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This report discusses the modeling of a lossy earth for NEMP coupling and assessment
calculations. Measurements of the relative dielectric constant and electrical conductivity of
the earth indicate that these quantities can vary significantly with frequency; they are not the
simple constants that are often assumed in such calculations. Using several different
representations of the frequency dependence of the measured earth parameters, calculations
are performed to illustrate the typical frequency domain and transient®ehavior of EM fields
above and in the earth, as well as the induced currents on an aboveground transmission line.

This work was sponsored by the Swiss NEMP Laboratory, under Defense Procurement Agency
Contract 151-186.



Acknowledgement

I would like to acknowledge the support and interest in this project by my technical
contract monitor, Dr. Armin Kélin, formerly of the Swiss NEMP Laboratory and presently at
Meteolabor AG, in Wetzikon, Switzerland. In addition, thanks are due to Mr. Mike Messier of
Metatech, Inc, and Dr. Kendall Casey .of SRI Intemnational for providing some of their original
source material, and for helpful discussions about various aspects of this report. Finally, thanks
are due to Dr. Carl Baum, of the US Air Force Research Laboratory at Kirtland AFB, New
Mexico, both for his interest in this subject, and for creating and maintaining this EM note
series. '



Contents

1. INtrodUCHON....cccuiieieicecee et e e e ae e e e e veee e sanns ereeeeereeeerennannn——. 8
2. Summary of Measured Earth Properties........ccccceeeivieececcercvrirnnns fereeceenneeeeaeeanaeeeeas 9
2.1 Measured Earth Parameters ..........ccooeeeiiieiriieeeeier e st s eee e e emeeeeeene 9
2.11 Measurements by SCOtt.....coiivriieiiiiiei et 9
2.1.2 Measurements by EbErle.........occoririicncnrinicie et 12
2.13 Jaycor MEaSUICIMENLS ... .ccvueerieeeieieeieecveieereeeresebesesteeessentaessesemnesseeneaens 12
2.14 Data Presented by KiIng....coovveeecriirieeccee et 12
2.2 Enforcement of Causality in Measured Parameters..........ccceeeeverecevereeeirvveersiennnns 14
2.2.1 The Longmire Soil Madel ..........c.cooovvivevieiiiniieecies et ee et e————— 15
222 The Messier Soil Model ........ccooicierivieerecie e e 17
2.3 High Frequency Earth Parameter and Models..........oovoveeriieicienieneniiceieceeee 20
3. Effects of Earth Parameters on EM Field SOIUtONS .........cccccoceeevvivveeveecereiiecnnens 24
3.1 Propagation Constant and Impedance in the Soil......ccccveevivev i 24
3.2 Comparison of Reflected and Transmitted Transient Fields ........cccccoceecviennnenne. 31
3.2.1 Reflected FIElds......ccovvueiiieeeeccceeee ettt sertee s s esee e seanee s 33
322 Fields in the Earth ..........ccoeeeeecinninecnnenn. e errret e ee st r e araee s aeeseanns 37
3.3 Effects of the Ground Model on Overhead Line Coupling..........ccoceeeevveerirernnnnn. 42
4. Conclusions and Recommendations .............coccvveeeeerieeieiiiie e e ee e 49
5. References....cccciveiiicciirirni ettt tbeetnureseeeeeeeentntebnn————_ 50
Appendix A -Constitutive Parameters for Lossy Dielectrics and Their Representations in
Maxwell's Equations...........ccecovvirunininns reeererares e rae et e ygrereeneneennenes 52



Figure 1.

Figure 2.

Figure 3.

Figure 4.
Figure 5.

Figure 6.

Figure 7.

Figure 8.

Figure 9.

Figure 10.

Figure 11.

Figure 12.

Figures

Plots of the effective relative dielectric constant (a) and the effective
conductivity (b) of soil with different water content (by volume), as
calculated from EGS.(1). covveeiuireiiccrireie e rete vt e v esnr e n e rnne e 11

Plots of the measured effective relative dielectric constant (a) and the
effective conductivity (b) of Albuquerque NM sandy soil with different water
content (by volume), as reported i [12].....ccceeiieeiieciieecee e 13

Plots of a typical effective relative dielectric constant (a) and the effective
conductivity (b) of a sandy-clay-loam soil with a 10% (by weight) water
content, as reported In [13]. c.oooiiiniiiiiiiirer e e 14

Comparison of the causal curve-fit relative effective dielectric constant of
Longmire [15] with the curve-fit data of Scott [8]......ccceoeveiveecceriiieeeen. 16

Comparison of the causal curve-fit effective conductivity of Longmire [15]
with the curve-fit data of Scott [8]. ...ccoueeieeeeei e, 17

Comparison of the effective dielectric constant €. W)/, as given by Messier

[16] and Scott [8], and calculated from the conductivity of Scott using the
Kramer-Kronig relations. ..........ccccoooeiieeiineeeeceveceieeccceeeereeecnvsseesecsneneeee 19

Comparison of the effective conductivity Geﬁ(a)) as given by Messier [16]

and Scott [8], and calculated from the permittivity of Scott using the
Kramer-Xronig relations. ......cccoeeeeeiiiicriiereiieeeie i srae e e e snsnnae e 19

Plots of the real part (a) and imaginary part (b) of the complex effective
dielectric constant Eq,. for different earth materials, as reported in ref.[18].22

Plots of the real-valued effective relative dielectric constant (a) and effective
conductivity of the material of Figure 8. .........cccoeeoieeiiiceiireerereee e eeveeeenes 23

Plot of the real part (a) and imaginary part (b) of the propagi‘ﬁon constant in
the soil for different water contents, as calculated for the constitutive
parameters of Scott fTom EqQ.(1)..ccccooeriiieierieneece et 26

Plot of the real part (a) and imaginary part (b) of the wave impedance in the
soil for different water contents, as calculated for the constitutive parameters
of Scott from Eq.(1). «.coi et e 27

Plot of the real part (a) and imaginary part (b) of the propagation constant in
the soil having constant parameters of & = 7.09 and o .= 8.0 x 103 (s/m)
(the dashed line), the frequency dependent Messier model with parameters
£, = 7.09 and ¢,.= 8.0 x 10-3 (s/m) (the thin solid line), and the Scott model
from Eq.(1) with a 10% water content (dotted ling). .........coeceeericcrereeiinnnnn. 29



Figure 13.

Figure 14.
Figure 15.
Figure 16.

Figure 17.

Figure 18.

Figure 19.

Figure 20.
Figure 21.

Plot of the real part (a) and imaginary part (b) of the wave impedance in the
soil having constant parameters of &, = 7.09 and o .= 8.0 x 10-3 (s/m) (the

dashed line), the frequency dependent Messier model with parameters &, =
7.09 and 0,.= 8.0 X 10-3 (s/m) (the thin solid line), and the Scott model from

Eq.(1) with a 10% water content (dotted line).......c..ccvieeicnnriiececencecnnns 30
Iliustration of a plane wave incident on a lossy earth........cccooccvecvrinrcnnnnnn. 32
Illustration of the fast, intermediate and slow waveforms...........ccccueev.eee.. 33

Plot of the total E,-field component for waveform #1 at # = 5 m above the

soil having constant parameters of £, = 7.09 and ¢ .= 8.0 x10-3 (s/m) (thick
solid line), the frequency dependent Messier model with parameters g, =
7.09 and 6,,.= 8.0 X103 (s/m) (dotted line), and the Scott model from Eq.(1)
with a 10% water content (dashed line). ......cccooeoiiiiiciiceie e 34
Plot of the total E,-field component for waveform #2 at # =5 m above the
soil having constant parameters of £, = 7.09 and ¢ .= 8.0 x10-3 (s/m) (thick
solid line), the frequency dependent Messier model with parameters €, =
7.09 and 0,.= 8.0 X10-3 (s/m) (dotted line), and the Scott model from Eg.(1)
with a 10% water content (dashed line). .....coecveiiveeciivvec e 35
Plot of the total E,-field component for waveform #3 at 2 = 5 m above the
soil having constant parameters of €, = 7.09 and ¢ .= 8.0 X10-3 (s/m) (thick
solid line), the frequency dependent Messier model with parameters €., =
7.09 and o,.= 8.0 x10-3 (s/m) (dotted line), and the Scott model from Eq.(1)
with a 10% water content (dashed Nl .cocvvvvievoviiiciieeerrae e een e 36
Plot of the total E,-field component for waveform #1 at 7 = —5 m within the
earth héving constant parameters of £, = 7.09 and ¢ .= 8.0 x10-3 (s/m) (thick
solid line), the frequency dependent Messier model with pgrameters €,, =
7.09 and o,.= 8.0 x10-3 (s/m) (dotted linc), and the Scott model from Eq.(1)
with a 10% water content (dashed line)................. e eeeereeeraerateeeeernreeeaanrann 38
The early time behavior of the waveforms of Figure 19. ... 38

Plot of the total E,-field component for waveform #2 at 2 = —5 m within the
earth having constant parameters of £, = 7.09 and ¢ .= 8.0 X103 (s/m) (thick
solid line), the frequency dependent Messier model with parameters &, =
7.09 and ©,.= 8.0 X103 (s/m) (dotted line), and the Scott model from Eq.(1)
with a 10% water content (dashed 1ine). .....c.ccoovviiieiiiiiiinii e 39



Figure 22.

