETUPRN

END
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2n

SURROUT INE CURFNT(TT)

REAL JR.JZ

COMMON Fthzn.an). £Z21(20420) ¢ BP1(20420)
COMMON ER2(20+20) EZ2(20+20) RP2(20,20)
COMMON  JR(20920) s JZ (204201  SIG(20420)
COMMON R(20920) CON(20420) s X(20),
COMMON/SGRTID/YMAX o DY o NY 9 Je X0 o DX« NXs TeNG

REAL LAM

COMMON/TRNS/QE s LAMRE s FE
CDMMON/WOUT/AL1RE9TPvasCXvYLDoFFFvFGB’HOB
REAL JRR

N0 20 T=14NX

PO 20 J=NGsNY

T=TT=-R(1¢J)/2.998E+R

-JRR‘-CDN(IQJ)*SOUPCF(T)*QE‘RE

COSINE=X(1)/R(T+J)
SINE=(HOR=Y (J))/R(1sJ)
JR(T+J)=JRR#COSINE

JZ (1 JY==JRR#SINE
CONTINUE

RETURN

END
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SUBROUTINE OVTPVTI(ITIME,T)

INTEGER PRRLPLR

REAL JR4J7

COMMON ER1(20+20) EZ1(204201 RP1(20420)

COMMON ER2(20920) EZ2(20+20) BP2(20420)
- COMMON  JR(20+20) JZ (204201 S16(204+20)

COMMON R(204720) CON(20«20) X(20), ' Y(20)
COMMON/PLTS/PLR sNPXsNPY < IPX (1014 IPY (10)

COMMON/PRNTS/PRR¢NWX s NWY s NOX o NNY y IWX(IO)9IWY(10)9IOX(10),IOY(10)
COMMON/SGRTID/YMAXeDY ¢ NY s Je X0 e DY eNXs ToNG

DIMENSTON XX (8)+BUF (511)sLAR(6)
FQUIVALENCF(XK-XX(I))9(T19XX(?))9(XlQoXX(3))9(X5169XX(4))s(XER-KX(
$5)) s (XJZeXX(6) )y (XEZ9XX(T)) e (XPRP4XX(8))

DATA LAB/2HJR42HJIZ «AHS TG 2HER 9 PHEZ 9 2HBP/

DATA TRUF/0/

#ust WRITE THFE ORSERVER OUTPUT TAPE ###

T1=T :

DO 10 1T=1sNOX
DO 10  1J=1sNOY
IK=(IT-1)#NOY. + 1J
XK=T1K

1=10X(1IT)

J=10Y (1))

XJIR=UR (T9.4)
XSTG=5S1G(I+J)
XER=FR2 (1+¢J)
XJZ=JZ(Tsd)
XEZ=EZ2 (I J)
XBP=RP2 (Iy.))

PO 20 L=1.48

BUF (TBUF +L) =XX (L)

20 CONTINUE

IRUF=TRUF + A
IF(IRUF,LT.504) GO TO 30
WRITE(1) BUF
TRUF=0.

3n CONTINUF

10 CONTINUE

w24 PRINT OUT FTELD VALUES w54

IF (MOD(ITIMEZPRR) NF,0) G0 TO 200
DO 100 TJ=1sNWY ' :
J=IWY (TJ)
WRITE(6+120) T’Y(J}
12n FORMAT (//7% TIME=#1PF10, 3-lOXo*Y-*lPFIO.39/4x,*QANGE*99Xo¢JQ*o]lX
Fa 7% e 10X #STIGH 11X gHER* 911 Xeo#F 7911 Xe#BP#) :
DO 101 II=1e+NWX -
I=IWX(TIT)
TR=T=R(I+J)/2.998E+R
WRITE(Rs130) X(T)QJR(IQJ)!JZ(I.J)’SIG(IOJ)QERE(IOJ)szz(I!J)’BPZ(I
FeJ)eTR )
101 CONTINUE
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130 FORMAT(1PBF13.4)
10n CONTINUE
20n CONTINUF

@ -

w## PROFILE AND RANGE PLOTS AND PRINTS #e# .

