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Reading

• This class: Section 2.1-2.2
• Next class: Section 2.3-2.4
• Homework:

• Assignment 1: From the text, problems 2.1, 
2.2, 2.3, 2.5, 2.9

• Due date: Monday Feb. 4 at the beginning of 
class.



Outline
• Section 2.1

• Examples of experiments
• Sample Space & Examples

• Discrete
• Continuous

• Events & Examples
• Certain event
• Null event

• Set Operations
• Union
• Intersection
• Complement

• Section 2.2
• Probability law

• Corollary 1-7
• Discrete Sample Spaces & Examples
• Continuous sample spaces & examples



A phenomenon is random if individual 

outcomes are uncertain, but there is 

nonetheless a regular distribution of 

outcomes in a large number of 

repetitions.

Randomness and probability

The probability of any outcome of a random phenomenon can be 

defined as the proportion of times the outcome would occur in a very 

long series of repetitions.



Coin toss The result of any single coin toss is 
random.  But the result over many tosses 
is predictable, as long as the trials are 
independent (i.e., the outcome of a new 
coin toss is not influenced by the result of 
the previous toss).

The result of any single coin toss is 
random.  But the result over many tosses 
is predictable, as long as the trials are 
independent (i.e., the outcome of a new 
coin toss is not influenced by the result of 
the previous toss).

First series of tosses
Second series

The probability of 
heads is 0.5 = 
the proportion of 
times you get 
heads in many 
repeated trials.



Probability models mathematically describe the outcome of random 

processes. They consist of two parts:

1) S = Sample Space: This is a set, or list, of all possible outcomes 

of a random process. An event is a subset of the sample space.

2) A probability for each possible event in the sample space S.

Probability models

Example: Probability Model for a Coin Toss
S = {Head, Tail}
Probability of heads = 0.5
Probability of tails = 0.5





Important: It’s the question that determines the sample space.

Sample space

A. A basketball player shoots 
three free throws. What are 
the possible sequences of 
hits (H) and misses (M)?

S = {HHH, HHM, HMH, HMM, MHH, 
MHM, MMH, MMM }

B. A basketball player shoots 
three free throws. What is the 
number of baskets made?

S = {0, 1, 2, 3}

C. A person tosses one coin and rolls one die.  What are the possible 
combined outcomes?

S = {H1, T1, H2, T2, H3, T3, H4, T4, H5, T5, H6, T6}



In some situations, we define an event as a combination of outcomes. 
In that case, the probabilities need to be calculated from our 
knowledge of the probabilities of the simpler events.

Example: You toss two dice. What is the probability of the outcomes summing 
to five?

There are 36 possible outcomes in S, all equally likely (given fair dice). 

Thus, the probability of any one of them is 1/36.

P(the roll of two dice sums to 5) =  4/36 = 1/9 = 0.111

This is S:

{(1,1), (1,2), (1,3), 
……etc.}



Probability Theory 

 
An Event is any collection (subset) of outcomes 
contained in the sample space S. An event is simple if it 
consists of exactly one outcome and is compound if it 
consists of more than on outcome. 
 
An Event is a set of possible outcomes. 
The Union of 2 events A & B (A∪B) “A or B” is the event 
consisting of all outcomes in A or B or both. 
 



Properties of Probability 

a. Given an experiment and a sample space S, 
the object of probability is to assign to each 
event A, a number P(A), called the 
probability of event A, which will give a 
measure of the chance that A will occur. 
 

b. The chance of something says about what 
percentage of time it is expected to happen, 
when the basic process is repeated over and 
over again, independently and under the 
same conditions. 
 







A few other things

• Sample space
• If countable, is discrete
• If non-countable, is continuous

• Events
• Null event
• Certain event



Give the sample space and probabilities of each event in the following 
cases:

A couple wants three children. What are the arrangements of boys (B) and 
girls (G)?

Genetics tells us that the probability that a baby is a boy or a girl is the 
same, 0.5. 

→ Sample space: {BBB, BBG, BGB, GBB, GGB, GBG, BGG, GGG}
→ All eight outcomes in the sample space are equally likely. 
→ The probability of each is thus 1/8.

A couple wants three children. What are the numbers of girls (X) they 
could have?

The same genetic laws apply. We can use the probabilities above to 
calculate the probability for each possible number of girls.