Figure 23.

Figure 24.

Figure 25.

Figure 26.

Figure 27.

Figure 28.

Figure 29.

Figure 30,

Plot of the total £, -field component for waveform #3 at # = —5 m within the
earth having constant parameters of &= 7.09 and ¢ .= 8.0 x10-3 (s/m) (thick
solid line), the frequency dependent Messier model with parameters &, =
7.09 and 0,.= 8.0 x10-3 (s/m) (dotted line), and the Scott model from Eq.(1)
with a 10% water content (dashed ling). ......coceeeemimeeee i 40
Plots of the transient responses for the three excitation waveforms with a

variation of the conductivity of the constant earth model, maintaining the
dielectric constant fIXed...........ouuiieiiiiiieie i ee e e ee s s v e e 41

Tllustration of an above-ground transmission line as provided by the RISER

Late-time mniser currents for the transmission line of Figure 24, using a
constant ground model and the Messier ground model for waveform #1.....43

Early-time riser currents (a) and the corresponding spectral magnitudes (b)
for the transmission line of Figure 24, using a constant ground model and the
Messier ground model for waveform #1. .......ccociiiiiiiiiiiicce, 44

Early-time riser currents (a) and the corresponding spectral magnitudes (b)
for the transmission line of Figure 24, using a constant ground model and the
Messier ground model for waveform #2. ........ccccoeeiiircnnene e 45

Early-time riser currents (a) and the corresponding speciral magnitudes (b)
for the transmission line of Figure 24, using a constant ground model and the
Messier ground model for waveform #3. .......cccooriceeincinnnnnese e eee . 460

Sensitivity study of the riser current response using the Messier earth model
for variations in the low-frequency conductivity o,, keeping the relative
dielectric constant fixed at €., = 7.09....ccoiiiiicrreinrimieeeee feceeeran e 47

Sensitivity study of the riser current response using the Messier earth model
for variations in the relative dielectric constant &, keeping the low-

frequency conductivity fixed at o, = 0.008 s/m................... e oo 48



Table 1.

Table 2.

Table 3.

Tables

Fit parameters for ground conductivity and dielectric constant, from

Longmire [15]...cioriiiiiiee e e 15
Curve-fit parameters for various materials, based on measurements from
Farr[18]). e eeeeemeeeeeeerresasareteeesaaaattsseeasaasasnssbareeeataereaaaaasrnesnresttenanranan 21
WavelOIT PArAmELeIS .......occviuiieirtiireene e e e e n s 32



On the Modeling and Representation of a Lossy Earth
for Transient Electromagnetic Field Calculations

1. Introduction

Many of the previous investigations into the effects of the nuclear electromagnetic pulse
(NEMP) on electrical systems in the presence of the earth have used a highly simplified model
for the electrical parameters of the soil. These usually involve modeling the earth as a lossy
dielectric, having a frequency independent relative permittivity &, (dielectric constant) of about

10, a fixed electrical conductivity ¢ on the order of 0.001 to 0.1 s/m, and a relative magnetic
permeability of p,. of unity [1, 2, 3]. It is well known, however, that in a real earth the

constitutive parameters ¢, € and (1 can be functions of frequency, with rather large varations in
their values [4].

The question naturally arises as to the level of error introduced into numerical
simulations of HEMP system responses using the simplified earth parameters. Moreover, as the
actual earth parameters may vary from point to point at a particular site and not be very well
known, it is of interest to evaluate the sensitivity of a calculated response to variations in these
parameters.

To help answer these questions, a study of the influence of these ground constitutive
parameters has been conducted, and the resuits are discussed in this report. Because the relative
magnetic permeability of the earth is usually close to unity in most cases, in this work we do not
include this parameter as a variable, and we treat only variations in the parameters ¢ and &.

In Section 2, a brief overview of past measurements and models for the earth's
constitutive parameters is given. A key aspect of this work is insuring that the parameters
satisfy the Kramer-Kronig relationships so as to provide causal responses in the time domain.

Section 3 discussed the effects of the earth parameter models on the EM responses that

are typically encountered in a HEMP coupling problem. Variations of the earth propagation
constant and wave impedance are studied for the various soil models, and the behavior of
reflected and transmitted transient fields at the air-earth interface is displayed. In addition, the
behavior of the induced current on an aboveground transmission line is calculated for these
models.

Finally, in Section 4, a brief summary of the work and recommendations for future
modeling activities are made.



2. Summary of Measured Earth Properties

Much of the past work on the understanding and representation of earth electrical
parameters has been conducted for geophysical prospecting purposes [5, 6]. At low
frequencies, the earth conductivity can be estimated in-situ by a four-point probe resistance
measurement, used together with a suitable model relating the conductivity and the resistance.
At higher frequencies, measurements of electromagnetic (EM) wave attenuation properties can
be used to indirectly determine the material parameters.

Interest in this subject was renewed in the 1960's with the concern about NEMP and its
effects on systems. Because the NEMP excitation is broad-band, the computational models for
estimating system responses to this electrical stress had to be able to provide accurate results
over a frequency range of several KHz to well over 100 MHz. As a result, several projects to
better characterize the earth in this frequency range were started.

2.1 Measured Earth Parameters
2.1.1 Measurements by Scott

Using measurements of plane wave attenuation in an unbounded dielectric medium,
Scott [7] discussed the results of an early project to determine the electrical properties of
various soil simples from 100 Hz to 1 MHz. Tests of earth samples having different water
content were conducted, and plots of the parameters o, £and p were developed as a function of
frequency and the percentage of water content. More important, however, was the fact that this
reference provided a preliminary curve-fit expression for the parameters ¢ and £ for an
arbitrary frequency and water content.

In a follow-on paper [8], refined curve-fit models for the earth parameters were
provided on the basis of additional measurements obtained by the author and his colleagues. In
this report Scott discussed the field and laboratory measurements, which were made to
determine the electrical conductivity, dielectric constant, and magnetic pneability of rock and
soil. The conductivity was determined by making field measurements of apparent resistivity at
very low frequencies (0 to 20 Hz), and interpreting the true resistivity of layers at various
depths by curve-matching methods. Interpreted resistivity values obtained in this manner were
converted to corresponding conductivity values, which were assumed to be applicable at 100
Hz. Conductivity was -estimated at higher frequencies (up to 1 MHz) by using statistical
correlations of three parameters obtained from laboratory measurements of rock and soil
samples: the electrical conductivity at 100 Hz, the frequency and the conductivity measured
over the range 10 Hz to | MHz. The dielectric constant was estimated in a similar manner from
field-derived conductivity values applicable at 100 Hz, and statistical correlations of three
aforementioned laboratory measurement parameters



In this report, Scott suggests the following expressions for the relative effective
dielectric constant' Eqff€, and the effective conductivity Oy

Er 10[4.905+l.308103(W)—0.971log( £)+0.111iog2 (W)—0.168log( /) log(W)+0.05910g2 (/)] (12)
- = a
&

0

-0.604+1.641op(W)~0.0621] 0.0621og? (W)-0.0701 log(W)+0.0211og?
qu:lo[ 0g(17)~0.06210g( 1)+0.0621og? (#)-0.07010g(/ ) log(# )+0.021log (f)], (1b)

where f is the frequency in the range 100 Hz to 1 MHz, and W is the water content of the soil in
percent by volume. Figure | presents plots of £,5/€, and 0, : for soil with water contents of
0.1% to 100%. Note that although the curve-fitting of the measured data was over the

frequency range 100 Hz to 1 MHz, the data in Figure 1 have been extrapolated to 100 MHz for
our use in fast pulse calculations for the HEMP environment.