DO

IF (MOD(TTIME+PLR).NE,0) 6O Tn 500
6 wss PROFILF PRINT ### ‘

)

D0 610 I1T1=14NPX
I=1PX(1T1)
WRITE(6+630) X(T)
63n FORMAT (//% PROFTLE AT X=% 1PE1l1. 34/)
DO A10 J=1eNY
WRITF(As615) Y(J)antlyJ)oJZ(I J)eSTG(TsJ) sER2(T4J)sEZ2( Ty J) 9BP2(
$ed)
61 FORMAT(IPE11.391P6E20.7)
610 CONTINUYE

~ 3 N E A EE

e sae RANGE PRINT wa#
PO 620 1J=1,NPY
J=IPY (1)

WRITF (&ehalY Y (J)
640 FORMAT (//% RANGE PRINT AT Y= #.,1PEll. 3,/)

DO 620 T=1aNX
WRITE(/4615) X(I)sJR(IeJ)oJ?(I J)oSIG(IoJ)9ER2(I.J)¢E22(I’J)9BP2(
$s+J)

620 CONTINUE

e Re Y]

#u# PROFILE PLOT ###

DO 701 IJ=1+NPY

J=1PY (TJ) _

CALL PROFILE(NX4NYsJsJRsLAB(1))

CALL PROFILE(NXeNYsJsJdZsLAB(2))

CALL PROFILE(NXsNYsJeSIGeLARI(3))
CALL PROFILFE(NXeNYsJsER2sLAR(4))
CALL PROFILE(NXeNYeJsEZ2sLAR(5))
CALL PROFILE(NX¢NYeJsBP2sLABI(6))

701 CONTINUF

C ##i QANGE PLOT ar##
N0 702 II=1sNPX
I=IPX(TIT)
CALL RANGEP(NX»NYQIqJRQX,LAB(l))"
CALL RANGER(NXsNYs TeJZeXsLAR(2))
‘CALL RANGER(NXsNYsI+STGeXsLAB(RY),
CALL RANGER(NXsNYeTosFER29XsLAB(4))
CALL RANGER(NXeNYsI9EZ2+XsLAB(R})
CALL RANGER(NXoeNYsI+BP2eXsLAB(A))
702 CONTINUE
50p .CONTINUE
RETURN
N
END 94-
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SUBROUT INE PQOFILE(NXoNYyJ9VQY9LAP)
DIMENSTION V(NXsNY)
COMMON/WSPT/VB(200)

DO 10 1=1eNY

VB{I)=V{Je 1) . 7 .
CALL GRAPHI(34NYs090sLABe3H Y 9NeVBeYsBa9Basber0.)

. RETURN

END

-95-



SUBROUT INE RANGFR(NXQNYQIQV’X’LAB{
DIMENSTION V(NXeNY)
COMMON/WSPT/VB(200)
DO 10 J=1eNX
10 VB{JY=VIdY 1)
: CALL GRAPH(3+NX90+0e3H X 9LARsNsXsVRaB,98,40.90,)
RETURN
END

g-'

. )
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SURROUTINE RDS(KOMENT DAY sHMS)
REAL JReJZ .
COMMON ER1(20+20)» EZ21(20+201Y B8P1(20420)
COMMON ER2(20+20) E22(20+20) RP2({20420)
COMMON" JR(20420) 9 JZ(20420) S1G(204+20)
COMMON R(20:20) « CON(ZO;EO)» X{(20) ' Y(20)
COMMON/TORID/TO+DTaNT K ;
COMMON/SGRID/YMAX 9 DY o NY s JeXD9DXeNXs ToNG
REAL LAM '
COMMON/TRNS/QE+LAMeRESFE
COMMON/WOUT/AL+REsTP9CY+sCXs YLDWEFF9EGRsHORB
COMMON/PRNTS/PRR s NWX s NWY s NOX s NOY s ITWX (20) s TWY (10) 4 TOX(10) 9 IOY(10)
COMMON/PLTS/PLR.NPX,NPY.IPX(IO)oIPY(IO)
DIMENSTON KOMENT (B) ¢ XX (6)
WRITE(6+10) _

10 FORMAT (#1#419Xe#1G2D~-A TWO DIMENSIONAL EMP CODE TO CALCULATE THE
$FIELNDS ABOVE AN INFINITELY CONDICTING GROUND#)
WRITE (5420) DAY HMS

20 FORMAT (46XsA10+2XsA1D)
WRITE(5+30) KOMENT.

30 FORMAT(27XeRA104//)
WRITE(K+40) PRRGPLR

_4an FORMAT (30X e#PRINT RATIO#963X+#PLOT RATIO“/34X013971X913///)

L1=NOX=MOY
L2=NWX&NWY
WRITFE(Aea1l) L1sL2+NPXeNPY
41 FORMAT (4X+#NUMBER TAPE OBSERVERS#+1l4Xe#NUMBER PRINT OBSFRVERS#416X
P« ¥*NUMBFR OF PROFILES®914Xe#NUMRFR OF RANGE PLOTS#/13Xs13+32Xe13932