→ Sample space {0, 1, 2, 3}
→ P(X = 0) = P(BBB) = 1/8
→ P(X = 1) = P(BBG or BGB or GBB) = P(BBG) + P(BGB) + P(GBB) = 3/8



Coin Toss Example:
S = {Head, Tail}
Probability of heads = 0.5
Probability of tails    = 0.5

1) Probabilities range from 0 
(no chance of the event) to
1 (the event has to happen).  

For any event A,  0 ≤ P(A) ≤ 1

Probability rules

2) The probability of the 
complete sample space must 
equal 1.

P(sample space) = 1

P(head) + P(tail) = 0.5 + 0.5 = 1

3) The probability of an event 
not occurring is 1 minus the 
probability that does occur.

P(A) = 1 – P(not A)

P(tail) = 1 – P(head) = 0.5

Probability of getting a head = 0.5
We write this as: P(head) = 0.5

P(neither head nor tail) = 0
P(getting either a head or a tail) = 1



Meaning of a probability
We have several ways of defining a probability, and this has 
consequences on its intuitive meaning.

Theoretical probability

From understanding the phenomenon and symmetries in the problem

Example: Six-sided fair die: Each side has the same chance of turning up; 
therefore, each has a probability 1/6.

Example: Genetic laws of inheritance based on meiosis process.

Empirical probability

From our knowledge of numerous similar past events

Mendel discovered the probabilities of inheritance of a given trait from 
experiments on peas, without knowing about genes or DNA. 

Example: Predicting the weather: A 30% chance of rain today means that it 
rained on 30% of all days with similar atmospheric conditions.



Note: Discrete data contrast with continuous data that can take on any one of 
an infinite number of possible values over an interval. 

Dice are good examples of finite sample 
spaces.  Finite means that there is a limited 
number of outcomes. 

Throwing 1 die: 

S = {1, 2, 3, 4, 5, 6}, 
and the probability of each event = 1/6.

Discrete sample space

Discrete sample spaces deal with data that can take on only 

certain values. These values are often integers or whole 

numbers. 



Definitions

Example 1: Toss a coin

Ω = {head,tail}={H,T}

Let A be event 'a head is obtained', then A = {H}

Example 1': Toss 2 coins

Ω = {TT,TH,HT,HH}

Let B be event 'at least one H is obtained', then B = 
{TH,HT,HH}



Definitions

Example 2: Roll a die and note the number shown

Ω = {1,2,3,4,5,6}

Let A be event 'the number shown is even', then A = 
{2,4,6}

Let B be event 'the number shown is ≤ 4', then B = 
{1,2,3,4}

When studying a random experiment, it's important 
to spend time to define both the sample space and 

the events



Definitions

Let A and B be any two events in sample space Ω, 
then:

A ∪ B = union of A and B = the set of all outcomes in 
A or B (i.e. only A, only B in both A and B)

Example 2 (cont'd): Roll a die

A event 'the number shown is even', i.e. A = {2,4,6}
B event 'the number shown is ≤ 4', i.e. B = {1,2,3,4}

A ∪ B = {2,4,6} ∪ {1,2,3,4} = {1,2,3,4,6}



Definitions

Let A and B be any two events in sample space Ω, 
then:

A ∩ B = intersection of A and B = the set of all 
outcomes in A and B

Example 2 (cont'd): Roll a die

A event 'the number shown is even', i.e. A = {2,4,6}
B event 'the number shown is ≤ 4', i.e. B = {1,2,3,4}

A ∩ B = {2,4,6} ∩ {1,2,3,4} = {2,4}



Definitions

Let A be any event in sample space Ω, then:

AC = the set of points that do not occur in A, but do 
occur in Ω

Ω

A
Ac

Venn diagram



Definitions

Let A be any event in sample space Ω, then:

AC = the set of points that do not occur in A, but do 
occur in Ω

Example 2 (cont'd): Roll a die

A event 'the number shown is even', i.e. A = {2,4,6}

AC = {1,3,5} = event 'number shown is odd'



Definitions

Let A and B be any two events in sample space Ω, 
then:

A and B are mutually exclusive or disjoint if A ∩ B = 
Ø

Ω

A
B



Probability Theory 

The Intersection of 2 events A & B (A∩B) “A 
and B” is the event consisting of all outcomes 
in both A and B. 
 
The complement of an event A (A’) “A-prime” is 
the set of all outcomes in S that are NOT 
contained in A. 
 