' For a discussion of these effective earth parameters, how they are related to other possible representations of
the earth, and how they enter into Maxwell's equations, consuit Appendix A.
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Figure 1. Plots of the effective relative dielectric constant (a) and the effective
conductivity (b) of soil with different water content (by volume), as calculated from

Egs.(1).
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2.1.2 Measurements by Eberle

Additional studies trying to increase the upper frequency range of the measurements
were documented in reports by Eberle [9, 10], in which measurement results from three
different sandstone materials were reported [11]. Most notable in these reports was the fact that
the measured results were displayed in parametric form, for which a graphical interpolation
scheme was provided to be able to determine the earth parameters for an arbitrary frequency
and water content. However, for automatic calculation of responses at a large number of
frequencies, these data are not particularly convenient to use and they will not be discussed
further.

2.1.3 Jaycor Measuremenis

More recent work was reported by Jaycor investigators [12], where they performed
measurements on soil obtained near Albuquerque, NM, over a frequency range of 1 kHz to 10
MHz, and then compared the results with those of Scott [8]. Figure 2 presents their measured
results for £,/€, and G,p; and we note a reasonable agreement with the data from Scott in

Figure 1.

2.1.4 Data Presented by King

While not performing any direct measurements of earth or dieleciric properties, King
[13] discussed the dielectric and conductive properties of dielectrics and their effects on
antennas. He has summarized the behavior of .47, and 0,4, as determined by several different
investigators, and included them in a summary curve for a clay-loam soil, having a water
content of about 10% by weight. These data have been reproduced in Figure 3, where we note
that these curves correlate closely with the data provided in the previous figures.

12
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Figure 2. Plots of the measured effective relative dielectric constant (a) and the effective
conductivity (b) of Albuquerque NM sandy soil with different water content (by volume),
as reported in [12].
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Figure 3. Plots of a typical effective relative dielectric constant (a) and the effective
conductivity (b) of a sandy-clay-loam soil with a 10% (by weight) water content, as
reported in [13].

2.2 Enforcement of Causality in Measured Parameters
As noted by Baum [14], the independent measurements of the real-valued parameters
Eofrand Oy over a large bandwidth will contain errors. As such, these parameters can lead to a

non-causal transient solution, if they are incorporated in any sort of a frequency domamn
calculation. This is because the real and imaginary part of the effective complex permittivity

ée_ﬂ' ((D)‘: qu (a))_ J O (CO)

Appendix A, and in the presence of measurement error and noise, this relationship may not be

must obey the Kramer-Kronig relationships given in Egs.(A25) in

14



met. Thus, the use of measured data for &,5and 0, should take into account the possibility of
“"correcting" the data to insure causality.

As discussed in the Appendix, one way to do this is to "filter" the measured data with a
Hilbert filter to make it causal. The other approach is to fit the data to a functional form known
to provide causality. Several investigators, as described below, have used this latter approach.

2.2.1 The Longmire Soil Model

Taking the measured data for &, £, and 0,5 from Scott and fitting it with a series of

terms like in Eq.(A29) of Appendix A, Longmire {15] has developed causal representations for
the earth parameters. These expressions are given as

£q(®) : B,
Y =g, +47rc§an ‘(——)B: o _ )
O‘E_,f(a))=—(:—3(ao +Za,, 2"1(02 } (s/m) (3)

where the parameters £., 0 and a; are curve-fit parameters given in Table 1 as a function of

the water content (by volume) of the soil. The term f3,, is a fitting frequency for the terms in the
equation and are given by

B, =2%10"" (Hz), 4)

and the parameter ¢ in Eq.(2) is the speed of light, 3.0 x 108 my/s.

Table 1. Fit parameters for ground conductivity and dielectric constant, from
Longmire [15].

&

Water volume
(%) £oo ! ] a3 a4 Op
0.3 11.3 1.08x10°6 | 2.12x10°6 | 5.10x106 | 2.95x10-5 | 1.25x10-3
1 16.7 3.86x10°6 | 5.25%106 | 1.38x10-3 | 5.15x10-5 | 7.25x10-3
3 233 1.24x105 | 1.49x1075 | 3.35%x10°5 | 1.12x104 | 3.75x1074
10 39.3 5.33x10°5 | 5.48x10-5 | 8.88x10°5 | 2.84x104 | 2.15x10"3
30 74.1 2.07x104 | 1.82x104 | 2.77x104 | 6.27x104 | 1.20x102
100 169 1.12x1073 | 8.04x104 | 1.01x103 | 1.79x1073 | 8.26x1072

15



Figure 4 presents a comparison of Scott's data for the relative effective dielectric
constant (the solid lines) as a function of frequency, together with the calculated values from
Longmire's expression Eq.(2). Similarly, Figure 5 presents a comparison of the effective
conductivity. Notice that the agreement between the two is quite good, but that the expressions
of Longmire are preferable, as they provide causal results.

Eeff /€0

10? 10° A 10t 10¢

v, Heru

Figure 4. Comparison of the causal curve-fit relative effective dielectric constant of
Longmire [15] with the curve-fit data of Scott [8]. -
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Figure 5. Comparison of the causal curve-fit effective conductivity of Longmire [15]
with the curve-fit data of Scott [8].

2.2.2 The Messier Soil Model

In developing an alternative curve-fit solution to the Scott data, Messier [16] discovered
that an empirical model for fitting the parameters for eeﬂand Oy given by the expressions

Eq (@) =£. + 208, : )
' : ® ' .

and

o (®)=0,+20,6.0 (6)

can be rather accurate. Moreover, as discussed by Messier, these expressions can be shown to
provide causal results for computed responses, and hence, they obey the Kramer-Kronig
relationships. This model for the lossy earth depends only on two parameters: the high
frequency dielectric constant €., and on the DC conductivity o, (together, of course, with the
frequency.) It should be noted that these model parameters could depend on the water content
of the soil as given by the data of Scott.

17



To gain an understanding of the accuracy of the parameters of Egs.(5) and (6), Figure 6
presents the effective dielectric constant of earth with a 10% water content, using Scott's curve-
fit of Eq.(1a), the model from Messier in Eq.(5), and a causally-constructed dielectric constant
obtained by using the Kramer-Kronig relationship in Eq.(A26a). For the evaluation of Eq.(5),
the following parameters have been assumed:

£.=T7.09¢,
0,.= 8.0 x 1073 (s/m).

The agreement between these three models is quite good at high frequencies. However,
for frequencies less than 1 MHz, the Kramer-Kronig derived dielectric constant is significantly
larger than the other two.

Figure 7 presents the effective conductivity, again derived from the expressions of Scott
(Eq.(1b)), Messier (Eq.(6)), and from the Kramer-Kronig expression of Eq.(A26b) applied to
the dielectric constant of Eq.(la), which indirectly yields the conductivity through the

. A gl )
expression Im[€ ((0)]=L. From these curves, we note that there is good agreement
a) .

between the causal fit of Messier and the measured data of Scott, but that the Kramer-Kronig
fit of the conductivity using the measured dielectric constant deviates significantly from the
other two curves.

Thus, it appears that while the Messier fit provides a causal representation for both the
dielectric constant and the earth conductivity, the use of the Kramer-Kronig relationships is not
as good. Applying either Eq.(A26a) to the conductivity or (A26b) to the effective dielectric
constant will provide a causal representation for the other parameter, but there is no guarantee
that these results are consistent. Two different sets of causal parameter data result, and if the
errors in measurement are large, significant differences in these expressions can be found. Thus,
it appears that the use of a causal function curve fit to the data, as opposed to a filtering of the
measured data, is the preferred approach for representing the frequency dependence of the earth
parameters. ‘ C - - .