$X913432Xe134/7)
WRITE(S5+42)

47 FORMAT(1Xs%ND, *oﬂXo*X*’le’*Y*910XQ*N0 FoBXotXHg 12X RYH 16X 9#ND ¥

PoeBXoet Xt g 23X g#NO , HgBXoHYH)
KK= MAX“(LI’L?QNPXvNDY)
T11=0
12=0
Ji=1
Je=1
DO 43 K=1eKK
I1=11 + 1
I12=12 + 1
IF(Il1.LE. NOX) GO TO 44
T1=1
J1=J1 +1}

G4 TF(12.LENWX) GO TO 45
12=1 :
Je=Jdz + 1

4= I3=10X(T11)
T14=TWX(I2)
J3=10Y(J1)
Ja=IWY (J2) &
IF(KeGT410) GO TO 777
IS=IPX (K)
JE=TPY (K)

777 CONTINUF

XX{1)y=x(I13)
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XX(2)y=Y(J3)

XX(3)=X(14) .
XX(4)=Y(Jb4) : .
XXA5)=X(IS) T . .

XX (6)=Y (J5) _
IF(KJLELLL) GO TO 46

XX(1)='000
XX(2)=-0.0
T4 IF(KL.LF,L2) GO TO 47
XX{(3)==0,0
XX(4)==0,0

47 IF(KLLE.NPX) G0N TO 48 ’ :
XX(5)==0,0 ' . . . II
4a TF(K.LE.NPY) GD TO 49 _
XX (6)==0.0
40 WRITE(64401) KaXX{1)aXX(2)sKaX¥X(3) XX (4)sKsXX(5)sKsXX(6) v
401 FORMAT (2 (1XeI391P2F13e394X)s B8YsT39IXs1PE13.3915Xe1343X0E13,3) l
47 CONTINUE
WRITE(6s60) TOeNTsNTeX0eDXeNXsYMAXeDYoNY
60 FORMAT (4Xe2TSTART#910Xe#DT#e12x s #NT 24 16Xs#R0% 312X 9#DR#* 912X 9 #NR%* I
FIGX 9 #ZUAX R 9 11X o #DZ®* 9 12X e ¥NZ R/, 2(1PF11 494X91PE1),497Xo13011X)e
$IPF11letebXelPETloboTXs13)
WRITE(64100) I
WRITE(6+101) YLDsEFFoALsBEsTPsCYsEGRoLAMIEE,RE
100 FORMAT (//5RX+#SOURCE CALCULATINN®,/G56X+#*DIRECT BEAM GAMMAS ONLNK®
Boe/eAX e tYLDH s 10X «HFEFFe 10X FAL®, lIX’*RE*O1lXo“TP“;l’Xo“C“ollXo*EGB
FalOXo®[ AM* 910X #EF#* 911X 9 #RES) 1' »
101 FORMAT (1P10E13,3)
RETURN
END

-98-

9
I
I
l
|
I
I

J
l
N



SURROUTINE SETP
RFAL JRsJZ

COMMON FR1{(2Ne20)
COMMON ER2(?20470)
COMMON JR(20+20) »
COMMON RQ(2N620) »

—-e ™

REAL LAM

Cy=1.0
CX=CY®FEXP (AL*TP)

DT=TP/50
TOTAL=0.0
T=-0.54DT

No 10 TI=1,10000
T=T + DT
P=SOURCE(T)

1n TOTAL=TOTAL + P
STOP 01 .
c 20 TOTAL=TOTAL#DT

CX=CY#FXP (AL*TP)

DO 30 J=1sNY
YY=(HOR=Y (J) ) #&?
PO 30 T=1eNX
XX=X(1)#X (1)
RR=SQRT(YY+XX)
R(TeJ)=RR

RETURN
END

- g W

IF(P.LT,TOTAL#,0001)

EZ1(20+201
£E77(20e200

JZ(20420)
CON(20+20)

COMMON/TRNS/QE«LAMsRE S EFE
DATA PIsQE/3.14159265391.592E-19/7

C #as FIND TOTAL AREA #a

GO TO 20

CY=2.6?E+28*YLD*EFF/(EGB*TOTAL5

CALL CONST(FEGBeLAMeRESEE)

-99..

aP1(20420)
RP2(20420)
ST1G(20+20)
X(20), Y(20)