If A & B have no outcomes in common, A & B 
are said to be mutually exclusive or disjoint 
events.  





Probability Theory 

Some Probability Laws 
 
Commutative Laws:  A ∪ B = B ∪ A 
 A ∩ B = B ∩ A 
 
Associative Laws: (A ∪ B) ∪ C = A ∪ (B ∪ C) 
 (A ∩ B) ∩ C = A ∩ (B ∩ C) 
 
Distributive Laws: A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C) 
 A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C) 
 
De Morgin’s Laws: (A ∪ B)’ = A’ ∩ B’ 
 (A ∩ B)’ = A’ ∪ B’ 
 



Properties of Probability 

a. Many times, 
occurcan  S   waysof #
occurcan A   waysof #

)(
)()(

SN
ANAP =  

Relative frequency of percentage 
 

b. Properties 
i. For an event A,  P(A) = 1 – P(A)’ 

 P(A’) = 1 – P(A) 
 

ii. If 2 events, A & B are mutually exclusive, then P(A ∩ B) 
= 0. 
 

iii. For 2 events A & B, 
P(A∪B) = P(A) + P(B) – P(A∩B) 

 
iv. For 3 events A, B, C 

P(A∪B∪C) = P(A) + P(B) + P(C) – P(A∩B) – P(A∩C) - 
P(B∩C) + P(A ∩ B ∩ C) 
 
 



Continuous sample spaces contain an infinite number of events. They 
typically are intervals of possible, continuously-distributed outcomes. 

Example: There are infinite numbers between 0 and 1 (e.g., 0.001, 0.4, 0.0063876).
S = {interval containing all numbers between 0 and 1}

How do we assign probabilities to events in an infinite sample space?  
We use density curves and compute probabilities for intervals.

Continuous sample space

The probability of the uniformly-distributed 
variable Y to be within 0.3 and 0.7 is the 
area under the density curve corresponding 
to that interval. Thus:

P(0.3 ≤ y ≤ 0.7) = (0.7 − 0.3)*1 = 0.4

This is a uniform density curve. 
There are a lot of other types of density curves.

y



P(y < 0.5 or y > 0.8) =  P(y < 0.5) + P(y > 0.8) = 0.5 + 0.2 = 0.7

Notice that this is also equivalent to 1 − P(0.5 < y < 0.8) = 1 − 0.3 = 0.7

The probability of a single event is zero:

P(y = 0.5) = 0

Intervals
The probability of a single event is meaningless for a continuous 

sample space. Only intervals can have a non-zero probability, 

represented by the area under the density curve for that interval.

Height
= 1

y

The probability of an interval is the same whether 
boundary values are included or excluded:

P(y ≤ 0.5) = 0.5
P(y < 0.5) = 0.5



A Sample Problem
Suppose variable X can be any number between 0 and 4, with 
all values equally likely.  This is a continuous sample space 
with a uniform distribution.

1. What does the density curve look like? 

2. What is the height of the curve?
3. What is the probability that X < 3?  
4. What is P(X > 0.5)?
5. What is P(2 < X < 3.5)?

0          1          2          3          4

0.25, because 4(0.25) = 1
3(0.25) = 0.75 or 75%

3.5(0.25) = 0.875 or 87.5%
1.5(0.25) = 0.375 or 37.5%





Axioms of Probability

Example 3:

Let Ω be {1,2,...,n}. Define #A to be the number of 
elements of A, e.g. if A={1,2} then #A = 2. 

The function # is called the cardinality function. 

Let Pr(A) = #A/n, the number of elements in A, 
divided by the total number of elements in Ω. 

Here, the function Pr is called the uniform 
probability distribution on Ω. 

Let us see why this function satisfies the axioms of 
probability.



Axioms of Probability

Does the uniform probability distribution on Ω satisfy the 
axioms of probability? Recall Pr(A) = #A/n

1) The number of elements in any subset A of Ω is at least zero 
(#A = 0), and at most n (#A = n), so 0/n ≤ Pr(A) ≤ n/n.

2) Pr(Ω) = #Ω/n = n/n = 1.

3) If A and B are disjoint, then the number of elements in the 
union A ∪ B is the number of elements in A plus the number of 
elements in B, i.e. #(A ∪ B) = #A + #B. Therefore, 
P(A ∪ B) = #(A ∪ B)/n

= (#A + #B)/n
= #A/n + #B/n
= P(A) + P(B).