18
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Figure 6. Comparison of the effective dielectric constant £eff(a))/£° as given by Messier

[16] and Scott [8], and calculated from the conductivity of Scott using the Kramer-
Kronig relations.
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Figure 7. Comparison of the effective conductivity o,,(®) as given by Messier [16] and

Scott [8], and calculated from the permittivity of Scott using the Kramer-Kronig
relations.
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2.3 High Frequency Earth Parameter and Models

Recently a measurement program was undertaken to determine the electrical properties
of earth material for fast-pulse (sub-nanosecond) applications {17, 18]. This work involved
making measurements of the fast-pulse attenuation and dispersion in a coaxial test fixture
containing the earth sample, and then fitting the frequency domain dispersion relations obtained
by a Fourier transform of the measured transient data to an appropriate model of the dielectric
properties.

In this work, the material is represented by the complex effective dielectric constant
€, defined in Eq.(A22), with either a Debye or a Lorentz model used to represent the behavior

of the actual dielectric constant € = &’ — je”. The Debye model included the effects of an
assumed constant conductivity and took the form

6 =gé =g lg +E b= j 9 (7a)
o Tetrd T Uy jor T we, |

where the parameters £_,€,,7 ando are determined by a least squares fit to the measured data.

In one case (involving concrete, a slightly more complicated Lorentz model was used. This had
the form

A N ( 2 ) e
ee_ﬂ' =8a£rd:£a £°“+ E,_Sm)(a2+ﬂ2)+J2wa -0 _Ja)e (7b)

where €_,,£,,0, @ and f3 are curve-fit parameters.

Based on the measured responses, ref.[18] provides the curve-fit values for the
constitutive parameters for the following earth materials:

e Water . - - T
e Dry sand

e Wet sand with a 1.58% (by weight) water content

e Wet sand with a 3.32% (by weight) water content

¢ Concrete

These parameters required for these materials are summarized in Table 2.

20



Table 2. Curve-fit parameters for various materials, based on measurements from
Farr[18].

Material £ea g T c o B
{ps) {s/m) (ns-1) {ns-1)
WATERT 234606 | 81.8358 | 9.4 0.0 —
DRY SAND1 24725 2.5160 17.3 | 15526 x10°3 -
MOIST 1.58% 21413 2.6825 55 1.3828 x10-3 ——— -
SAND!
MOIST 3.23% 2.6181 3.1778 11.3 2.857 x10-3 -—-- -
SAND!
CONCRETEZ | 1.995x10-5 | 3.4406 — | 76335x10-3 | 98509 | 318.446

Notes: 1: Debye model
2: Lorentz model

Plots of the frequency domain behavior of the real and imaginary parts of the complex
effective dielectric constant €, for the five earth materials are presented in Figure 8. Because

the measurements were performed uvsing fast-rising pulses, there is limited low frequency
information available in the response spectrum; consequently, these material responses end at a
low frequency of 1 MHz. Furthermore, the increase in the dielectric constant at very low
frequencies is not evident with this model. ’

To permit a comparison of these measurements with the data discussed earlier, it is
useful to translate the real and imaginary parts of € . into the real valued effective dielectric

constant and conductivity seﬂ'and O'eﬁrdefmed in Eq.(A20). This relationﬁlip is -
£ =Rc|_éq,Jana’ Oy =—QE, Imléeﬂj. (8)
Figure 9 plots the quantities &,/€, and 0, for these materials from the data given in Figure 8.

Comparing the results from this model with those of Scott [8] is not easy, due to the
different frequency ranges of the data. However, both sets of data include the common
frequency of 1 MHz, and a comparison at this frequency is possible. In comparing Figure 9 with
Figure 1, we note that there is about a factor of 10 difference in the dielectric constants for a
soil sample with a water content of about 3%. However, a comparison of the electrical
conductivities in part b of the figures shows a much better correlation.
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For HEMP applications, the low frequency behavior of the constitutive parameters
appears 0 be more important, because the frequency spectrum of the excitation falls off rapidly
at the higher frequencies above about 50 MHz. Thus, in the sensitivity study that follows, we
will adapt the low frequency relationships in Eq.(1) from Scott, with an extrapolation process
for determining the parameters for frequencies greater than 1 MHz.

100 1 TIIIIIII T 11 lTlllT T 1 IlIIIII L 'I_ll'l'lll T T llllIE
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RefE.q /el Concrete
10 E Wet(3.28%) sand E
C Wet (1.58%) sand —\ \ ]
= ‘\ = -
Dry sand —-—/ b
1 1 L IIIKIII i 1 IJ]I]II -] Lll].l[ L 1 llllll' 1 L1 rieil
1E+006 1E+007 1E+008 1E+008 1E+010 1E+011
Frequency (Hz)
a. Real part
100 T T IIIIIII T T IIIII]l T T IIIIIIl T T IIIIII' L L] ||r||§
Wet (3.28%) sand Water :
10 Wet (1.58%) sand |
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-Im[€,4/e.] TE E
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0.001 r 1 vaanl i 1 reagul L1l SRS ETIT| [ ETIT
1E+006 1E+007 1E+008 1E+009 1E+010 1E+011
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b. Imaginary part

Figure 8. Plots of the real part (a) and imaginary part (b) of the complex effective
dielectric constant Ee_” for different earth materials, as reported in ref.[18].
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Figure 9. Plots of the real-valued effective relative dielectric constant (a) and effective
conductivity of the material of Figure 8.
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3. Effects of Earth Parameters on EM Field Solutions

It is clear that the different earth models will provide different solutions for wave
propagation in the earth. In this section, we examine the effects of these models on the

frequency dependent propagation constant and wave impedance in the soil, as well as the
effects on transient solutions.

3.1 Propagation Constant and Impedance in the Soil

As an example of the effects of frequency variations in the constitutive parameters £ and
o, it is instructive to examine the behavior of the plane wave propagation constant y and the
charactenstic wave impedance Z,.. These quantities are given by

Y(a)) = ‘\/(jmlu‘a )(jwee_ﬂ' (CD)+ Oy (CD))

= joLE, Jrc(w)—ja"f’—(“’)} 9)

£,

= %, \/ cla)- 122

o

and

Z (o)

JGan,)(joe(w)+ o))

- % o)

where k, =®./p1,€, is the free space propagation constant, Z, =./u, /e, is the wave

impedance of free space, and. x is the relative effective dielectric consttit defined through the
expression € df(w) =x(w,.

Figure 10 plots the real and imaginary parts of the propagation constant yin Eq.(9) for
the soil having water contents ranging from 0.1% to 100% (by volume), as calculated for the
constitutive parameters of Scott using Eq.(1). A commonly used set of frequency independent
earth parameters is ¥ = 10 and 0= 0.01 s/m. In examining Figure 1, we note that the value of
ground conductivity of 0.01 s/m corresponds roughly to water content of 10 % in the soil. The
correspondence with the relative dielectric constant in Figure 1a, however, is not particularly
good.

The real part of the propagation constant, shown in Figure 10a relates to the attenuation

of a plane wave traveling through the earth. We note that there is a rather good correlation
between this attenuation constant for a constant parameter earth model and the 10% water
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model for low frequencies (up to about 10 MHz). However, as the frequency increases, the
displacement current in the soil becomes more important, and the difference in the effective
dielectric constant becomes apparent. Evidently, the frequency dependent soil model provides
larger attenuation for the waves at high frequencies than does the fixed parameter mode.

The imaginary part of 'y corresponds to the propagation of the waves m the medium. As
seen in Figure 10b, there is a generally good agreement with the results from the constant
parameter model and the 10% water model.

Figure 11 presents a similar comparison of the real and imaginary parts of the
characteristic wave impedance given by Eq.(10). We note that there is poor agreement between
the fixed parameter model (for ¥ =10 and o= 0.01 s/m) and the 10% water content model for f
< 10 MHz, presurnably due to the very large relative dielectric constant in the soil at these low
frequencies.