COMMON/WOUT/ALsRE«TPyCY+CXoeYLD,EFFsFGRyHORB
COMHON/SGQTD/YMAXQDYQNYQJ,XOODX9NX9IONG :

30 CON(TsJ)=EXP (=RR/LAM)/ (4 ,0#PI#RR#RR#L AM)



21

,20

SURROUTINE SIGMA(TT)

RFAL JReJZ >

COMMON ER1 (20920} FZ1(20+20) s RPY (20+20) .
COMMON FR2(20420) EZ2(20+20) 0 RP2(20+20)

COMMON  JR(20+20) 9 JZ2(20+20) S1G(20420)
COMMON R(20+20) s ‘CON(20+20) o X(20) Y20
REAL LAM ' ‘

COMMON/TRNS/NEsLAM9RF 9EE
COMMON/SGRIN/YMAX 3 DY sNY s Js XnoDXoNX9IoNG
NP=NG+1

NM=NG=1 :

Do 20 T=1NX

JJ=NG

PO 21 J=NPsNY

JJ=JJ~1

T=TYT-R(TeJ)/2.99RE+R
Q=CON(T+J)#SOURCE(T)H*EE*1., 0F+6/3440
SIG{IvJ)=Q#0.1%1.0E-8%02F
SIG(T+JJ)=SIG(1a+J)

CONT INUE

SIG(IaNG)=0.5#(SIG(T4NP) +SIG(T4NM))
CONTINUF

RETURN

END
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1n

2n

FUNCTION SOURCE(T)
COMMON/WOUT /AL sRETP9CY9CX+YLD4EFF+EGBHORB
IF(T.LFL.0.0) GO TO 20

IF(T.GT.4,0%TP) GO TO 10
SOURCE=CY#FEXP(AL®T)/ (1. 0+EXP{{AL+BE)®(T=TP)))

. RETURN '

SOURCE=CX#FXP (RE&#(TP=T))
RETURN :

SOURCE=0.0

RETURN

END
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APPENDIX D

'D.1

Several 1mp1101t finite difference schemes to solve the low a1t1tude
env1ronment problem were programmed and checked out. However, none
of them performed as well on the test problems as did the explicit algor-
ithms described in Sections 2.1 and 2, 2.' A brief description of two of

the implicit methods is given in the subsections below,

D.2

The scheme discussed here is an alternating direction implicit set

of finite difference equations, For the equations implicit in the ¢ direction,

ﬁre combine Maxwell's equations to yield

3E SH SH |
rse " < Zole - ZOCE?; t ¥ (D. 1)
3E d2H ' oE
_£ - _9_ ; _¢
Q, Gy 57+ Gy =) 577 =Gy2(, + 0B +#Gydy —
SH SE |
_© _ _C
Gidy =0~ Godg 3y (D.2)

The finite difference form of these equatioris chosen for the code is

%, [
2 (P - 121]1) = (% ti,

53 -
gl 2 (o, (X _ g ) L ! )]
T Pe,i) T 2Ry [Qll( ¢i, -1 1:.'1,1+1 +Q12( gL, &, j+1

(D.3)

k1/2 z k-I/Z(Ek

[¢)
Zolei, i T Z 04, ¢ij
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and

1x2Q G

G, - .
P2 o) 2R )

-, k-1/2Ek-1/2)+"G14’1 (Ek-l/z | k-1/2 ) 1"’1 (5 -1/2
7i,i  TeLj DAw \ Ui+l i T Cei-1,5/ Y 2Aw \ Teisl,

172\ *Ga¥y k k k-1 k-1
“B1) [Q21( ti,i-1 " i, 1) * Q0 (B 1 B

(D. 4)
Equations (D. 3) and (D, 4) can be cast in the form
-Ag g -Cg ,=d. D.5
8.1+ B8 - €igy oy = d (D. 5)
where
k
E_.
€1, .
g = (D. 6)
i, j

Equation (D, 5) represents a five-diagonal matrix for the solutio_rl of the
finite difference equations. It is solved in a way that is analogous to the

‘usual three-diagonal case, We seek a solution of the form

g] E]g]+1+fj , | (D.7)

By substitution into equation (D.5), one finds
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E = (B C. IE] (D.8)