25



100 é V\;allel:é;]r:ilenl T Illlll L lTrnllt T 17 lllll‘l T 171 IIIITI' T 11T IIII§
[ (% by volume) ]
10F .
Rely(w)] 3 E
(1/m) C 3
0.1 ¢ 3
0.001 .
00001 vl 1 ¢ 1 q1egl t el e 1 eraanl IETIT | Lot ity
1000 1E+004 1E+005 1E+006 1E+007 1E+008 1E+009
Frequency (Hz)
a. Real part
100 Evvllllllllll T IlllIIII T Illlllll T IIlIIIlI T IIIIIIII T 1 Il|
E Water content 2
10 : (% by volume)
1k
Imfy{w
(1751) e 0.1
0.01
0.001 E
0.0001 E
1E'005 :‘J;znunl e aannl -' INRTIT BN N T R IR TIT B S TTIT

1000 1E+004 1E+005 1E+006 1E+007 1E+008 1E+009
Frequency (Hz)

b. Imaginary part

Figure 10. Plot of the real part (a) and imaginary part (b) of the propagation constant in
the soil for different water contents, as calculated for the constitutive parameters of Scott
from Eq.(1).
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Figure 11. Plot of the real part (a) and imaginary part (b) of the wave impedance in the
soil for different water contents, as calculated for the constitutive parameters of Scott
from Eq.(1).
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Using the Messier model for the earth parameters, the propagation constant in Eq.(9)
can be written in the following form:

Y(@)= jofpc. +jon,o,

, 1
_ ﬂuagnw s j[m e u.,gaw] an

which is seen to provide a simple time shift component given by the term jeo./u €. , and a

diffusive component given by the ./ j owu,o, term. This provides for a relatively simple view of
pulse propagation within the earth. '

To illustrate the behavior of the propagation constant as a function of frequency for
these earth models, Figure 12 plots the real and imaginary parts of the propagation constant in

the soil having constant parameters of £ = 7.09 and o .= 8.0 x 10-3 (s/m), the frequency

dependent Messier model with parameters €,, = 7.09 and ¢,.= 8.0 x 10-3 (s/m), and the Scott

model from Eq.(1) with a 10% water content. Also shown in part (b) is the free-space
propagation constant ®/c, which is the straight line.

Similar data are shown for the wave impedance in Figure 13

From these plots we note that there is a rather good agreement between the Scott data
and the Messier model over a wide frequency range. However, for frequencies above about 10
MHz, the constant parameter model results deviate from the others. As this frequency range is
still of importance in NEMP problems, we will expect that transient responses using these
different models will exhibit some differences. This will be examined in the next section.
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Figure 12. Plot of the real part (2) and imaginary part (b) of the propagation constant in
the soil having constant parameters of £, = 7.09 and ¢ .= 8.0 x 103 (s/m) (the dashed

line), the frequency dependent Messier model with parameters ¢, = 7.09 and 0,.= 8.0 X

10-3 (s/m) (the thin solid line), and the Scott model from Eq.(1) with a 10% water content
(dotted line).
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Figure 13. Plot of the real part (a) and imaginary part (b) of the wave impedance in the
soil having constant parameters of £, = 7.09 and ¢ .= 8.0 X 10-3 (s/m) (the dashed line),
the frequency dependent Messier model with parameters £, = 7.09 and ¢,= 8.0 X 10-3

(s/m) (the thin solid line), and the Scott model from Eq.(1) with a 10% water content
(dotted line).
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3.2 Comparison of Reflected and Transmitted Transient Fields

While it 1s clear from the results of the previpus section that there is a difference in the
propagation constant and the wave impedance depending of the models used for the parameters
g and o, it is instructive to consider the observed effects on a transient EM field response
above or in the earth. In this example, we again assume a constant parameter earth, defined by
the parameters of &, = 7.09 and o .= 8.0 x 10-3 (s/m), the frequency dependent Messier model

with parameters &,, = 7.09 and 0,.= 8.0 X 10-3 (s/m), and the Scott model, assuming a 10%
water content.

To illustrate the geometry assumed for this example, Figure 14 shows an incident plane
wave having either a horizontal or vertical polarization of the E-field vector, propagating
downward with a —z component of the propagation vector. It is incident on the lossy earth with
angles of incidence y and ¢, and upon striking the ground, it produces both a reflected field
with angles y, = wand ¢, = ¢ + 180°, and a transmitted field at angles ¥, and ¢, = ¢ + 180°.

General expressions for the E and H-field components above and below the ground as a
function of the earth parameters and angles of incidence are provided in ref.[19]. For the
example considered here, we chose the simple case of a vertically polarized, normally incident
field (y = 90°) with ¢ = 0°. In this manner, the component of the E-field that is of interest is
E,., and this will be examined both above and below the earth surface.

For this example, three different transient waveforms are considered, each of which is
expressed in terms of a double exponential expression of the form

EQ=ET(™-e"). - _ (12)

In this expression, & and f are time constants of the waveform and I"is a normalizing constant,
which is chosen so that the true peak value of the waveform is given by E,,.

31



Incident
Plane Wave

inc

Vertical
Pol.

Reflected
Plane Wave

Ground surface

‘\ H inc
To Source KAQ

y

Plane of
Incidence

‘. t Vertical
| E' Pol

N Transmitted Plane Wave

Figure 14. Illustration of a planc wave incident on a lossy earth.

Table 3 presents the parameters o and J used to define the waveforms. Waveform #1 is
a fast pulse, having a time to peak of 2.93 ns. and a total waveform time of 1 us (i.e., the time

window over which the fransient response is calculated). This pulse would be roughly

Waveforms #2 and #3 are progressively slower, with & and 8 decreasing by one order

representative of the behavior of a NEMP field.

of magnitude for each waveform. Figure 15 presents a plot of these waveforms, each

normalized by the peak value £,

Table 3. Waveform parameters
Waveform a (1/us) B (1/us) Tmax(®s) Tpeak("s)
1 75 1000 1 2.93
2 7.5 100 10 293
3 0.75 10 100 293
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Figure 15. Iltustration of the fast, intermediate and slow waveforms.

3.2.1 Reflected Fields

For each of the incident field waveforms of Figure 15, its spectrum is evaluated using a
Fourier transform. These spectra are then applied to the expressions for the total E-fields above
and below the earth, and the resulting transient response reconstructed using an inverse
transform. Considering first the behavior of the above-ground fields at a height z =5 m, Figure
16a presents the transient E, field for the fast waveform #1. The thick trace represents the
result for the frequency-independent earth model, while the dotted line is for frequency

dependent Messier model for the earth parameters. The dashed line represents the Scott model
response, while the solid thin trace represents the incident field.

In these responses, it is clear that for early times (before the reflected field from the
earth has a chance to arrive back at the observer), there should be no difference in between the
three curves. This fact is evident in the plot. After the reflection from the earth arrives (at 7 =

3.333 x 108 sec), however, we note that the reflected field cancels with part of the incident

field and the E, field decreases in value. In examining the response$of the.Scott and Messier~ - - -

earth models in this time regime, we note that there is only a slight difference between the
responses. However, the constant earth model shows a roughly 15% difference in the second
peak value. This difference is rather small, however, and it probably would be unimportant in
most-coupling problems.

The frequency domain spectral magnitude for the E, field for these earth models,
together with that of the incident field are presented in Figure 16b.

Similar plots for waveforms #2 and #3 are presented in Figure 17 and Figure 18. From
these examples, it is apparent that the above-ground E-field response is not very dependent on
the type of earth model used -- as long as the constant earth conductivity and dielectric constant
are representative of the actual earth values.
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Figure 16. Plot of the total E,-field component for waveform #1 at 2 = 5 m above the soil
having constant parameters of £, = 7.09 and ¢ .= 8.0 x10-3 (s/m) (thick solid line), the

frequency dependent Messier model with parameters £., = 7.09 and 6,.= 8.0 x10-3 (s/m)
(dotted line), and the Scott mode) from Eq.(1) with a 10% water content (dashed line).
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Figure 17. Plot of the total E,-field component for waveform #2 at # =5 m above the soil
having constant parameters of &, = 7.09 and ¢ .= 8.0 x10"3 (s/m) (thick solid line), the

frequency dependent Messier model with parameters £, = 7.09 and G,.= 8.0 x10-3 (s/m)
(dotted line), and the Scott model from Eq.(1) with a 10% water content (dashed line).
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Figure 18. Plot of the total E,-field component for waveform #3 at # =5 m above the soil
having constant parameters of £ =7.09 and o .= 8.0 x10-3 (s/m) (thick solid line), the

frequency dependent Messier model with parameters £, = 7.09 and 0,.= 8.0 X103 (s/m)
(dotted line), and the Scott model from Eq.(1) with a 10% water content (dashed line).
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3.2.2 Fields in the Earth

Similar calculations for the three waveforms of Figure 15 have been performed at a field
observation point located within the earth at a distance z = -5 m. These responses are presented
m Figure 19—Figure 22.

As one might expect, the effect of the earth model is more noticeable in this case, due to
the fact that the observation location is directly imbedded in the earth. Notice also that the
differences between the constant earth and Messier model are more pronounced for waveform
#1 (the fast waveform), due to the fact that this waveform has more high frequency components
that do the others, and the models differ significantly at high frequencies.

A careful examination of the early time responses for waveform #1 in Figure 20 shows
that both the constant earth model and the Messier model provide causal responses. However,
in the Scott model there is a very slight initial negative-going waveform component, which is a
result of the non-causal data.

It is clear that there is a constant earth model does not provide results that compare well
with those of the presumably more accurate frequency dependent models of Messier and Scott.
As a consequence, it is interesting to examine the variations in the constant parameter earth
model as the conductivity is varied from 0.008 to 0.02 s/m, with the dielectric constant
remaining fixed at £ = 7.09. Figure 23 plots these transient responses for the three different
excitation waveforms. From these sets of curves, it is clear that a simple shift of the constant
conductivity is not sufficient to provide a good agreement of the constant parameter model.
Evidently, a frequency dependent earth model is needed for accurate waveform calculations at
observation locations within the earth.
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Figure 19. Plot of the total E,-field component for waveform #1 at # = -5 m within the
earth having constant parameters of £, = 7.09 and ¢ .= 8.0 x10-3 (s/m) (thick solid line),
the frequency dependent Messier model with parameters £, = 7.09 and ¢,.= 8.0 x10-3
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Figure 20. The early time behavior of the waveforms of Figure 19.
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Figure 21. Plot of the total E,-field component for waveform #2 at # = —5 m within the
earth having constant parameters of £, = 7.09 and ¢ .= 8.0 x10-3 (s/m) (thick solid line),
the frequency dependent Messier model with parameters ¢, = 7.09 and c,= 8.0 x10-3

(s/m) (dotted line), and the Scott model from Eq.(1) with a 10% water content (dashed
line). :
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Figure 22. Plot of the total E,-field component for waveform #3 at 2 = —5 m within the
ters of £, = 7.09 and ¢ .= 8.0 x10-3 (s/m) (thick solid line),

the frequency dependent Messier model with parameters ¢, = 7.09 and o,= 8.0 x103
(s/m) (dotted line), and the Scott model from Eq.(1) with a 10% water content (dashed
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Figure 23. Plots of the tramsient responses for the three excitation waveforms with a
variation of the conductivity of the comstant earth model, maintaining the dielectric
constant fixed.
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3.3 Effects of the Ground Model on Overhead Line Coupling

A further calculation of interest is to examine the behavior of the ground model on the
responses of an aboveground transmission line. This is important, since the ground parameters
affect both the excitation fields of the line through the reflection coefficient, as well as the
propagation constant of waves on the line due to the earth impedance of the line [19].

Figure 24 illustrates the geometry of an aboveground line of length L, height # and wire
radius g being illuminated by an incident transient plane wave. The analysis of this line has been
discussed in [19] and the computer code RISER has been provided for conducting this analysis.
Of particular interest is the induced current I flowing at the top of the vertical riser at the x =

L end of the line.

Load and Responses

Field Polarization

|_int: EIm:

Honzonlal
Plane

Plang of 7}

Incidence ﬁ {oul of paper)

Incident
Electromagnetic inc
Plane Wave E

Plane of
Incidencea

Figure 24. lllustration of an above-ground transmission line as provided by the RISER
code.

For this study, the three waveforms in Table 3 have been appliqg“to the line, which had
the following parameters ’ '

Line length: L = 5m

Line height: 7=0.8 m

Wire radius: @ = 0.15 cm

Load resistances: Ry =Ry =20 Q

Vertical angle of incidence: y = 45°

Azimuthal angle of incidence: ¢ = 0°

E-field polarization angle: o= 0°

Earth #1: Constant parameters &, = 7.09 and o .= 8.0 x10-3 (s/m)

Earth #2: Messier model with parameters &,, = 7.09 and ¢,.= 8.0 X103 (s/m)
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The RISER code was modified to permit the use of the Messier earth model, and
calculations of the riser current were made. For waveform #1, Figure 25 presents the late time
calculated transient riser currents for both the constant earth and the Messier models, extending
out to 1 gs. The most noticeable differences between these waveforms are seen to occur at
early times, and consequently, Figure 26a presents the same waveforms for a 0.1 ms time
window. The corresponding spectral magnitudes are presented in part b of the figure. There is
about a 20% variation of the peak values of these waveforms.

0-005 T l T | T | T | 1
- Waveform #1.

Constant parameters 7
0.004 i

---------- Messier madel

0.003
I(t)/E,

0.001

L ? v VF\VAVWMF"W—‘@;‘--—M-_— —
A 1 . , . | ) L

0 2E-007 4E-007 6E-007 8E-007 1E-006
Time (sec)

-0.001

Figure 25. Late-time riser currents for the transmission line of Figure 24, using a constant
ground model and the Messier ground model for waveform #1.

Similar plots have been calculated for waveforms #2 and #3, and these are presented in
Figure 27 and Figure 28, respectively. As in the casc of the reflected and transmitted fields, as
the waveform becomes slower, the agreement between the two models improves.

It is evident that the Messier model offers a good solition for tj:& modeling of a lossy
earth, as it is based on actual measured data and it provides a causal representation for the
parameters. Given this model, it is useful to examine the variations of the computed riser
current responses as the model parameters £, and G,.are varied. Using waveform #1, keeping

the high frequency dielectric constant fixed at €., = 7.09, and allowing &,.to vary from 0.001 to

0.1 s/m, provides the family of curves and spectral magnitudes presented in Figure 29.
Similarly, Figure 30 presents the results obtained by varying the dielectric constant from 1 to
50, with a fixed conductivity of 0.008 s/m.

As noted in these plots.,, for the fast waveform #1, the variations in the earth
conductivity seem to be more important in determining the response of the induced current than
do the variations in the dielectric constant. For the slower waveforms, however, the variations
in these responses are expected to be less significant.
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Figure 26. Early-time riser currents (2) and the corresponding spectral magnitudes (b)
for the transmission line of Figure 24, using a constant ground model and the Messier
ground model for waveform #1.
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Figure 27. Early-time riser currents (a) and the corresponding spectral magnitudes (b)
for the transmission line of Figure 24, using a constant ground model and the Messier
ground model for waveform #2.
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Figure 28. Early-time riser currents (a) and the corresponding spectral magnitudes (b)
for the transmission line of Figure 24, using a constant ground model and the Messier
ground model for waveform #3.
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Figure 29. Sensitivity study of the riser current response using the Messier earth model
for variations in the low-frequency conductivity o,, keeping the relative dielectric

constant fixed at £, = 7.09.
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Figure 30. Sensitivity study of the riser current response using the Messier earth model
for variations in the relative dielectric constant £, keeping the low-frequency

conductivity fixed at 6, = 0.008 s/m.
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4. Conclusions and Recommendations

This report has investigated the modeling of a lossy earth for transient electromagnetic
field calculations. Measurements of the relative dielectric constant and electrical conductivity of
the earth indicate that these quantities can vary significantly with frequency, and are not the
simple constants that are often used in such calculations. Using several different
representations of the frequency dependence of the measured earth parameters, calculations
have been performed to illustrate the typical frequency domain and transient behavior of EM

fields above and in the earth, as well as the induced currents on an above-ground transmission
line.