1)
- =1~ - N
f. =(B. - C.E, d. + C.f. D.9
T R Y @5+ C5Eyy) , ( )
The system is solved by f1rst solvmg the recursion equatmns (D. 8)
and (D, 9) to obtain the E] and f terms and then obta1n1ng the fields from
equation (D.7), The boundary cond1t1ons on E] and f] are
E, =0, f1 = 84 (D. 10)
On alternate passes through the mesh, implicit equations in the ¢

direction are used. In this case, Maxwell's equations are combmed to

yield
, nzif--a—;fe‘:-zoj.g-zocEg-zpl%e (D.11)
dE BH , A oH
Glﬁ‘i +(Gy - wn ) =2 = Q Gz ol * 0B - Q Gypy —=F
+ xeliplaaﬂu - nGzzp?‘E:%g | (D.12)
The finite difference equations are
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_)L(Ek. . ﬁk:—l. )_ i(ﬂjg . Hk_-1_) g 512 %o k-1/2

AT\ ELT EL S AT\Tel, i el 0%,y 2 74,
SR | -1
(Egi,j t B, j) i m[Qn(ngiu,j i Hl.;i-l,j) * Qg (ng(i+1,j - ng(i-l,j)]
| (D. 13)
and
*_G.1(Ek g1y Ga gy g H1(-1_)_ Q z G |&1/2
AT £L,j ) Eiyj)+ AT ( £, ] £L,5/ 17072 ]Ci)j

k-1/2 k-1/2] Q¢ -1/2 k-1/2\ =
Ty Py ] 2 428 (15,11 - Bgs 1) * 2aw¥aG

‘[Q21(}?3121+1,j “Biiag) QB s - Eiy ])]

k-i/z gk-1/2 )

x - -
B m*Psz (Eci, i-1 " T, j+1 (D. 14)

By making the substitution, j - i, equations (D. 5) through (D, 10) are
appropriate for obtaining the solution of the finite difference equatiohs
(D.13) and (D, 14) above, ;
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The finite difference equations discussed in this section employ
~second order exponential differencing. The implicit equations are tri-
diagonal. The reduction from a five-diagonal system is achieved by writing
the v x E term in Faraday's Law explicitly, Although the term is explicit,
it is centered in time and is of second order accuracy. This is accomplished

by using a difference scheme that is multilevel in the time dimension. The

+

finite difference equations are

| . - Q
S O e T | _ T Hk+1/2 _,Hk-l/z
Frii T Pt K [1-5 (-] [ % ol Dol )

i,j

) (Hk+1/2 Hk+1/2 H.k Hk1/2 )]

+ 4Z0AV oi, j- 1 oi, ]+1 @i, o, j+1
- - Q
+ 1 . i (1 _ e—X) _ e—X k 1 T (Hk—l/2_ 1_11(71./2)
o_k-]. X Cl ] ZOAT A 9L ] ©1,]
i3 - |

by ‘(Hk_1/2 _pkl/2 | gke3/2  k-3/2 )] - (D. 15)

+_4z'o"A'v" oi,j=1 " T, j+1 T Tl j-1 T e, j+1

-
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€L, &L,] 01‘:;] £L,) 2, AT\ o, i, ]
i
e (Hk+1/2 pkt1/2 | k-1/2 Hk-1/2)
2z Au \ g, ] pi-1,j  Toitl,j ol ]
1 (1 -X ) X k-1 1 -1/2 -3/2 )
+Uk_-1['f (l-e -© ][' ]gi,j+z0Ar (qu;i,j B H]qzi;i .
i,i ' '

®i, ‘Pl'l’ J ‘P:H'l’ ] ®l, ]

(I—lk “1/2 k=172 pk-3/2  gk-3/2 )] | (D. 16)
and |

QUG ( k k-2 ) Gy (Ek Ek-Z) __"ﬂ(H.lHl/Z } 1_11{75/2)

2ar \ e, " Fei,i) YA \Peiy i Feiyi) T 3ar \Be i - B, g
: o
_ G (Ek-l _ gk-1 ) } Coby (Ek-l _ pk-1 ) (D. 17)
" 2Au ¢i+l, ¢i-1, 7 2Av i, j-1 ¢i,j+1 ’

Equations (D, 15) through (D, 17) can be combined to yield the following tri-

diagonal equation for the magnetic field

AES . +B.HS -

- C. =D,
el il T el T el i1 T

A solution of the form

H'k=EHk +F

?i,j - 7] el j+l
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exists in which l
E —
i B.+A.E I
! -1 -
D. -A.F. 1 l |
F. =,B] A] E]—
.+ A E,
LR i I B | l
The appropriate boundary conditions are i I
E1=‘~°’ F1=H:{pi,1 l
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