Three different incident field waveforms have been considered, ranging from a fast 2.93
ns (time to peak) waveform to a slower 29.3 ns waveform. It has been found that for the faster
waveform, the field or current responses depend significantly on the particular earth mode] that
is used. However, for the slower waveforms, the differences between the various model results
are not as large.

From this study, the following conclusions can be drawn:

1. The frequency dependence of the earth parameters can have a significant effect on EM
responses for systems near or in the earth, and thus, this should be incorporated in any
EM coupling model.

2. The use of simple measured data, while providing an indication of the frequency
variations of the parameters, does not insure causality in calculated responses. This is
due to errors in the measured data.

3. Measured data should be fit to causal parameter models, such as the Lorentz or Debye
models, to insure causality in any calculated responses.

4. The Messier model for the earth provides a very simple, but causal, two-parameter
model for the earth. This has been seen to closely correlate with £ge results of measured
data. '

Thus, for future calculations involving lossy earth effects for NEMP or HPM studies,
the use of the Messier model is recommended.
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Appendix A

Constitutive Parameters for Lossy Dielectrics and Their
Representations in Maxwell's Equations

1. Overview

In many problems in electromagnetics, the effects of a lossy dielectric material are
modeled by a scalar permittivity (dielectric constant) &, a magnetic permeability [, and a scalar
electrical conductivity 0. The fact that these quantities are all frequency independent simplifies
considerably the numerical solutions -- both in the frequency domain and in the time domain.

Electrical measurements on some materials, however, indicate that these parameters can
vary with frequency. Rock and earth (soil) are examples. For these materials, including this
frequency dependence can be important, and if these frequency variations are not included
properly, non-causal (unphysical) results can be obtained.

In this appendix, various methods of including this parameter representation in
Maxwell's equations are reviewed, and the requirement for having a causal solution is
discussed.

2. Time Domain Representation of Maxwell's Equations

Consider first an infinite mediwm. In the time domain, the _behavior of the various
electromagnetic field and source quantities are described by the four Maxwell equations [1]

VXE() = _98() (Ala)
. ot L =
NN >(() =
VxH({t)=J,() = (Alb)
V-D(t) = ple) (Alc)
V-B(f)=0 (Ald)
where
E@= Electric field intensity (volts/meter)
H (t) = Magnetic field intensity (amperes/meter)
D() = Electric flux density (coulombs/square meter)
B(t)= Magnetic flux density (webers/square meter)
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J.(0)= Conduction current density (amperes/square meter)

—= Displacement current (amperes/square meter)

plt)= Electric charge density (coulombs/cubic meter)

The time variations of these vector and scalar quantities are shown explicitly, and each quantity
1s also a function of its position in a local coordinate system.

These six quantities are also related by the so-called constitutive parameters:

D(e)=F,(E() | (A22)
B()=F, (d()) (A2b)
J.()=F, (E(t) (A

where l";;;( ),;7‘—_#( Jand Fa( ) are generalized tensor operators relating the appropriate two

transient vector fields. In addition, to these constitutive relationships, there is the equation of
continuity [3], which can be derived directly from Egs.(A1). This expression relates the volume
charge density and current density as:

V.7 ()=—200) (A3)

4

In free-space (vacuum), the tensor operators of Eqs.(A2) are particularly simple,
resulting in the scalar constants:

Dl(t)=¢,E() ' (Ada)
B(t)=pu H() (A4b)
J()=0, . (A4c)

where &, —§.854x10"12 (farads/meter) is the permittivity of free space (also known as the
dielectric constant) and g, =47 x1077 (henrys/meter) is the permeability of free space.

The relationships between D(t)and E(t),B(t)and H(t) and J_(t)and E(t) can be
extremely complex [2] for a general material. Not only can the material be anisotropic (and
hence, requiring the tensor relationship), but it also can exhibit a nonlinear relationship between
the two field strengths. Furthermore, these relationships can be a function of the past history of
the fields within the material. This latter property leads to the conclusion that the functional
dependence between the vector fields in Eqs.(A2) will be expressed in terms of convolution
integrals. Thus, the general relationship for the operator in Eq.(A2a) has the form
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D(z) =.![§ E(r-7)dT+ jé: 2t - Tdr;r je3 (2)E*(t—7)dr+--- (AS5)

with similar relationships holding for Egs.(A2b) and (AZ2c).

Needless to say, determining the required time dependent tensor quantities to represent
a general medium in this manner can be extremely difficult. Consequently, various
approximations are usually made for common materials. The most usual approximation is to
neglect the possible nonlinear effects in the material' and this amounts to eliminating the higher

power terms of E in Eq.(A5). Furthermore, it is common to neglect the anisotropic behavior of
the material in many cases. These approximations permits the relationship between

13(!) and £ (t) in Eq.(A5) to take on the simpler form of

D(t)= js(r)é(r—z)dr ) (A6)

where £(7) is the transient response of the electrical permittivity (i.e., the transient response of
the electric flux density D(t) for an impulsive electric field E(z)= &(t). Similar relationships
again are found for Eqs.(A2b) and (A2c).

As discussed in [2], one possible approximation to the convolution operation in Eq.(A6)
is obtained as

aE(r)+ 2 E(t)

D(Hy=C,E()+C, doen,
() 1 () 2 a[ J ar_

(A7)

where the parameters C; are constants of the material. Often, only the first two terms in
Eq.(A7) are used in this approximation.

This last equation, together with corresponding’ equatlor;‘ for B(t)and A(z) and

J (t)and E(z), form the transient constitutive rclationships for the fields within the simplified

medium. These relationships and the transient fonns of Maxwell's equations in Eq.(Al), are
used to determine the electromagnetic ficlds everywhere within the infinite medium.

As mentioned earlier, the above discussion is valid for a medium of infinite extent. For
the case where there is a discontinuity in the medium, such as in the case of an air-earth
interface, there are certain other constraints imposed on the behavior of the electromagnetic
(EM) fields at the interface [3]. Assuming that there are no external current or charge sources

' Of course, certain materials, such as LiNiO3, are indeed nonlinear and this behavior may be exploited in
optical applications. In these cases, the nonlinear behavior must not be neglected.
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impressed at the interface between two different media having a Jocal normal vector denoted as
n , these boundary conditions are given as follows:

ax(E, - E,)=0 (A82)
Ax(d, - H,)=0 (A8D)
7:(B, - B,)=0 (&)
#-(B —B,)=0. (A8

If one of the regions is a perfect conductor, say, region 2, the EM fields within this region are
identically zero and the boundary conditions become

AXE, =0 (A9a)
AxH =], (A9b)
n-D,=p, (A9c)
#-B =0, (A9d)

where J,andp, are the surface current and charge densities existing on the perfectly
conducting surface, respectively.

3. Frequency Domain Representation of Maxwell's Equations

Frequently, it is desired to perform field calculations in the frequency domain, where all
fields and other responses have the time harmonic representation [4] given by

f(§) = Real[F e 1] ' (A10)

where f{Z) 1s a typical time harmonic response at a frequency f = @/2n and F is a complex-
valued amplitude, called a phasor. ) _ &

Using this phasor notation and suppressing the exponential functions e /@ permits
Maxwell's equations to be written in the frequency domain as

VxE(w)=-jwB(w) (Alla)

VX H(0)= T, (@) = T (@) + joD(w) (Al1b)
V-D(w) = p(w) (Allc)

V. B(@)=0 (A11d)

Where now the fields £ (a)), H (co)etc.are frequency-dependent phasors.
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Assuming that only the first two terms in Eq.(A7) (and in the similar expressions for the
other constitutive relationships) provide adequate representations for the material responses,
the frequency-dependent constitutive parameters for the medium become

B(@)=(C,E)+ joC.E®))
={C.y +JjoC,, )E(@) ' (Al22)
=(¢'- je")Elw)=£(0)E(w)

B(w)= (C,,,I? (@)+ joC,,H (co))

= (1’ - ju")H(0) = plo) H(o)

J (@) =(C,.Elw)+ joC,,Eo))
=(o"- jo")E(w)=0(w )E(w)

(Al12b)

. (Al2¢)

The six coefficients Cj; are typically determined from measurements of the particular material
under consideration.

In the expressions in Eqgs.(A12), the constitutive parameters i, € and o are frequency-
dependent, complex-valued parameters. Considering Eq.(A12a) as an example again, we note
that the real part of the dielectric constant is

8'::(,‘0,l . (A13)

which is independent of frequency, since Cq; = Cj is a constant in the time domain expression
(A7). Furthermore, the tmaginary part of the dielectric constant is

rr

g =-wC,, (Al4)

where Cg; is also a constant. This rather limited functional behavior for. the dielectric constant,

as well as for the other constitutive parameters in Eq.(A12), is a Yesult of the assumed
expansion of Eq.(A7) and our retaining only two terms. More generally, both the real and
imaginary parts of the constitutive parameters will be a function of frequency as’

&) = g(w)—j&'(w) (Al152)
o) = p'(w) —ji" (@) (A15b)
o(w) = &'(w) - jo'(w). (A15c¢)

? Traditionally, the negative signs are used in these equations, instead of the positive signs. This is done to
insure passivity in the resulting solution for the EM fields within the material.
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In the remainder of this development, the explicit frequency dependence of these variables will
not be showm.

With the definitions of the constitutive parameters in Eq.(A12), Maxwell's equations in
the frequency domain can be written in terms on only the E and H fields and the current and
charge sources as

VXE =—joufd (A162)
VxH =[o+ jwelE (A16b)
V-leEl=p (A16¢)
V.-H=0. (A16d)

In the frequency domain, the charge and current are related by the continuity equation
of (A3) as

V.-J =—jwp. (Al17)

As discussed in ref.[5)], many materials are non-magnetic, and for these =y’ - ju” = i’
= Ui, where [, is the free-space permeability. With this simplification, Eq.(A16a) becomes

VxE=—jwu,H . (A18)

There are several different forms for representing the combined effects of the dielectric
constant and electrical conductivity in the curl-H equation of (A16b). Assuming the complex
dielectric constant £ and the complex conductivity ¢ given defined in Eq.(A15), Eq.(A16b) may
be written as

VxH=[(c'- jo")+ jwle’ - je")E. (A19)

where &, &,0' and 0" are all real-valued functions of @. An alternative form for Eq.(A19) is_
obtained by collecting real and imaginary parts of the constitutive paré'?heters as .

Vxﬁ:[(ws"+o’)+_iw(e'—a ]E
PRI (A20)
= [o-(’_lf + -] we(’/ﬁ ]E

and this expression defines a real-valued, frequency dependent effective permittivity and
conductivity € 4 () and o 4 (@).

In addition to these last two expressions, other forms of this equation are possible by
taking various combinations of the real and imaginary parts of the constitutive parameters.
These are
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fo‘[ — [(w&_”_'_cl)_i_j(we;_o_”)]E
E[O';ﬂ- +jo., ]E (A21)
=5,F

which defines a complex-valued, frequency-dependent effective conductivity 6"%,, of the

fo[:jm[(e'ng—J—j(e"+iJ]E
) w

= joley, - jeiy B : (A22)
= _]ﬁ)‘.s E

medium, and

which defines a complex-valued, frequency-dependent effective dielectric constant EE_,, of the
medium’,

Finally, using the continuity equation of (A17), the last two divergence equations of
Maxwell become

V-l El=0 (A23a)
V-H=0. (A23b)

4. Physical Constraints on the Constitutive Parameters

As pointed out in ref.[2], each of the representations for the constitutive parameters in
Eqs.(A19)-(A22) is valid and correct, as these equations are just different arrangements of the
fundamental parameters @, €, £€”, ¢ and ¢”. To summarize, the total current (conduction plus

displacement) in Eq.(A11b) has the form _ &

o = JOE E=6 E=(0,, +jwe, E=[o'- jo")+ jole'~ je")E. (A24)

Because of these different ways of representing the behavior of a lossy dielectric, different
forms of measured data are reported in the literature, and it 1s important to reahze which
parameter is being discussed: qu, Geﬁ’ o—qﬂ'7£eﬂ"0- o’,eore”

3 Care should be used in distinguishing between the effective complex dielectric constant € o in Eq.(22) and the
other real-valued effective dielectric constant Eoff defined in Eq.(20). These are two different quantities.
Similarly, the effective complex conductivity ¢ o E4(A21) is different from the effective conductivity o,
Eq.(A20)..
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It is useful to note that the above parameters cannot be assigned in an arbitrary matter in
any particular medium, as there must be a condition of causality imposed on any solution
resulting from Maxwell's equations. By making the assumption that the total polarization field

within the material P;,,,a, £ qer must be a causal function leads directly to the Kramer-Kronig

relationships between the real and imaginary parts of the effective complex dielectric constant
(3, 6):

a) Im[s g (© )]

Relé,, (@)]= 7—)—“ (A252)

207 (Re[sq;r (@ )])
mfé (@)=~ o] % (A25b)

0

where the integrals must be evaluated as a Cauchy principle values. As discussed in [7 and 8], a
slightly more convenient form of these equations is

20’ Il (@) |- 0Imfg,, (a))]

Rel¢,, (0)]=¢, +=| " —o7) (A262)
Tmle, (@) == TRCLS“” @) wzl) o (w)D (A26b)

These equations have the same Cauchy principle value as do Egs.(A25), but the numerator of
the integrand vanishes at the singular point @’= @.

Since the effective complex conductivity &,, in Eq.(A21) is just the derivative of the
effective complex dielectric constant £, as &, = j®é,;, we note that Eq.(A25) is also valid
for the real and imaginary parts of G . Smularly, the o ﬁa.nd £ ﬁpara.meters of Eq.(A20) are
related by the Kramer-Kronig relahonsh1ps =

These causality relationships_ form a constraint on any curve-fit representation that may
be applied to measured data for dielectric properties of a material. Independent measurements
made of & and £, over a wide range of frequencies are available for several different types

of lossy dielectric material, including the earth. However, many of these measurements do not
take info account the requirements of causality. As a consequence, transient results obtained by
taking a Fourier transform of a computed spectrum may not be causal.

One way of avoiding this non-causal behavior is to post-process the measured complex
dielectric constant using the Kramer-Kronig relationships, as discussed in [8], and illustrated in
Figure Al. This involves splitting the complex dielectric constant (denoted by Fy{®) in the

figure) into its real and imaginary parts, Up{@) and V[ w), respectively. By applying the
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Kramer-Kronig relationships (A26) on each and averaging the two resulting complex results
provides a filtered causal complex dielectric constant < F{ ) >.

D
e [ P ok r
@) Rau <Fle)>
—»— Avll. e
Ml y™ U0 -
> B >

Figure Al. Flow diagram of the causal filtering process.

Alternatively, it i1s possible to assume a functional form for the effective complex
dielectric constant £, that insures causality, and then fit this model to the measured data

for 64 (w)and €,,(@). Two common functional forms that are frequently found in the

literature arise from modeling the dielectric by a simple differential equation, known to have a
causal solution in the time domain [9]. The Debye model uses the four parameters
£..,€,,7 ando and is of the form

- E—-E, O
Ey =E.. +1’ —-j—. (A27)
+jor T o

In this model, £_ is the high frequency limit of the dielectric constant, £, is the low frequency

limit of the same, 7 is the relaxation time, and ¢ is the assumed constant static (DC)
conductivity.

The Lorentz model takes the form )
2 2
_ \ o' +p c
=g, +le . —¢& -j—, A28
-+le, "’(a2+ﬁ2)+j2ma—co2 T (A28)

£y
with the parameters being €_,€,,0, 8 ando .

As noted in [2], it is possible to consider multiple terms like Eq.(A27) or (A28) to
represent the electrical behavior in a complicated dielectric. For example, using the Debye
model, a more general representation of the effective dielectric constant would be-

£y =E., +Z

— E (A29)
1+_](DT co

60

\_:/" i



assuming that there are » terms needed in the sum. A similar sum representation is also possible
using the Lorentz model of Eq.(A29) [3].

The finite sum of Eq.(A27) can be also cast into a continuous form, which also provides
a causal solution for the effective dielectric constant. This 1s

A T_flr) N}
£ = +|—=——dt-j—, 30
g £1+j(m: ‘o (30)

where f{7) is a continuous function that must be evaluated from the measured data.
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